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DEDICATION 

It  is  sad  that  Reinier  Timman’s  keynote  address  which  opened  the 
First  International  Conference  on  Numerical  Ship  Hydrodynamics  was 
to  become  his  last  formal  presentation.  It  is  fortunate  that  this 
Conference  gave  his  colleagues  from  all  over  the  world  a  last  oppor¬ 
tunity  to  express  their  esteem  for  him  and  his  contribution  to  ship 
hydrodynamics. 

Shortly  after  his  return  to  Delft,  twenty  days  after  the  conference 
opening,  Reinier  Timman  died  suddenly  on  9  November  197S  at  the 
age  of  58.  He  will  long  be  remembered  as  an  innovative  mathematician 
and  philosopher  with  a  wide  range  of  interests.  His  impact  upon  the 
development  of  theoretical  and  numerical  hydrodynamics  is  due  not 
only  to  his  own  work,  but  to  his  unique  ability  to  inspire  and  encourage 
others. 

We  in  the  United  States,  and  particularly  those  of  us  at  the  David 
W.  Taylor  Naval  Ship  Research  and  Development  Center,  were  fortunate 
to  benefit  from  Reinier’s  frequent  visits.  During  each  of  his  visits,  he 
spent  endless  hours  helping  us  to  formulate  and  solve  our  technical 
problems.  On  two  particular  occasions,  Spring  1962  and  Spring  1972, 
he  presented  lecture  series  on  hydrofoil  theory,  control  theory,  and 
gravity-wave  theory. 

It  is  with  deep  admiration  and  respect  that  we  dedicate  these 
Proceedings  to  Reinier  Timman’s  memory  and  to  his  wife  Anneke 
and  their  four  children,  Ton,  Yolande,  Jan,  and  Reinier.  The  memory 
of  his  character  and  spirit  will  be  a  continuous  inspiration  to  all  of  us. 


PREFACE 


The  First  International  Conference  on  Numerical  Ship  Hydrodynamics  was  held  in 
Gaithersburg,  Maryland  on  20-22  October  197S  at  the  National  Bureau  of  Standards.  The 
Conference  was  sponsored  and  organized  by  the  David  W.  Taylor  Naval  Ship  Research  and 
Development  Center  (DTNSRDC)  with  support  from  the  Office  of  Naval  Research. 

The  need  for  a  concentrated  and  multidisciplinary  research  effort  in  numerical  ship 
hydrodynamics  has  been  recognized  for  some  time.  In  1973  recommendations  were  prepared 
by  DTNSRDC  for  advancing  the  capability  within  the  U.S.  Navy  in  numerical  naval  hydrody¬ 
namics.  The  Office  of  Naval  Research  sponsored  a  Workshop  held  at  the  National  Academy 
of  Sciences  in  May  1974  to  assess  the  status  of  numerical  hydrodynamics  and  to  identify  areas 
of  needed  research.  At  that  Workshop  Dr.  W.E.  Cummins  described  several  basic  ship  hydro¬ 
dynamics  problems  which  had  not  been  adequately  solved  by  traditional  methods  but  which 
could  be  attacked  by  numerical  techniques.  One  of  the  con.  lusions  reached  at  the  Workshop 
was  that  a  “persistent  long  range  effort”  will  be  required  for  the  “successful  application  of 
numerical  hydrodynamics  to  practically  important  hydrodynamic  problems.”  Recognizing 
this  need,  DTNSRDC  established  a  Numerical  Naval  Hydrodynamics  Program  in  the  summer 
of  1974  to  accelerate  the  use  of  advanced  numerical  methods  in  ship  hydrodynamics  research. 
To  promote  wider  communication  among  experts  in  ship  hydrodynamics  and  numerical 
mathc .  ics,  an  international  conference  was  planned. 

_>  The  purpose  of  this  First  International  Conference  was  to  present  new  results  in  the  field 
of  numerical  ship  hydrodynamics  and  to  call  attention  to  new  computer  techniques  that  can 
be  used  to  attack  problems  in  the  areas  of  free  surface  flows,  cavity  flows,  and  viscous/bound¬ 
ary  layer  flows. .  These  Proceedings  contain  both  the  invited  and  contributed  papers  presented 
at  the  Conference  and  reflect  the  diversity  of  numerical  approaches  being  developed  by 
researchers  from  different  disciplines. 

The  success  of  this  Conference  was  due  to  the  enthusiasm  and  hard  work  of  many  dedi¬ 
cated  people.  To  each  of  the  members  of  the  Organizing  Committee  special  recognition  is 
due.  The  outstanding  cooperation  of  the  National  Bureau  of  Standards  Conference  Manager, 
Mrs.  Sarah  Torrance,  is  gratefully  acknowledged.  There  are  several  other  individuals  whose 
contributions  deserve  explicit  mention:  Mr.  Gene  Gleissner  consistently  supported  this 
Conference  from  its  early  inception;  Dr.  Alan  Powell,  who  presented  the  Opening  Remarks  at 
the  Conference,  has  been  a  strong  supporter  of  Numerical  Ship  Hydrodynamics  research; 

Dr.  Hans  J.  Lugt  did  much  to  establish  the  environment  which  made  this  Conference  possible; 
Mr.  Ron  Schmidt  and  his  staff  in  the  Technical  Services  Division  worked  creatively  and 
efficiently  in  preparing  all  the  publications  associated  with  the  Conference.  Finally,  the 
editors  wish  to  thank  the  session  chairmen  for  their  excellent  contribution  to  the  program, 
the  authors  for  their  cooperation  in  preparing  their  manuscripts,  and  Mrs.  Janet  Dean  for 
her  editorial  assistance. 
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NUMERICAL  METHODS  IN  SHIP  HYDRODYNAMICS 


R.  Timman 

Dept,  of  Mathematics,  University  of  Technology 
Delft,  The  Netherlands 


1.  Introduction 

In  ship  hydrodynamics  there  are  many  problems  to  which  numerical  methods  have  been 
applied,  e.g.,  the  evaluation  of  measurements  of  wave  resistance  and  the  numerical  calculation 
of  analytical  formulae,  such  as  the  Kelvin  source  potential.  The  topic  of  this  meeting,  how¬ 
ever,  is  more  ambitious. 

In  other  branches  of  hydrodynamics  and  aerodynamics,  numerical  methods  have  obtained 
a  more  decisive  position.  For  the  determination  of  the  effects  of  tidewaves  in  channels  or 
estuaries,  numerical  calculation  is  a  feasible  alternative  to  investigation  by  model-scale  experi¬ 
ments.  Both  methods  have  advantages  and  disadvantages  and  a  combination  can  be  very 
useful.  In  the  design  of  supersonic  airplanes,  the  calculation  of  the  flow  field  plays,  in 
combination  with  suitable  experiments,  a  dominant  role.  Modern  transonic  wing  sections  are 
designed  by  advanced  numerical  methods. 

Often,  advantage  is  taken  of  the  particular  geometry  (relatively  thin  wings),  so  that  many 
methods  refer  to  an  integral  equation  (lifting  surface  theory)  approach;  for  the  airplane  body, 
results  are  also  obtained.  For  supersonic  wings  similar  numerical  procedures  are  used  and  for 
the  transonic  range,  special  methods  (in  particular  in  the  two-dimensional  case)  have  been 
developed.  The  question  arises:  can  a  similar  setup  be  achieved  for  ships? 

In  place  of  the  difficulties  arising  from  compressibility  effects,  we  have  in  ship  hydrody¬ 
namics  the  free  surface,  origin  of  ship  waves  and  wave  resistance,  and  also  the  dominant  factor 
in  the  study  of  the  motion  of  ships  at  sea.  If  the  free  boundary  condition  can  be  applied  in 
a  linearized  approximation,  analytical  formulae  can  be  widely  applied,  such  as  in  thin  or 
slender  ship  theory.  However,  the  limitations  of  the  approximations  readily  become  apparent. 

A  second  serious  simplification  of  the  theory  is  the  absence  of  viscosity.  The  frictional 
component  of  ship  resistance  can  only  be  obtained  by  empirical  methods  and  extrapolation 
procedures.  The  structure  of  the  wake  behind  the  hull,  which  is  of  dominant  importance  for 
the  prediction  of  propeller  behaviour  can  only  be  determined  by  measurements,  which  are 


mostly  performed  at  model  scale.  Theoretical  information  on  this  wake  could  follow  from 
calculations  of  the  turbulent  boundary  layer  around  a  ship  hull.  A  second  problem,  which 
belongs  to  the  subject  of  numerical  methods  in  ship  hydrodynamics  is  the  calculation  of  the 
pressure  distribution  on  propellers,  which  is  coupled  to  cavitation  effects  on  the  blades. 
Here,  also,  much  remains  to  be  done. 


2.  Potential  Flow  Around  a  Ship  Hull  by  Integral  Equations 
2.1  Infinite  fluid 

The  simplest  problem  in  the  collection  is  the  problem  of  potential  flow  around  a  ship 
hull  in  an  infinite  fluid.  In  principle  there  are  two  methods  to  solve  this  problem. 

For  simplicity  we  consider  a  double  body,  such  that  the  free  boundary  condition  is 
replaced  by  a  symmetry  condition.  Introducing  rectangular  coordinates  x,y,  z  with  the  z- 
axis  vertical,  the  symmetry  plane  is  the  xy  plane.  If  only  irrational  flow  is  considered,  there 
exists  a  velocity  potential,  0,  which,  for  an  incompressible  fluid,  satisfies  the  Laplace 
equation 

*xx  +  *yy  +  *zz  =  0 

For  a  moving  ship  the  boundary  condition  at  the  ship  hull  is  given  by 

n ■ V0  =  n  •  v 

where  n  is  the  unit  normal  vector  to  the  ship  surface  and  v  is  the  velocity  at  a  point  of  the 
ship  hull  under  consideration.  At  infinity,  the  fluid  is  assumed  to  be  at  rest  with  respect  to 
a  coordinate  system  fixed  in  space. 

Because  of  the  symmetry  of  the  double  body  the  condition  at  the  xy-plane  can  take 
different  forms,  according  to  the  motion  of  the  ship.  For  a  steady  translational  motion  (in 
the  x+  direction)  we  see  that  the  boundary  conditions  are  such  that 

90  ,  .  90  .  . 

—  (x,y,z)  =  -  —  (x,y,-z) 

which  gives  for  0  the  relation, 

90 

0(x,  y,  z)  =  0(x,y,-z),  —  =  0  for  z  =  0. 

Also  of  interest  is  the  motion  of  ships  about  a  steady  equilibrium  position  (oscillations). 
Then  the  symmetry  depends  on  the  mode  of  oscillation.  For  heave  and  pitch  motions  0 
turns  out  to  be  an  odd  function  of  z;  for  the  other  modes  such  as  sway  and  yaw,  0  is  an 
even  function  of  z. 


In  all  cases  we  have  to  solve  the  Laplace  equation  for  a  half  space  with  boundary 
conditions  on  the  ship  hull,  which  specify  the  normal  derivative  of  the  velocity  potential. 
By  application  of  Green’s  theorem,  we  can  derive  an  integral  equation  for  the  value  of  the 
velocity  potential  on  the  hull.  Assuming  the  integrals  over  a  lower  half  sphere  with  infinite 
radius  to  vanish,  we  have  for  a  point  P(x,y,z).  in  the  lower  half  space,  RL, 

hull  xy -plane 


--^•-)dS, 
r.  3n  rp/ 


where  rp  (x,y,z)  is  the  distance  from  a  point  on  the  surface  of  integration  to  the  point 
P(x,y,z)e  Rl,  and  n  is  the  unit  normal  vector  to  the  surface.  For  the  image  point  P'  of  P 
in  the  upper  half  space,  Ry,  we  have 


0  = 


JL  _L 

dn  rpi 


30  J_ 
dn  Tpt 


)**//( 

xy -plane 


v  3n  rp> 


!p— )dS. 
3n  rp>/ 


On  the  xy-plane  (z  =  0),  rp  (x,y,  0)  =  rp<  (x,y,  0).  If  0  is  an  odd  function  of  z.  then 
0(x,y,O)  =  0  and  3/3n  is  continuous  at  z  =  0.  If  0  is  an  even  function  of  z,  then 
1^1  =  0  and  0  is  continuous  at  z  =  0.  In  either  case  we  have 

dnlz  =  o 


Letting  P  approach  a  point  on  the  ship  hull,  we  obtain  an  integral  equation  for  0.  the 
value  of  0p  on  the  hull;  since  is  known  on  the  hull,  the  second  integral  can  be  evaluated. 
Usually  a  simpler  equation  is  obtained  by  inserting  beforehand  an  unknown  source  distribu¬ 
tion,  p,  on  the  hull,  such  that 


hull 


An  expression  for  is  then  derived  and  equated  to  the  known  value  of  on  the  hull. 
This  is  the  basis  for  the  famous  method  of  Hess  and  Smith,  wherein  the  hull  surface  is 
approximated  by  a  set  of  panels,  with  the  source  density  constant  on  each  panel.  Working 
out  the  integrals,  a  linear  set  of  equations  for  the  values  of  p  is  obtained  which  can  be 
solved  by  standard  computer  programs. 
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2.2  Free  surface 

The  method,  sketched  above,  can  be  extended  to  include  the  case  of  the  linearized  free- 
surface  condition.  This  gives  a  representation  of  the  surface  waves  from  a  ship.  For  steady 
motion  in  the  x-direction,  with  velocity  u,  the  linearized  free-surface  condition  is  given  by 

u2  <t>xx  +  =  0,  on  z  =  0. 

For  unsteady  small-amplitude  motions  about  a  rest  position 

0„  +  g <t>z  =  0,  on  z  =  0. 

instead  of  the  kernels  -7-  ±  -7-  we  obtain  kernels  for  each  of  these  cases  by  Fourier- 
tp  rp< 

transform  methods.  For  a  steady  motion  in  infinitely  deep  water,  the  kernel  is  given  by 


2 

rp 


ir/2  00 

±  +  ±  f*f 

rP'  u2*  J  * 


e  *^cos  (k(x-xp)cos  6 }  cos  [k(y — yp)  sin  6  ] 


k  cos2  6  -  g/u2 


dk- 


itp.  2  2 

-4JL  J e  ®^U  ^  fljsin-^(x-xp)sec  cos^-^(y-yp)sin d  sec2^jsec2^  dd. 


with  a  similar  expression  for  the  unsteady  case. 

The  expressions  can  be  manipulated,  but  always  have  the  form  of  the  infinite  fluid 
kernel  with  an  additional  term,  consisting  of  a  double  integral  over  an  oscillating  integrand, 
which  has  to  be  evaluated  numerically.  Consequently  the  numerical  work  for  this  case  is 
appreciable.  Moreover  the  linearized  free-surface  boundary  condition  for  a  blunt  ship  in 
steady  forward  motion  certainly  is  not  consistent  with  the  bluntness.  Up  to  now  satisfactory 
analytical  results  for  the  bow  wave  problem  have  not  been  obtained. 

It  should  be  remarked  that  the  integral  equation  method  cannot  be  used  for  the  non¬ 
linear  free  surface  condition.  Here,  the  unknown  elevation  of  the  free  surface  is  a  part  of 
the  solution. 


3.  Potential  Flow  Round  a  Ship  Hull  by  Finite  Differences  or  Finite  Elements 
3.1  Finite  differences 

An  alternative  to  the  integral  equation  methods  is  the  solution  of  the  corresponding 
Neumann  problem  for  the  ship  by  finite  difference  methods.  Here  again,  the  infinite  fluid 
problems  gives  the  least  difficulties.  Many  methods  are  available,  beginning  with  relaxation 
methods  for  the  Laplace  equation.  The  problem  is  the  size  of  the  region,  which  surrounds 
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the  ship  as  well  as  the  determination  of  the  various  mesh  sizes.  Also,  as  is  always  the  case 
with  finite-difference  methods,  the  fitting  of  the  hull  surface  requires  special  care.  For  an 
infinite  fluid  the  calculations  can  be  done  by  standard  methods.  The  linearized  free-surface 
boundary  condition  requires  a  device  at  the  boundaries  of  !he  region,  since  the  waves  do  not 
die  out  at  infinity.  Hence,  it  is  not  possible  to  insert  the  condition  0  =  0  at  large  distances 
from  the  ship. 

Use  can  be  made  of  analytical  asymptotic  expressions  for  the  wave  form  at  a  large 
distance  from  the  ship.  In  the  two-dimensional  case  of  an  oscillating  ship  this  is  easily 
worked  out.  The  phase  difference  between  the  ship’s  motion  and  the  asymptotic  expression 
follows  from  the  solution  of  the  difference  scheme.  Another  possibility  is  to  use  a  numeri¬ 
cal  radiation  condition  at  the  outer  boundary  of  the  region. 

Similar  procedures  should  be  developed  for  three-dimensional  nets.  The  nonlinear 
free-surface  boundary  condition  requires  special  treatment;  in  particular,  with  a  fine  mesh, 
the  moving  surface  may  cause  difficulty. 

3.2  An  alternative  to  a  finite  difference  method  is  a  finite  element  method 

Here  the  elements  of  the  net  do  not  have  to  be  squares,  but  can  have  a  geometry  which 
is  more  or  less  arbitrary.  The  standard  derivation  of  the  finite  element  method  rests  on  the 
construction  of  a  functional  over  the  field,  which  must  be  minimized.  For  an  infinite  fluid 
(double  body)  this  functional  is  simply  the  Dirichlet  integral  for  the  region.  The  boundary 
conditions  are  taken  account  of  by  suitable  additions  to  the  functional.  For  the  linearized 
free-surface  condition  a  similar  set-up  can  be  used.  Here  a  functional  can  be  constructed, 
but  at  the  outer  boundaries  a  radiation  condition  must  be  introduced. 

It  should  be  remarked,  that  for  the  finite  element  method  it  is  not  necessary  to  con¬ 
struct  a  functional,  which  has  to  be  minimized;  the  necessary  formulae  can  also  be 
obtained  by  orthogonalization. 

In  the  first  place  we  construct  a  quadratic  functional  of  the  potential  0,  i.e.  the 
Dirichlet  integral 

dV  ♦//  L0  dS, 

V  S 

where  the  second  term  takes  account  of  the  boundary  conditions.  If  we  expand  0  in  a 
series  of  orthogonal  functions,  0n,  we  have 
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fim  •  <t>n  dV  =  0,  n  *=  m 


If  we  take  a  finite  approximating  sum, 


^  ^n' 


~  an^n’ 


we  construct  an  approximation  for  D 


-N  -///(£  -V  '£  ' 

“aCf  Z]  ^iNnn  ^  an^  +  • 

m  =  l  Ln=  1  J 


which  gives  rise  to  a  quadratic  function  in  an.  Minimizing  gives  a  linear  set  of  equations 

N 

^  >  *\nn  an  ~ 
n=  1 

where  the  bm  follow  from  the  boundary  conditions.  This  is  the  Ritz  principle.  In  the  finite 
element  method,  the  expansion  functions  are  obtained  by  dividing  the  region  into  elements 
and  defining  0n  =  0  outside  element  n.  Inside  of  the  element,  the  function  0n  is  chosen 
such  that  the  solution  will  not  show  discontinuities  at  the  dividing  surfaces. 

The  Galerkin  method  is  slightly  different.  For  a  linear  equation, 

L0  =  0 

with  linear  boundary  condition,  L0  =  0,  we  can  choose  the  set  0n  such  that 

N 

Ean^n=°- 

n  =  0 

The  Galerkin  method  now  replaces  the  equation  L0  =  0  by  the  set  of  equations 


2a*l///*^L^dV  =  °’m  =  0 . R 
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If  the  functional  exists  and  the  equation  L0  =  0  is  the  Euler-Lagrange  equation  of  the 
corresponding  variational  problem,  we  can,  by  partial  integration,  transform  the  above  volume 
integral  in  to  an  integral  over  the  volume,  plus  an  integral  over  the  bounding  surface;  the 
result  is  equivalent  to  the  right  hand  side  of  the  Dirichlet  integral  discussed  previously.  Here, 
also,  the  non-linear  free-surface  boundary  condition  requires  discussion. 

Two  possibilities  are  open,  fixed  elements  where  the  boundary  moves,  inside  the  element, 
or  a  Lagrangian  approach.  For  the  ship  hull  a  complete  three-dimensional  calculation  is  very 
laborious.  A  quasi-two  dimensional  method  is  now  being  worked  upon  in  Delft  (C.  Korving). 
Instead  of  working  out  three-dimensional  finite  elements,  a  set  of  planes  is  introduced  and  <j> 
is  written  as  a  function  of  one  coordinate,  which  determines  the  planes  and  two  other 
coordinates  in  the  plane.  The  dependence  on  the  first  coordinate  is  introduced  by  a  set  of 
splines  with  coefficients,  which  are  functions  of  the  other  coordinates.  For  a  ship  the  planes 
are  taken  to  be  planes  through  the  axis  of  the  ship.  In  this  scheme, 

<t>  =53  $n(x.y)/n(o). 

where  a  is  the  angle  which  determines  the  planes  and  £n  (o)  are  spline  polynomials.  The 
minimization  of  the  total  functional  gives  rise  to  minima  for  the  separate  tf>n(x,y).  One 
obtains  a  system  of  coupled  two-dimensional  problems  each  of  which  is  solved  by  plane 
finite  elements.  Results  are  available  for  an  ellipsoid  in  infinite  fluid  with  a  rigid  wall  condi¬ 
tion  d0/3z  =  0  at  the  free  surface.  Each  two-dimensional  problem  refers  to  an  ellipse  and  for 
the  rigid  wall  condition  very  little  computer  effort  is  needed.  For  the  next  stage,  satisfying 
linearized  free-surface  conditions,  the  asymptotic  behavior  at  the  outer  boundary  must  first 
be  worked  out;  these  calculations  are  now  in  progress. 

4.  Propeller  Theory 

A  few  remarks  are  made  on  propeller  theory.  In  recent  years  the  lifting  surface  theory 
of  propellers  has  become  a  tool  in  design.  It  is  based  on  the  integral  equation  method  and 
numerical  methods  of  solution  are  available. 

A  problem,  however,  which  is  not  adequately  worked  out,  is  the  calculation  of  the 
cavity  region  on  a  propeller  cavitating  in  a  non-uniform  wake  field.  Here,  unsteady  lifting 
surface  theory  is  necessary.  Although  programs  for  harmonic  inputs  are  available,  these  do 
not  suffice  to  calculate  the  cavities.  Also  extensions  to  heavily  loaded  and  shrouded 
propellers  should  be  developed. 
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5.  Boundary  Layer  Flow  Around  a  Ship  Hull 

As  a  final  subject  of  this  talk  the  boundary  layer  round  a  ship  hull  presents  itself  as  a 
challenge  for  numerical  treatment. 

Although  the  boundary  layer  is  a  viscous  phenomenon  and  viscous  flow  is  described  by 
the  equations  of  Navier-Stokes,  numerical  solutions  of  these  equations  are  of  no  use  for  the 
calculation  of  the  viscous  layer  along  the  ship.  It  is  impossible  to  calculate  boundary  layer 
phenomena  by  pure  numerical  methods,  because  the  flow  is  turbulent.  Nevertheless  a 
discussion  of  this  problem  has  a  place  in  a  paper  on  numerical  methods  in  ship  hydro¬ 
dynamics. 

Basic  for  the  calculation  of  boundary  layer  flows  are  the  momentum  equations.  For 
laminar  flows,  boundary-layer  equations  give  a  satisfactory  approximation  in  most  cases. 

The  calculation  method  for  turbulent  boundary  layers  can  be  considered  as  a  generalization 
For  boundary-layer  calculations  the  potential  flow  must  be  known  in  advance;  depending  on 
the  results  of  the  boundary-layer  calculations  the  potential-flow  pressure  distribution  may 
have  to  be  modified. 

One  way  of  working  with  the  boundary  layer  equations  is  to  introduce  a  set  of  curvilinear 
coordinates  with  the  streamlines  of  the  potential  flow  at  the  surface  and  a  set  of  orthogonal 
trajectories  as  coordinates.  If  we  denote  the  components  of  the  flow  velocity  in  the  boundary 
layer  by  u  and  v,  and  the  outer  velocity  by  U,  we  have  the  displacement  thicknesses  vector 

6>=/('-  u)  dZ’62  =/udZ’ 

o  o 

where  6  is  the  boundary  layer  thickness.  The  momentum  thickness  is  a  tensor  defined  by, 

6  8  6 
0U  =y,J  ('  "u)dz-*12  =7>.  *21  =  *2  ”  *12’  *22  =  f  dz " 

O  O  U  o  u 

From  the  momentum  theorem  a  set  of  equations  for  these  quantities  can  be  devised,  which 
contain  the  shearing  stress  at  the  wall  and  the  pressure  gradient  of  the  outer  flow. 

For  laminar  boundary  layers  we  can,  in  this  concept,  represent  the  velocity  profiles 
and  -jj  as  functions  of  suitable  shape  parameters,  which  depend  on  the  coordinates.  The  art 
of  the  problem  formulation  then  leads  to  two  free  parameters,  which  are  determined  by  the 
set  of  momentum  equations  in  the  streamline  and  cross-flow  directions.  The  shearing  stress 
at  the  wall  is  directly  expressible  as  a  function  of  the  parameters.  For  turbulent  boundary 
layers  a  similar  procedure  can,  in  principle,  be  followed.  Instead  of  devising  the  relations 
between  the  parameters  and  the  pressure  gradient  and  shearing  stress  from  the  theory, 
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suitable  experiments  have  to  be  performed.  In  both  cases  a  set  of  partial  differential 
equations  along  the  ship  hull  can  be  obtained.  The  solution  of  these  equations  is  a 
numerical  problem. 

Boundary  conditions  arise  at  the  free  surface.  The  forward  stagnation  point  of  the 
flow  is  a  singular  point  at  which  special  care  must  be  taken.  To  obtain  a  solution  is  a 
formidable  problem,  requiring  theoretical  and  numerical  skill  and  good  supporting 
experimental  data  for  turbulent  boundary  layers.  The  calculation  should  also  give 
information  on  turbulent  separation.  If  the  ship  hull  has  sharp  edges,  it  is  obvious  that 
there  separation  will  occur.  The  behavior  after  separation  is  a  subject,  that  needs  a 
totally  different  approach,  which  is  not  considered  here. 
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NUMERICAL  SOLUTION  OF  NAVAL  FREE -SURFACE 
HYDRODYNAMICS  PROBLEMS 

C.  von  Kerczek 

David  W.  Taylor  Naval  Ship  Research  and  Development  Center 
Bethesda,  Maryland  20084  U.S.A. 

ABSTRACT 

A  review  of  numerical  techniques  for  solving  the  partial 
differential  equations  of  free-surface  hydrodynamics  problems  is 
given.  The  results  of  their  application  to  solve  such  problems  are 
discussed  and  compared,  as  far  as  possible.  The  main  problems 
that  are  discussed  fall  into  the  following  categories:  sloshing  in 
containers;  free  waves;  oscillating  bodies;  accelerated  and  uniform 
motion  of  bodies.  It  is  found  that  a  variety  of  numerical  techniques 
have  been  developed,  each  of  which  provides  good  approximate 
solutions  of  problems  in  one  or  two  of  the  above  classes.  However 
only  one  or  two  methods  have  been  developed  that  can  be  used 
for  problems  in  all  of  the  above  classes. 
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1.  Introduction 

As  a  prelude  to  this  conference  on  numerical  ship  hydrodynamics,  we  discuss  in  this 
paper  the  status  of  numerical  methods  for  the  solution  of  free-surface  problems.  We  mainly 
consider  numerical  solutions  of  field  problems  (i.e.,  direct  numerical  solutions  of  the  partial 
differential  equations)  rather  than  numerical  solution  of  the  corresponding  integral  equations. 
Since  our  ultimate  goal  is  to  deal  with  free-surface  problems  at  ship  scales,  we  consider  the 
water  to  be  incompressible,  homogeneous,  inviscid  and  without  surface  tension. 

In  this  review  we  first  discuss  mathematical  formulations  of  the  general  free-surface 
problem  with  which  we  are  concerned.  Then  we  describe  some  elementary  numerical 
methods  for  obtaining  approximate  solution  of  such  problems.  These  numerical  methods 
are  presented  only  to  illustrate  method;  they  may  not  actually  be  efficacious.  Many,  if  not 
most,  of  the  currently  used  numerical  methods  are  extensively  modified  and  refined  versions 
of  the  basic  methods  which  are  presented  here.  However,  a  description  of  the  basic  methods 
does  provide  an  overview  of  the  type  of  calculations  that  have  been  attempted. 

We  discuss  various  implementations  of  numerical  methods  to  solve  problems  in  the 
following  four  categories. 

A.  Sloshing  in  containers 

B.  Free  waves 

C.  Oscillating  bodies  in  or  near  the  free  surface 

D.  Uniform  and  accelerated  motion  near  a  free  surface 

Groups  A  and  B  overlap.  For  group  A  problems  we  mainly  emphasize  nonpathological 
motions  of  the  free  surface  and  for  group  B  problems  we  are  concerned  mainly  with  the 
generation,  propagation,  and  runup  of  waves  in  tanks  or  channels.*  The  problems  of  group  C 
are  mainly  concerned  with  the  forced  oscillation  of  a  body  in  the  free  surface  or  the  response 
of  a  floating  body  when  waves,  generated  far  away  from  the  body,  impinge  on  it.  The 
problems  of  group  D  are  mainly  wave  resistance  problems.  We  discuss  the  approach  of  an 
acceleration  problem  to  a  steady  state  and  some  turning  problems. 

While  we  can  not  discuss  all  of  the  intricacies  and  difficulties  that  are  encountered  in 
any  one  particular  numerical  method,  we  will  discuss  briefly  the  two  primary  difficulties  in 
the  numerical  simulation  of  free-surface  ship  hydrodynamics.  These  two  difficulties  are  the 
stability  of  the  numerical  time  integration  procedure  of  the  free-surface  equations  (or, 
analogously,  the  method  of  generating  the  unknown  free-surface  boundary  in  steady  flow 


*The  scale  of  motion  in  group  A  is  generally  of  the  container  dimensions,  whereas  for  group  B  the  scale  of 
motion  is  much  smaller  than  the  container  dimensions. 


problems)  and  the  closure  of  the  algebraic  equations  that  approximate  the  partial 
differential  equations  when  infinite  fluid  domains  are  truncated  to  finite  ones. 
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2.  General  Formulation 

We  consider  a  region  of  inviscid,  incompicssiNe  and  homogeneous  water  whose  motion 
is  irrotational.  The  fluid  region  may  be  finite  or  infinite  in  spatial  extent  and  its  motion  may 
be  produced  by  several  alternative  (or  simultaneous)  means.  These  may  be:  (i)  forced  motion 
of  rigid  boundaries  located  a  finite  distance  from  the  origin,  (ii)  forced  pressure  variations  on 
th*  free  surface,  (iii)  deviation  of  the  fluid  from  its  equilibrium  position,*  (iv)  forced  motion 
of  boundaries  located  at  infinity  (i.e.,  free-wave  problems).  In  some  cases  we  study  a 
secondary  motion,  superimposed  on  a  given  basic  motion,  which  is  produced  by  rigid  freely- 
floating  or  stationary  boundaries.  The  motion  of  primary  interest  is  called  the  disturbance 
and  the  agent  producing  this  motion  is  called  the  disturber. 

In  a  reference  frame  labeled  with  the  cartesian  coordinates  (x,  y,  z),  the  body 
of  water  occupies  the  region  R(t)  and  has  the  boundary  3R(t)  where  t  denotes  time.  We 
assume  that  the  gravitational  force  is  directed  along  the  negative  y-axis  so  that  its  potential 
is  G  =  -  gy.  We  let  (T,  J,  E)  be  a  triple  of  unit  vectors  in  the  (x,y,z)  directions  respectively. 

Let  the  free  surface  be  described  by  an  equation  of  the  form 

q(x,  z,  t)  —  y  =  K 

or  parametrically  as 

r(x,  z,  t)  =  x(t)T+n(t)7  +  z(t)E 

where  K  is  a  constant.  (Henceforth,  we  simply  denote  any  constant  by  the  letter  K.).  Let 
VB(t)  be  the  velocity  of  a  point  on  the  boundary  of  R(t)  and  N(t)  the  inward  normal  vector 
to  the  boundary  at  this  point.  We  denote  by  pg(x,z,  t)  a  specified  pressure  variation  on  the 
free  surface  y  =  ij  and  from  now  on  we  denote  the  free  surface  by  4,  and  other  boundaries 
by  3R. 

The  main  formulations  of  this  problem  are  well-known  and  we  follow  Lamb  (1945)  in 
their  statements.  We  give  here  the  formulations  of  the  direct,  or  “primitive”,  form  of  the 
problem  (i.e.,  in  terms  of  the  momentum  equations)  and  the  potential-flow  form  of  the 
problem  which  results  from  constraining  the  motion  to  be  irrotational.  The  primitive  and 
potential  forms  of  the  free-surface  flow  problem  are  given  in  the  Eulerian  and  Lagrangian 
variables  as  follows: 


*The  water  has  a  stationary  equilibrium  position  for  fixed  boundaries  and  stationary  free-surface 

pressure  distributions.  * 
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(i)  Eulerian  primitive  problem; 

|Y,v-w*v(i-o).o^ 

7-  V  =  0 


in  R 


dx  ay  dz 


N(t)  •  V(t)  =  FJ(t)  •  VB(t)  on  3R 


P  =  pa(x,z,t) 


5 '  *'• 0 


on  J 


(ii)  Eulerian  Potential  problem; 


V  =  7  4> 


in  R 


72  <l>  =  0 
N(t)  •  74>  =  N(t)  •  Vg(t)  on  3R 

a.iv.v.&isas.,,.* 


j!  +  V  •  70?  -  y)  =  0 


on  J 


(iii)  Lagrangian  Primitive  problem; 


9l  =  V 

at 


(f-V)-VtR*ivxP.Q>i«R 


3(X,Y,Z) 
d(a,  b,  c) 


(Jacobian) 


R  =  (X(a,  b,  c,  t),  Y,  Z),  R(a,  b,  c,  o)  =  (a,  b.  c) 
3_ 

3c 


_  _ r 3  -  3  -3 

VX=,3-,+J3b  +  k^ 


(2.1  a,b) 


(2.2) 

(2.3  a,  b) 


(2.4) 

(2.5) 


(2.6  a.b) 


(2.7  a.b) 


N(t)  •  V(t)  =  N(t)  •  VB(t) 


for  Re3R 


(2.8) 


m 


a2x 

3X 

\av 

a2z 

dZ  = 

i 

3Pa  1 

at2 

da 

Vat2 

)  3a 

+  at2 

da 

_p 

3a  f 

>  on  i(b  =  K) 

(2.9  a,  b) 

a2x 

ax  , 

\  3Y 

dZ  _ 

i 

3Pal 

at2 

dc  * 

Ut2  8 

)  3c 

at2 

dc 

~p 

3c  ; 

(iv)  Lagrangian  Potential  Problem; 


3R  =  v 
at 


4M- 


s  u,)  *  0 


0>  in  R 


N(t)  ■  V(t)  =  N(t)  •  VB(t)  for  Re3R 

\  ay  t  d2Z  3Z  _  1  3pi 

3t2  3a  \3t2  */  3a  da  P  9a 

a2x  ax  /a^Y  \  ay  a2z  az  1 3pa 

at2  3c  +  Vat2  */  3c  at2  3c  p  3c 


(2.10  a, b) 


(2.11) 


on^(b  =  K)  (2.12  a,  b) 


In  each  of  the  above  formulations,  it  is  understood  that  suitable  initial  conditions  are 
provided.  Also,  if  any  freely-floating  bodies  are  present,  the  governing  equations  of  the  fluid 
motion  are  coupled,  through  the  boundary  conditions,  to  suitable  dynamical  equations  of 
motion  of  the  body. 

The  general  nonlinear  problems  formulated  above  are  very  difficult  to  analyze.  For  this 
reason,  certain  approximations  are  usually  made  to  simplify  them.  The  main  approximatio 
usually  considered,  which  is  the  one  we  shall  refer  to  as  "the  linearized  problem"  is  given 
below  in  terms  of  the  potential  problem  in  Eulerian  variables: 

(i)  Unsteady  and  time-periodic  flows;  the  linearized  free-surface  conditions  on  J  are 
given  by 


I-v-T-o 


on  y  =  0 


(2.13  a,  b) 


(ii)  Steady  flow  with  speed  V  =  -  Ui  far  upstream  and  <l>  =  -  Ux  +  <p\  the  linearized  free- 
surface  conditions  on  J  are  given  by 


./ 


* 


\ 


i 

j 

i 


i 
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on  y  =  0 


(2. 14  a,  b) 


+  g  <V  _  ^Vx’ 

3^2  +  U2  5y  '  PU 

U  d\fi  Pa(x'z) 

tj  =  -  r - 

g  3x  pg 

Problems  with  boundaries  at  infinity  lead  to  different  mathematical  requirements  in 
their  formulation  depending  on  whether  or  not  they  are  transient  or  steady  state.  We 
consider  motions  that  are  periodic  as  steady  state  motions.  The  transient  formulations  have 
been  given  above(2.1 -2.13).  The  steady  state  formulations  differ  in  that  intial  conditions 
must,  naturally,  be  dropped.  Moreover,  boundedness  at  infinity  (in  space)  is  not  sufficient 
to  insure  uniqueness.  One  must,  in  addition,  specify  that  if  the  disturber  is  finitely  placed 
(i.e.,  the  disturber  can  be  enclosed  in  a  bounded  subdomain  of  the  fluid),  then  the  distur¬ 
bance  radiates  outwards  towards  infinity,  i.e.,  the  flux  of  disburbance  energy  is  away  from 
the  disturber. 

It  is  not  always  obvious  what  the  condition  of  outward  radiation  ought  to  be.  If  one  can 
determine  all  the  eigenfunctions  of  a  particular  problem  or  class  of  problems  with  no  disturber 
present,  then  one  can  construct  a  “filter”  which  removes  all  those  disturbances  which  do  not 
either  manifest  outward  flow  of  energy  or  decay  spatially.  A  prototype  problem  illustrating 
this  principal  is  the  linear  problem  of  the  symmetric  forced  oscillation  of  the  free  surface  in 
a  homogeneous  constant-depth  liquid  extending  horizontally  to  infinity.  This  problem  is 
discussed  by  Stoker  (1957). 

A  somewhat  different  situation  is  illustrated  by  the  steady  flow  past  a  stationary  body. 
This  type  of  problem  is  unsymmetrical  upstream  and  downstream.  The  unique  solution  is 
obtained  by  requiring  that  the  disturbance  of  the  uniform  motion  of  the  stream  vanishes 
very  far  upstream.  In  the  linearized  version  of  this  problem,  a  sufficient  condition  to  insure 
uniqueness  is  that  the  flow  is  uniform  with  an  undisturbed  free  surface  far  upstream.  This  is 
in  fact  the  radiation  condition  for  this  problem  and  no  statement  about  the  downstream  flow 
(except  that  it  is  bounded)  need  be  made. 

Infinite  boundaries  present  special  difficulties  in  numerical  solution  of  steady  state 
problems.  The  domains  must  be  truncated  at  finite  length  and  the  effect  on  the  fluid  motion 
of  the  discarded  part  of  the  domain  must  be  accounted  for.  The  transient  problems  seem  to 
be  more  amenable  (at  least  conceptually)  to  numerical  solution  because  of  the  necessity  of 
truncating  the  infinite  flow  domain.  Transient  problems  are  well-posed  on  infinite  domains 
by  simply  requiring  boundedness  at  infinity.  These  problems  lead,  at  least  in  principal,  to 
the  correct  steady  state  limit  (if  it  exists)  by  letting  t-»°°  (cf.  Stoker,  1957).  If  the  motion 
of  the  fluid  is  caused  by  a  finitely  placed  disturber,  then  discernible  fluid  motion  at 
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infinity  is  felt  only  after  an  infinite  interval  of  time.  Thus,  one  may  consider 
only  a  finite  fluid  domain  Rg  (but  one  large  enough  to  completely  contain  the  motion 
generating  boundaries)  and  be  assured  that  the  approximate  solution  in  Rg  is  essentially  the 
same  for  some  time  interval  |0,T]  as  the  restriction  on  Rg  of  the  exact  solution.  If  Rg  is 
large  enough  one  might  then  obtain  an  approximate  “local”  steady  state  after  some  time 
T*<T  if  T  is  large  enough.  By  a  “local”  steady  state  it  is  meant  that  there  exists  a  sub- 
domain  Rs  C  Rg.  where  Rs  completely  contains  the  disturber  and  in  which  the  motion  is 
steady  for  T*<t<T.  However,  it  may  be  the  case  in  many  problems  involving  a  free 
surface  that  T  and  T*  as  well  as  Rg  are  too  large  for  practical  calculations.  Hence,  it  is  of 
some  value  to  develop  numerical  methods  for  steady  state  problems  in  unbounded  domains. 

In  such  methods  the  truncation  of  the  numerical  domain  and  the  method  used  to  simulate 
the  effect  of  the  discarded  part  of  the  fluid  domain  on  the  remaining  part  can  play  a  crucial 
role  in  the  calculations.  Because  there  is  no  known  rational  closure  method  for  nonlinear 
steady-state  problems,  it  would  seem  that  the  only  mathematically-justified  approach  to  a 
steady  state  problem  is  through  an  initial  value  problem.  However,  certain  ad-hoc 
closure  conditions  have  been  used  with  some  apparent  success  in  numerical  simulations 
of  steady  nonlinear  problems  (cf.  von  Kerc/.ek  and  Salvescn,  1974).  These  are  based 
on  the  idea  that  what  happens  far  downstream  of  the  disturbance  does  not  have  an 
appreciable  affect  near  the  disturbance  as  long  as  mass  flux  out  of  the  region  is 
preserved.  For  some  linear-theory  problems  one  can  make  use  of  known  analytic  information. 
For  example,  if  the  radiation  conditions  or  the  eigenfunctions  of  the  problem  are  known 
when  no  disturber  is  present,  these  can  be  used  to  provide  truncation  boundary  conditions. 

In  some  cases,  it  may  even  be  advantageous  to  use  the  known  Green  function  of  the  problem 
to  provide  truncation  boundary  conditions  while  close  to  the  disturber  the  problem  is  solved 
numerically. 

3.  Numerical  Methods 

In  this  chapter  we  present  some  numerical  approximations  of  the  potential  and  primitive 
formulations  in  Eulerian  variables  of  a  sample  problem.  We  also  briefly  describe  similar 
numerical  simulations  of  the  Lagrangian  formulations.  We  have  already  mentioned  that  the 
numerical  methods  described  here  are  mainly  for  the  purpose  of  illustration. 

The  sample  problem  selected  is  the  two-dimensional  motion  of  fluid  in  a  partially-filled 
rectangular  container.  The  motion  takes  place  in  the  x.y  plane  and  is  initiated,  say.  by 
displacing  the  free  surface  from  its  equilibrium  position. 
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Consider  first  the  potential  problem  in  Eulerian  variables.  Probably  the  best  known 
numerical  approximation  is  the  finite  difference  method  (cf.  Forsythe  and  Wasow,  1960).  In 
this  method  the  flow  field  is  overlaid  by  a  regular  grid  as  shown  in  Figure  1.  The  spatial 
discretization  is  supposed,  here,  to  be  uniform  with  spacing  h  and  time  is  discretized  with 
spacing  At.  Spatial  and  temporal  discretization  need  not  be  uniform  but  these  are  assumed 
to  be  uniform  here  for  simplicity.  The  approximate  velocity  potential  is  sought  at  each  node 
of  the  grid.  Each  node  of  the  grid  is  denoted  by  its  coordinates  (Xj.yj),  the  kth  time  step  is 
tk  =  kAt  and  the  points  at  which  the  free  surface  is  cut  by  vertical  grid  lines  are  denoted  by 
rjj.  Then  the  discrete  values  of  ‘h  and  rj  are  defined  by 

*Sj  **‘xi-yJ-tk> 

ST)(X,.tk) 

k  k 

Henceforth  and  ^  also  will  denote  the  approximate  values  of  4>  and  obtained  from  the 
finite  difference  problem. 


Figure  I  —  Finite  Difference  Grid  for  the  Eulerian  Potential  Problem 

Both  the  Eulerian  and  Lagrangian  formulations  of  the  sample  flow  problem  consist  of 
two  parts;  the  part  governing  the  time  evolution  of  the  flow  and  the  second  part  relating  to 
the  kinematical  constraint  on  the  entire  flow  which  must  at  all  times  be  satisfied.  The  idea 
behind  all  numerical  methods  is  to  use  the  evolution  part  of  the  problem  to  extrapolate 
forward  in  time  the  values  of  certain  variables  from  the  initial  conditions  and  then  to  determine 
the  rest  of  the  dependent  variables  in  such  a  way  that  the  kinematical  constraint  is  satisfied 
in  the  entire  field. 
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In  the  Eulerian  potential  problem,  time  evolution  is  governed  by  the  free-surface 
condition  whereas  the  interior  kinematical  constraint  (incompressibility  and  irrotationality )  is 
enforced  by  satisfaction  of  Laplace’s  equation.  Thus,  in  a  finite  difference  approximation, 
using  the  grid  described  above,  one  can  approximate  first  and  second  derivatives  on  the 
uniform  part  of  the  grid  by  central  difference  formulae  <cf.  Forsythe  and  Wasow,  I960). 

One  obtains  in  this  way  the  five-point  differencing  approximation 

4*!t^u-^u-*m+i-*u-i  =  0  (3U 

for  \724>  =  0  at  interior  nodes  surrounded  by  equal  length  grid  segments.  Next  to  the  free 
surface  at  nodes  surrounded  by  unequal  length  grid  segments  one  'stains  the  more  general 
five-point  differencing  approximation 

.  k  k  .  k  .  k  *  k  k  ,  k  ,k  .  k  _  „  ... 

"  aij  *i+  1 , j  “  Nj  *i-l,i  “  cij  *i,  j+  1  “  ^ij  j  - 1  ® 

k  k  k  k 

where  the  coefficients  ajj,  bjj,  Cj j,  djj  depend  on  the  lengths  of  the  grid  segments  surrounding 

node  ij.  Since  these  lengths  depend  on  the  instantaneous  location  of  the  free  surface,  the 

coefficients  depend  on  time  and  hence  the  superscript  k.  On  a  stationary  inpenetrable 

34> 

straight  boundary  such  as  B,  one  can  approximate  the  boundary  condition  —  =0 

ox  xeB 

by  a  central  difference  formula  such  as 

3*1  *N  +  l.j-*&-!,j 


The  undefined  value  of  <f>£j  +  |  j  which  lies  outside  the  domain  is  eliminated  by  combining  (3.3) 
with  (3.1 )  evaluated  at  the  point  i  =  N,j.  This  yields  the  boundary  equation  at  i  =  N,  j 

4>N,j-?<2<.lj  +  <j  +  1  +<j.i)  =  0  (3.4) 

Similar  equations  can  be  derived  for  the  other  rigid  boundaries. 

The  free  surface  equations  (2.6  a,  b)  are  used  to  advance  the  solution  in  time  by 
approximating  the  time  derivatives  by  the  simple  linear  formulae 


»  k  +  1  .  k 

/3<D\  *1 

|  —  I  =»  - 

\dtyt  At 

k  + 1  k 
/3tA  ~ 

Vat/:  35  At 


where  the  single  subscript  i  is  used  to  denote  a  quantity  defined  on  the  free  surface  tj.  The 
approximation  (3.5)  can  be  considered  to  hold  for  any  value  of  te  [t^,  +  i  ].  Thus,  the  free- 

surface  equations  (2.6)  are  Approximated  by 


(3.6a) 


/  _  \lt,k  +  1 

<t>|‘ +  1  =  4*^  +  At  ^  V  •  V  -  gr?  -  -~j 

r)k  +  1  =  rjk  +  At  (-  V  •  V(r?  -  y))k,k  +  1  < 3.6b » 

The  double  superscript  notation  in  (3.6)  denotes  that  the  quantity  in  parenthesis  may  be 
evaluated  at  any  value  of  te  [tk.  tk  +  | )  (or  may  even  be  certain  averages  of  the  quantity  for 
various  values  of  t  <  tj.  +  j  ).  The  two  most  elementary,  and  most  widely  used,  approximations 
of  the  terms  in  parenthesis  in  (3.6),  which  also  illustrate  the  two  basis  iy pcs  of  numerical 
integration  methods  of  differential  equations,  are  as  follows:  The  explicit  method  in  which 
the  evaluation  of  the  terms  in  parenthesis  in  (3.6)  is  made  at  t  =  tk.  and  the  fully  implicit 
method  in  which  these  terms  are  evaluated  at  t  =  tk  + . .  We  note  that  evaluation  of  the 
spatial  derivatives  of  4>  and  rj  required  in  (3.6)  is  done  by  numerical  finite  differences.  We 
do  not  dwell  on  this  item,  but  only  note  that  these  approximations  can  be  made  in  a  variety 
of  ways  (cf.  Forsythe  and  Wasow,  I960).  It  must,  however,  be  recognized  that  this 
approximation  can  be  crucial  to  the  success  of  the  entire  numerical  simulation  and  we  do 
not  dismiss  this  item  lightly. 

The  relative  advantages  and  disadvantages  of  explicit  versus  implicit  time  integration 
methods  are  as  follows: 

Explicit  Implicit 

1 )  Requires  simple  evaluation  of  I )  Requires  solution  of  a  system  of  algebraic 

functions  at  each  time  step.  equations  at  each  time  step. 

2)  Numerically  stable  only  for  2)  For  linear  problems  there  is  no  restriction  on 

severely  restricted  time  steps  At  for  stability.  For  nonlinear  problems. 

At  (in  above  problem  necessity  of  iterative  solution  of  algebraic 

At<Kh).  equations  imposes  a  At  restriction  for 

convergence. 

As  yet  no  numerical  or  theoretical  evidence  has  been  presented  to  establish  a  clear-cut 
advantage  of  explicit  over  implicit  methods  or  vice  versa  in  nonlinear  problems.  In  fact,  the 
explicit  method  is  used  most  often  for  such  problems  merely  because  of  simplicity.  In 
linear  problems,  there  is  a  clear  theoretical  and  practical  advantage  in  using  the  implicit 
method.  We  will  see  later,  when  considering  various  specific  implementations,  that  main¬ 
taining  the  stability  of  the  numerical  integration  of  the  tree-surface  equations  is  still  a  major 
problem. 

The  numerical  schemes  for  advancing  the  solution  one  time  step,  from  tk  to  tk  +  j , 
follows: 
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It  +  ] 

( 1 )  Explicit  method:  (3.6a)  is  used  to  obtain  4>j  ;  (3.1),  (3.2)  and  (3.4)  are  used  to 

k  +  1 

obtain  4*^  throughout  the  field  and  then  (3.6b)  is  used  to  advance  the  free  surface  to 
k  +  1  J 

(2)  Implicit  method.  Equations  (3.6)  together  with  (3.1),  (3.2)  and  (3.4)  are  a  coupled 

system  of  nonlinear  algebraic  equations  which  must  be  solved  by  iteration.  One  possible,  and 

k+1  k+1 

popular,  method  is  the  predictor-corrector  method  in  which  tentative  values  of  4>j  •  ,  4>j 

k  +  1  ^ 

and  are  obtained  by  the  explicit  method.  These  are  used  in  the  terms  in  parenthesis  in 

k+1  k+1 

(3.6)  to  obtain  new  tentative  values  of  4^  and  tj;  .  Iteration  of  this  procedure  some 
desired  number  of  times  completes  one  implicit  integration  step. 

Before  turning  to  brief  descriptions  of  other  numerical  methods,  we  note  that  there  are 
two  main  characteristic  numerical  errors  (besides  those  of  spatial  resolution)  inherent  in  each 
numerical  method.  These  errors  are  directly  related  to  the  truncation  errors  of  the  numerical 
approximation  of  various  derivatives  and  how  these  truncation  errors  combine  when  the 
numerical  approximation  formulas  are  combined  according  to  the  governing  equations.  These 
errors  are  called  numerical  viscosity  errors  and  dispersion  errors.  Numerical  viscosity  denotes 
an  inadvertant  artificial  damping  of  the  motion  with  time  (say.  for  instance,  a  loss  of  energy 
in  a  system  that  is  supposed  to  be  conservative).  Dispersion  errors  pertain  to  the  propagation 
of  various  wave  modes  at  the  wrong  wave  speed.  As  mentioned  above,  these  errors  are 
attributed  to  the  combination  of  spatial  and  temporal  numerical  approximations  made.  The 
cause  of  these  characteristic  errors  can  be  analyzed  for  many  approximation  methods  (see. 
for  instance.  Roache,  1973).  Sometimes,  using  a  numerical  method  that  has  a  certain  amount 
of  numerical  viscosity  is  useful  to  overcome  a  tendency  towards  instability  of  the  time 
integration. 

An  alternative  class  of  numerical  methods  is  generally  known  as  spectral  methods. 

These  are  based  on  the  idea  of  the  expansion  of  the  dependent  variables  in  a  suitable  complete 
set  of  functions.  The  unknown  coefficients  of  this  expansion  are  determined  by  satisfying  a 
certain  functional  (for  instance,  minimization  of  the  total  mechanical  energy  of  the  flow)  that 
is  equivalent  in  a  certain  sense  to  solving  the  partial  differential  equations.  The  two  most 
prominant  methods  in  this  category  are  the  finite  element  method  and  Galerkin’s  method. 

The  finite  element  method  can  be  considered  to  be  a  form  of  Galerkin’s  method  which  is 
based  on  a  special  class  of  expansion  functions.  A  very  brief  description  of  a  Galerkin’s 
method  follows: 

Consider  our  sample  problem  and  the  following  sets  of  functions. 
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Sj  =|fn(x,y)  f„eC^  y  in  R,  are  complete  and  satisfy  condition  (2.5)  on  9R 

S2  =  jg^x)  |  on  ^  ancl  ***  complete  j 

Tj  =  J  hjjfx,  y)  |  hn  are  linearly  independent  [ 

T2  =|em(x)  [  em  are  linearly  independent! 

In  the  Galerkin  method,  one  approximates  4>  and  v  by 

N 

4>(x,y,t)  an(t)fn(x*y) 

n  =  1 

(3.7a) 

M 

r?(x,t)=2bm(t)gm(x) 

(3.7b) 

m»l 

and  equations  for  ja^  and  |bm|  are  obtained  by  demanding  that 

JJ hj  V24>  =  0 

R 

(3.8a) 

q)  =  0 

(3.8b) 

J 

for  i  =  1,  ....  I  and  j  =  1,  ... ,  J  such  that  1  +  J  =  N  and  where  £  denotes  the  dynamic 
free-surface  condition  (2.6a)  on  J.  One  also  demands  that 


f(^  +  v‘v(n~ y))  er°  (3-9) 

j 

for  j  =  1 , . . . ,  M. 

Condition  (3.8)  yields  a  coupled  system  of  algebraic  and  nonlinear  ordinary  differential 
equations  for  the  coefficients  Ja^,(t)j  and  (3.9)  results  in  a  set  of  nonlinear  ordinary 
differential  equations  for  the  coefficients  jbm| .  These  equations  an*  very  complex  and  must 
be  integrated  numerically. 

For  the  sample  problem,  a  very  convenient  choice  for  Sj  is  the  set 

t,  ,  ,  (2n  +  ))(y  +  D)ir  .  (2n+l)»rx/ 

}f„(x,y)  =  cosh  - - ^ - sin - 2L~ '  (30) 

where  2L  is  the  width  of  the  container  and  D  is  the  depth  of  undisturbed  fluid  in  the 
container.  This  set  of  functions  satisfies  the  Laplace  equation  in  R  and  the  boundary 
conditions  on  9R  so  that  (3.8)  reduces  to  the  line  integral  over  J  and  involves  only  the 
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dynamic  free  surface  condition  evaluated  on  J.  The  resulting  nonlinear  ordinary  differential 
equations  involve  the  coefficients  jbn|  as  well  as  Jan|  because  the  expansion  (3.7b)  must  be 
substituted  for  y  in  (3.10). 

Note  that  using  the  set  (3.10)  for  S|  and  appropriate  trigonometric  functions  for  S2 
and  T2  in  the  linearized  problem  leads  to  the  exact  solution  for  N -»<*>. 

The  major  disadvantage  of  this  type  of  Galerkin  method  is  its  practical  restriction  to 
simple  boundary  shapes  (unless  a  finite  element  method  is  used).  A  second  major  problem 
encountered  with  implementation  of  Galerkin's  method,  is  maintaining  numerical  stability  in 
the  time  integration. 

We  leave  aside  description  of  the  finite  element  method  since  some  of  its  ideas  are 
contained  in  the  above  discussion  and  details  are  readily  available  (see  for  instance,  Strang  and 
Fix,  1973)  and  extensively  expounded  in  some  later  papers  of  this  conference. 

The  Eulerian  primitive  formulation  can  be  simulated  numerically  in  several  ways  similar 
to  that  for  the  potential  formulation.  We  briefly  describe  a  certain  finite  difference 
approximation  of  the  primitive  equations.  This  approximation  is  the  basis  of  the  very 
extensively  used  and  successful  MAC  (Marker  And  Cell)  method  (see,  for  instance,  Harlow 
and  Amsden,  1971). 

In  this  method  a  staggered  finite  difference  mesh  as  shown  in  Figure  2  is  used. 


Figure  2  —  Staggered  Finite  Difference  Mesh  of  the  MAC  Method 
The  pressure  p  is  evaluated  at  the  points  denoted  by  crosses  and  labeled  by  integers 
i.j  (p(x4,  yj)  =  Pjj)  and  the  velocity  V  is  evaluated  at  the  dots  which  are  labeled  as  i  +  1/2,  j 
on  the  vertical  segments  and  i,  j  +  1/2  on  the  horizontal  segments.  The  horizontal  component 
of  V,  u,  is  defined  only  at  the  i  + 1/2,  j  points  and  the  vertical  component  v,  only  at  the 
i,  j  +  1/2  points.  A  complete  derivation  and  tabulation  of  the  finite  difference  formulae  that 
approximate  the  momentum  and  continuity  equations  (2.1  a,b)  can  be  found  in  Harlow  and 
Amsden  (1971).  It  suffices  to  state  here  that  spatial  derivatives  are  approximated  by  central 
differences  throughout  giving  Ofh^)  accuracy.  Whenever  a  finite  difference  approximation 
requires  the  value  of  a  variable  where  it  is  not  defined  in  the  discrete  problem,  then  this 


value  is  obtained  by  averaging  the  two  nearest  values.  For  instance 

uij  S  J<ui-l/2,j  +ui  +  l/2.j) 

This  approximation  preserves  the  0(h^)  accuracy  of  the  finite  differencing. 

The  basic  MAC  procedure  is  as  follows:  First-order  differencing  of  the  time  derivatives 
in  the  momentum  equations  (2.1a)  (similar  to  that  of  (3.5))  is  used  for  the  explicit  advance¬ 
ment  in  time.  This  approximation  results  in  the  equations 

"m«.i  '  "mn,i  *  "(-  7 '  ”  -  v(f  -c))‘+ 1 


k  + 1  _  k  . 

vi,j  +  l/2  “  vi.j  +  l/2  +  At 


(.v.vv-v(f-c)L 


I/2.J 

1/2 


(3.11  a,  b) 


Continuity  is  maintained  by  solving  the  Poisson  equation 

p  =  -  V  •  ( V  •  VV)  (3.12) 

for  pressure  p  by  using  the  standard  five-point  difference  formula  (cf.  Forsythe  and  Wasow, 
1960). 


Pfj  4  (pm,j  +  Pi-.,j  +  pf.j  +  l  +  Pi.j-l)  =  *(?  *  (V  ■  VV))*  (3.13) 

(We  note  that  (3.13)  requires  some  correction  terms  in  actual  numerical  calculations  in  order 
to  accurately  maintain  zero  flow  divergence.)  The  boundary  conditions  are  not  elaborated 
here  (but  see  Harlow  and  Amsden,  1971)  except  to  note  that  the  free  surface  is  advanced  in 
time  using  the  Lagrangian  kinematic  free-surface  condition  (2.3b)  in  an  explicit  manner 
similar  to  (3.1 1). 

Finite  difference  approximations  of  the  Lagrangian  formulations  follow  closely  the  spirit 
of  such  approximations  of  the  Eulerian  formulations.  In  the  Lagrangian  formulations,  a 
rectangular  grid  divides  the  region  R  in  the  independent  variable  space,  (a,b,  c).  The  depen¬ 
dent  variables  R  and  V  are  defined  at  each  nodal  point  of  this  grid.  This  results  in  the  flow 
field  being  divided,  at  each  instant,  into  an  irregular  grid  in  the  Eulerian  coordinates.  For 
example  at  time  step  k,  the  coordinates  Rjj  are  given  by 

V(x<ai’bj'tk)-  Y(ai'Vk» 

MX*,  Y*) 

so  that  the  square  cell  (aj,  bj),  (a§  +  j ,  bj),  (a{  +  j , bj  +  j ),  (aj,  bj  +  j )  in  the  (a,  b)  reference  plane 
has  the  physical  coordinates  shown  in  Figure  3. 
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Figure  3  —  Lagrangian  Finite  Difference  Cell 


X 


The  numerical  simulation  follows  the  recipe: 

(i)  The  coordinates  are  advanced  implicitly  or  explicitly  using  first-order  time 
differencing  of 


0R 

9t 


V 


(ii)  The  velocities  are  updated  by  either  (a)  maintaining  cell  area  (continuity)  and  cell 
circulation  (irrotationality)  using  finite  difference  approximations  of  these  quantities  on  the 
Lagrangian  cell  of  Figure  3,  or  by  (b)  updating  the  velocity  according  »o  the  Lagrangian 
momentum  equation,  approximating  the  time  derivative  by  first-order  finite  difference 
formulae,  and  obtaining  the  pressure  p  by  maintaining  cell  continuity  similar  to  the  MAC 
method. 

An  example  implementing  the  finite  difference  approximation  of  the  Lagrangian 
potential  problem  for  the  two-dimensional  flow  in  a  container  is  given  by  Brennen  and 
Whitney  (1970). 


4.  Examples  of  Numerical  Simulation  of  Froe-Surfaca  Problems 

In  this  chapter  we  discuss  some  problems  which  have  been  numerically  simulate  d  by 
some  form  of  one  of  the  methods  discussed  in  Chapter  3.  We  consider  first  solutions  of 
problems  of  water  sloshing  in  a  container.  Although  the  solutions  of  such  problems  have  direct 
applications,  our  main  interest  is  in  the  testing  of  the  numerical  methods  in  problems 
involving  either  gentle,  though  nonlinear,  free-surface  motions  or  violent  motions  that 
ultimately  lead  to  disintegration  of  the  free  surface. 

Our  second  category  of  problems,  whose  numerical  simulation  is  considered,  is  that  of 
free  waves.  These  are  of  interest  because  one  always  expects  that  “free  waves”  are  present 
far  from  a  disturber  and  form  a  part  of  our  main  problem  of  moving  bodies  near  or  in  the 
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free  surface.  Thus,  accurate  solutions  of  free-wave  problems  can  aid  in  checking  solutions  of 
body-wave  problems.  Free-wave  problems  are  also  of  interest  in  other  applications  and  are  of 
great  concern  in  tank  testing  where  waves  are  generated  at  one  end  by  a  wavemaker  and 
propogatc  to  the  other  end  of  the  tank. 

The  last  two  categories,  oscillating  bodies  and  uniform  and  accelerated  motion  of  bodies 
along  the  fr*e  surface,  need  little  explanation  because  these  contain  precisely  those  problems 
whose  numerical  simulation  is  the  subject  of  this  conference. 

Each  of  these  groups  of  problems  is  discussed  in  one  of  the  following  sections.  We 
begin  each  section  with  a  table  of  the  relevant  papers  and  listing  of  the  problem  simulated 
and  the  numerical  method  used. 

A.  Sloshing  in  Containers 

Table  1  contains  the  relevant  references  which  report  on  numerical  simulation  of  two 
nonlinear  sloshing  problems.  The  first  is  the  Taylor  instability  problem  in  which  a  container 
with  an  open  top  and  partly  filled  with  water  is  suddenly  accelerated  downwards  with  an 
acceleration  exceeding  that  of  gravity.  The  other  problem  is  that  in  which  the  water  in  a 
stationary  upright  container  is  given  some  initial  motion  or  displacement  away  from 
equilibrium  and  water  subsequently  sloshes  around  in  the  container. 


TABLE  1 

Sloshing 

Authors 

Problems 

Method 

Moore  and  Perko 

Axisymmetric  Sloshing  and 

Galerkin 

(1965) 

Taylor  Instability 

Perko 

Nonaxisymmetric  Sloshing 

Galerkin 

(1965) 

and  Taylor  Instability 

Easton  and  Catton 

Axisymmetric 

Galerkin 

(1972) 

Sloshing 

Harlow  and  Welch 

2D 

MAC 

(1966) 

Taylor  Instability 

Hirt,  Cook  and  Butler 

2D 

MAC  -  Lagrangian 

(1970) 

Taylor  Instability 

Mesh 

The  first  three  papers  listed 

in  Table  1  describe  the  use  of  a  Galerkin  method  similar  to 

the  one  described  in  Chapter  3. 

The  expansion  functions  used  are  the  axisymmetric  analogues 

of  the  set  (3. 1 0)  which  satisfy  Laplace’s  equation  in  the  fluid  domain  and  the  container 
boundary  conditions.  The  time  integration  in  the  first  two  papers  is  essentially  the  fully 

implicit  method  that  we  described  in  Chapter  3,  applied  in  a  predictor-corrector  fashion. 
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The  main  purpose  of  simulating  the  Taylor  problem  is  that  it  poses  a  severe  test  of  a 
numerical  method.  In  the  Taylor  problem,  the  fluid  leaves  the  container  in  the  form  of  a 
spike  along  one  wall  (the  container  width  is  chosen  to  be  half  the  characteristic  wave  length 
of  the  critical  mode  that  is  initially  excited).  A  void,  or  bubble,  sinks  into  the  container  on 
the  other  side.  Taylor  (1950)  studied  the  initial  fluid  motion  by  a  linear  theory'  and  also 
experimentally.  The  late  time  motion  of  the  bubble  and  spike  has  also  been  studied,  using 
various  approximations,  by  others.  Comparison  of  the  numerical  results  of  Moore  and  Perko 
(1965),  Perko  (1969)  and  Harlow  and  Welch  (1966)  with  other  studies  shows  good  agreement 
over  the  relevant  range  of  the  parameters.  This  gives  confidence  in  the  reliability  of  the 
numerical  simulations  and  gives  some  indication  of  their  capability  in  simulating  rather  large 
free-surface  motions. 

Figure  4  shows  the  free  surface  contours  at  various  times  in  the  Taylor  problem.  The 
sequence  of  pictures  at  the  left  is  from  Harlow  and  Welch  ( 1966)  (starting  at  upper  left  and 
ending  at  lower  right).  The  figure  on  the  right  is  from  Moore  and  Perko  (1965).  The  curves 
represent  the  free  surface  contours  at  various  times  beginning  with  the  small  segment  in  the 
lower  right  comer.  Although  the  configuration  of  Harlow  and  Welch  is  planar,  whereas  that 
of  Moore  and  Perko  is  axisymmetric,  one  might  expect  the  spike  shape  to  be  similar.  Note 
that  the  spike  is  indeed  very  similar  at  certain  advanced  time  steps.  It  seems  to  have  a  fairly 
sharp  tip  and  then  bulge  outward  and  narrow  down  before  spreading  to  the  downward 
traveling  void.  This  agreement  in  detail  between  entirely  different  types  of  numerical 
simulations  gives  some  confidence  in  the  methods.  The  very  late  time  behavior  of  the  spike 
in  the  results  of  Moore  and  Perko  (1965)  shows  that  the  spike  sharpens  and  then  becomes 
looped  (breaks  ?).  This  is  very  similar  to  the  behavior  of  waves  running  up  a  sloping  beach 
as  calculated  by  a  second-order  perturbation  method  and  shown  in  Stoker  (1957,  p.  366). 

The  aim  of  the  work  of  Easton  and  Catton  (1972)  is  the  testing  of  several  numerical 
time-integration  methods.  All  the  methods  tested  are  similar  to  the  explicit  and  implicit 
methods  described  in  Chapter  3.  One  of  these  methods  is,  in  fact,  the  explicit  and  implicit 
method  used  in  predictor-corrector  form  as  described  in  Chapter  3.  It  was  found  by  Easton 
and  Catton  that  all  the  methods  that  they  considered,  except  the  predictor-corrector  method 
of  Chapter  3,  are  at  least  slightly  unstable.  The  exceptional  method  is  stable,  but  has 
considerable  numerical  viscosity. 

Hirt,  Cooke  and  Butler  ( 1 970)  combine  the  Eulerian  and  Lagrangian  descriptions  in  a 
method  that  uses  Lagrangian  coordinates  for  tracking  the  fluid  motion,  but  solves  the 
Eulerian  momentum  equations  on  this  grid  in  a  manner  similar  to  MAC.  This  has  the 
advantage  of  providing  an  easy  description  of  the  free  surface  but  also  the  disadvantage 
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2D  Taylor  Instability 
at  various  times 


Axisymmetric  Taylor 
instability  at  various  times 


Figure  4  -  Numerical  Simulation  of  Taylor  Instability 

of  a  grossly  distorted  finite-difference  mesh  when  the  fluid  is  highly  strained,  as  in  the  Taylor 
problem,  which  causes  severe  loss  in  accuracy  of  the  finite  difference  equations. 

One  finds  in  these  works  that  both  the  Galerkin  and  MAC  methods  do  a  good  job  of 
simulating  violent  motions  of  confined  pieces  of  fluid.  For  gentle  motions,  say  longtime 
periodic  simulations,  both  the  Galerkin  and  MAC  methods  exhibit  either  numerical  instability 
of  the  integration  of  the  free-surfaee  equations  or  severe  loss  of  accuracy  in  predicting  the 
free  surface  profile.  The  original  MAC  method  utilizes  a  crude  approximation  at  the  free 
surface.  The  pseudo-Lagrangian  method  of  Hirt,  Cooke  and  Butler  (1970)  overcomes  to  some 
extent  the  inaccuracy  problem  at  the  free  surface. 


B.  frm  Waves 


Only  two-dimensional  free  waves  are  considered;  these  are  progressive  and  solitary  waves. 
Table  2  gives  the  relevant  references  in  which  numerical  solutions  of  nonlinear  free  wave 
problems  are  obtained. 


TABLE  2 

Free  Waves 

Authors 

Problems 

Method 

Thomas 
(1968,  1975) 

2D 

Progressive  Waves 

Numerical  Solution 
of  Nonlinear 
Integral  Equation 

Schwartz 

(1974) 

2D 

Progressive  Waves 

High  Order 
Perturbation  Series 

Southwell  and  Vaisey 
(1948) 

2D 

Progressive  Waves 

Finite  Difference 
and  Free-Surface 
Guessing 

Chan 

(1974) 

2D 

Solitary  Waves 

Inverse  Potential 
Problem  and 
Finite  Difference 

Street,  Chan 
and  Fromm 
(1970) 

2D 

Time  Harmonic  Pressure 
on  Free  Surface  and 
Solitary  Waves 

SUMMAC  Initial 
Value  Problem 

Brennen  and  Whitney 
(1970) 

2D 

Wave  Generated  by 
Tank  Boundary  Motion 

Lagrangian  Finite 
Difference  Initial 
Value  Problem 

Chan 

(1975) 

2D 

Waves  in  Tank 

Lagrangian  Finite 
Difference  Initial 
Value  Problem 

Multer 

(1973) 

2D 

Waves  in  Tank 

Galerkin’s 

Method 

Generated  by  Wavemaker 


The  work  of  Thomas  (1968,  1975)  and  Schwartz  (1974)  is  not  in  the  category  of 
numerical  solution  we  are  considering  here,  but  we  include  them  because  a  relatively 
complete  characterization  of  the  relationship  between  the  wave  height  (trough-to-peak) 
A.  wave  length  X,  and  phase  velocity  c  for  progressive  waves  is  given.  This  is  very  useful 
for  checking  other  numerical  simulations.  Figure  5,  taken  from  Thomas  (1975)  gives 
this  relationship. 
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Figure  5  —  The  Graphs  of  A/h  Versus  c2/gh  for  Six  Different 
Constant  Values  of  h/X  and  of  the  Limiting  Case 
of  A/h  Versus  c2/gh  for  the  Highest  Wave 

In  this  Figure  h  is  the  static  equilibrium  depth  of  the  stream  and  g  is  gravity.  Curves  (l)-(6) 
are  for  h/X  =  0.6,  0.3,  0.2,  0.15,  0.13655,  and  0.10632,  respectively.  Curve  (7)  is  the  enve¬ 
lope  of  maximum  obtainable  values  of  A/h  and  (8)  is  a  fourth-order  approximation  of  this 
relationship  for  the  solitary  wave.  A  direct  numerical  solution  of  the  solitary  wave  problem 
is  given  by  Chan  (1974)  (the  fourth  item  in  Table  2).  Chan  (1974)  gives  the  "exact”  graph 
of  A/h  versus  c2/gh  for  the  solitary  wave. 

The  work  of  Southwell  and  Vaisey  (1948),  though  inconclusive,  represents  the  first 
direct  attempt  to  solve  wave  problems  by  a  finite  difference  method.  Their  method  of 
systematically  modifying  free  surface  shape  until  the  dynamic  free-surface  condition  is 
satisfied  at  all  free  surface  nodes  has  been  recast  for  high-speed  computer  calculations  and 
used  with  success  by  von  Kerczek  and  Salvesen  (1974)  and  Salvesen  and  von  Kerczek  (1975). 

Street,  Chan  and  Fromm  (1970)  (see  also  Chan  and  Street,  1970)  present  a  modified 
MAC  method  (SUMMAC)  which  implements  an  accurate  interpolation  scheme  at  the  free 
surface  so  that  wave  motion  can  be  accurately  simulated  (a  deficiency  of  the  original  MAC 
method).  The  power  of  the  SUMMAC  method  to  simulate  free  surface  wave  motion  is 
illustrated  in  Figure  6,  taken  from  Chan  and  Street  ( 1 970).  Chan  and  Street  simulate  the 
propogation  of  a  solitary  wave,  of  height  H0  on  water  of  depth  d,  without  the  wave  present. 


30 


R  /d 


against  a  vertical  wall  and  its  reflection  away  from  it.  Figure  (6a)  shows  the  calculated  ratio 
of  R/d.  where  R  is  the  maximum  height  the  wave  attains  when  it  runs  up  the  wall,  versus 
H  /d  compared  to  experimental  values.  A  time  history  of  wave  runup  and  reflection  is  shown 
in  Figure  (6b).  Chan  and  Street  claim  that  at  some  later  time,  the  wave  regains  the  position 
and  “exactly”  the  same  shape  it  had  at  T  =  0.  This  is  a  very  fine  test  of  the  numerical 
method  in  that  the  process  of  running  up  the  wall  and  reflection  from  it  involves  large  fluid 
and  free  surface  distortions. 

Brennen  and  Whitney  ( 1970)  and  Chan  (1975)  simulate,  by  finite  differences,  the 
Lagrangian  potential  problem.  The  methods  are  similar,  with  Chan’s  (1975)  method  incor¬ 
porating  several  refinements  to  overcome  difficulties  experienced  by  Brennen  and  Whitney 
( 1 970).  The  main  problem  of  Lagrangian  finite  difference  methods  on  a  rectangular  grid  is 
that  the  physical  grid  (Figure  3)  undergoes  severe  distortion  in  regions  of  large  strain  of  the 
fluid.  This  causes  the  finite-difference  approximations  of  the  formulas  for  the  preservation  of 
cell  area  and  circulation,  which  are  written  in  terms  of  the  physical  cells  such  as  in  Figure  3, 
to  lose  accuracy.  Chan  (1975)  overcomes  this  difficulty  by  a  procedure  of  redefining  cells 
every  so  often  in  the  course  of  a  calculation.  The  Lagrangian  methods  seem  suited  for 
simulating  free-surface  flows  in  confined  simply-connected  domains,  but  are  more  complex 
for  problems  of  flow  past  obstacles. 

Multer  ( 1973)  considers  the  problem  of  the  wavemaker  at  one  end  of  a  long  tank.  His 
Galerkin  method  is  very  similar  to  the  one  described  in  Chapter  3  (and  to  that  of  Moore  and 
Perko,  1965).  He  compares  his  results  with  experiment  and  shows  good  agreement  between 
his  computed  and  experimental  waves.  As  mentioned  previously,  these  Galerkin  methods  do 
not  seem  to  be  suitable  for  problems  with  complicated  boundaries. 

The  methods  of  Chan,  Street  and  Fromm  (1970)  and  of  Chan  (1975)  are  of  particular 
interest  here  since  they  are  very  general  and  h'old  promise  for  other  applications.  The  results 
produced  by  these  methods  for  the  problems  tested  seem  very  accurate  and  reliable.  We 
mention  here  that  the  MAC  method  has  been  used  for  a  great  variety  of  transient  free  surface 
flows.  Many  examples  are  given  by  Harlow  and  Amsden  (1971).  Of  particular  interest  here 
is  the  runup  and  breaking  of  a  wave  on  a  sloping  beach  which  is  shown  in  Figure  7  taken 
from  this  reference. 
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C.  Oscillating  Bodies 

The  problem  of  the  flow  due  to  an  oscillating  body  near  a  free  surface  is  central  to  the 
understanding  of  ship  motion  in  a  seaway.  Much  is  known  about  the  linearized  version  of 
this  problem  (cf.  Wehausen,  1971).  but  little  is  known  about  the  exact  nonlinear  problem. 
When  the  water  is  infinitely  deep  or  has  a  horizontal  bottom,  the  Green  function  satisfying 
the  linear  free-surfaee  condition  and  the  proper  radiation  conditions  is  known.  Thus,  these 
problems  admit  convenient  integral-equation  formulations.  The  role  of  direct  numerical 
methods  for  solving  the  partial  differential  equation  is  mainly  in  problems  where  the  Green 
function  is  not  known,  i.e.,  the  nonlinear  problem  or  linear  problems  with  a  locally  non¬ 
horizontal  bottom.  In  two-dimensional  problems  direct  numerical  methods  may  even  require 
less  computer  time,  but  this  does  not  seem  likely  for  three-dimensional  problems. 

There  have  been  few  attempts  at  the  direct  numerical  simulation  of  oscillating  body 
problems  at  this  time.  Table  3  lists  these  examples.  Note  that  three  of  the  references  report 
only  on  the  linear  problem  and  there  is  only  one  attempt  of  numerical  simulation  of  a 
nonlinear  problem. 


TABLE  3 
Oscillating  Bodies 

Authors 

Problems 

Method 

Bai 

(1975) 

2D  Linear 
Diffraction  Problem 

Finite  Element 
and  Radiation 
Conditions 

Chen  and  Mei 
(1974) 

Quasi-3D,  Linear 
Diffraction  Problem 

Finite  Element 
and  Eigenfunction 
Expansion 

Bai  and  Yeung 
(1974) 

2  and  3D,  Linear 
Forced  Oscillation 
and  Diffraction 

Finite  Element 
and  Eigenfunction 
Expansion,  and 
Integral  Equation 

Chan  and  Hirt 
(1974) 

2D  Linear  and 
Nonlinear  Forced 
Oscillation.  IVP 

Lagrangian  Finite 
Difference  and 
Finite  Difference 
Potential  Problem 

Of  main  interest  in  the  work  of  Bai  (1975),  Chen  and  Mei  (1974)  and  Bai  and  Yeung 
(1974)  is  the  method  used  to  truncate  the  numerical  domain.  In  these  problems  the  radiation 
conditions  and  far-field  eigenfunctions  are  known.  Bai  (1975)  and  Bai  and  Yeung  (1974)  use 
the  radiation  conditions  at  a  suitable  distance  from  the  disturber  to  provide  conditions  on  the 
truncation  boundary.  Bai  and  Yeung  (1974)  also  use  eigenfunction  expansion  to  match  with 
the  interior  numerical  solution  at  the  truncation  boundary.  This  technique  is  also  used  by 
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Chen  and  Mei  ( 1974).  Matching  of  the  interior  numerical  solution  with  an  exterior  eigen¬ 
function  expansion  at  the  truncation  boundary  is  very  efficient  (computationally)  because 
this  matching  can  be  carried  out  as  close  to  the  disturber  as  the  local  bottom  irregularities 
allow  (the  matching  must  take  place  in  the  region  where  the  bottom  is  horizon!. J).  This 
method  is  called  a  “localized  finite  dement  method”  by  Bai  and  Yeung  (1974). 

The  diffraction  problem  treated  by  Chen  and  Mei  ( 1974)  consists  of  an  island  with 
vertical  sides  sitting  on  the  horizontal  bottom  and  piercing  the  free  surface.  This  allows 
explicit  integration  of  the  equations  of  motion  in  the  vertical  direction,  leaving  only  a  two- 
dimensional  problem  in  the  horizontal  plane. 

Bai  and  Yeung  (1974)  also  present  a  novel  integral  equation  method  which  uses  simple 
sources  that  satisfy  no  boundary  conditions  of  the  problem.  These  sources  are  distributed  on 
all  the  boundaries  and  result  in  an  integral  equation  over  a  much  larger  surface  than  the  one 
required  if  the  Kelvin  wave-source  potential  is  used,  but  the  kernel  of  the  integral  equation  is 
much  easier  to  evaluate.  The  numerical  implementation  of  this  integral  equation  method 
compares  favorably,  in  execution  time  requirements  on  a  computer,  with  the  localized  finite 
element  method  for  the  two-dimensional  problems  considered.  Bai  and  Yeung  also  use  this 
integral-equation  method  to  solve  some  three-dimensional  problems.  It  seems  that  this 
method  may  be  superior  to  the  finite  element  (or  finite  difference)  method  for  three- 
dimensional  problems. 

These  works  indicate  that  well-formulated  two-dimensional  linear-theory  problems  can 
be  solved  very  accurately  and  efficiently  by  the  finite-element  method  and  presumably  also 
finite-difference  methods.  The  infinite  flow  domain  can  be  truncated  in  the  numerical 
simulation  with  known  analytical  information  providing  truncation  boundary  conditions. 
Presumably  similar  procedures  can  be  applied  in  some  three-dimensional  problems.  The 
main  difficulty  seems  to  be  in  computing  cost. 

Chan  and  Hirt  (1974)  consider  the  initial  value  problem  (I.V.P.)  for  a  cylinder  oscillating 
in  a  free-surface.  They  carry  out  computations  using  the  Lagrangian  finite-difference  method 
of  Chan  (1975)  and  a  method,  based  on  the  finite-difference  potential  problem  in  Eulerian 
form  as  discussed  in  Chapter  3.  Their  results  are  rather  meager  and  show  only  that  the 
numerical  simulations  yield  results  that  seem  to  be  correct.  A  significant  finding  is  that  a 
local  steady  state  is  reached  very  q< ....  kly.  For  example,  the  vertical  force  on  the  heaving 
cylinder  becomes  periodic  in  time  within  half  a  period  of  oscillation  after  the  sudden  start. 
The  free-surface  motion  near  the  cylinder  is  periodic  in  time  well  within  two  periods  of 
cylinder  oscillation.  Thus,  using  the  I.V.P.  approach  to  attain  steady-state  conditions  may, 
in  certain  cases,  be  competitive  with  numerical  simulations  of  steady-state  problems.  At 
present,  this  seems  to  be  the  only  mathematically-rigorous  way  to  simulate  nonlinear  problems. 
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E.  Uniform  and  Accelerated  Motion  Near  a  Free  Surface 


The  problem  of  the  steady  motion  of  a  body  parallel  to  and  near  the  free  surface  is  very 
fundamental  and  much  studied  (cf.  Wehausen.  1974).  Several  linear  theories  of  approximation 
have  been  developed  for  water  of  uniform  or  infinite  depth  but  none  are  adequate  for  describ¬ 
ing  the  flow  accurately  close  to  the  body  and  none  seem  to  give  more  than  just  a  rough 
estimate  of  the  wave  resistance.  These  linear  theories,  e.g.,  thin  ship,  slender  ship,  flat  ship 
(cf.  Wehausen,  1973)  involve  not  only  the  linearization  of  the  free-surface  conditions  but  also 
some  kind  of  simplification  of  the  body  boundary  condition.  The  exact  nonlinear  problem  is 
analytically  intractable. 

Even  with  linear  free-surface  boundary  conditions,  the  problem  is  so  difficult  that  the 
body  boundary  condition  is  also  simplified  in  order  to  obtain  approximate  solutions.  This  is 
done  for  two  reasons,  the  first  is,  of  course,  to  be  able  to  obtain  analytical  solutions;  the 
second  reason  is  because,  when  the  body  is  near  the  free  surface,  it  must  be  either  thin  or 
slender  or  flat  or  geometrically  restricted  in  some  way  so  that  it  produces  only  small  free- 
surface  disturbances,  allowing  the  free-surface  linearization. 

The  lack  of  agreement  between  linear  theories  and  experimental  results  (set ,  for  instance, 
Wehausen,  1 974,  for  comparison  of  wave  resistance  by  thin  ship  theory  and  experiment)  has 
prompted  the  search  for  different  linear  theories,  higher  order  theories  and  possibly  the  direct 
numerical  solution  of  the  exact  nonlinear  problem.  An  example  of  a  different  linear  theory 
is  one  in  which  the  body  boundary  condition  is  satisfied  exactly  but  the  free-surface  condi¬ 
tions  are  linearized.  Such  problems  are  very  difficult  to  solve  and  direct  numerical  attacks  on 
them  are  just  now  getting  underway.  One  can  also  develop  perturbation  methods  in  which 
one  of  the  above  linear  theories  is  only  the  first  term.  However,  their  evaluation  meets  with 
some  vexing  questions  concerning  the  effects  of  the  front  and  rear  ends  of  the  body  and  it  is 
an  extremely  difficult  numerical  task  just  as  when  computing,  numerically,  solutions  of  linear 
theory  problems. 

We  consider  here  the  direct  numerical  solution  of  the  linear-theory  problem,  in  which 
the  body  boundary  condition  is  satisfied  exactly,  and  the  exact  nonlinear  problem.  We  also 
consider  some  unsteady  motion  problems  and,  a  problem  that  is  solved  by  a  mixture  of 
approximations  that  yield  simpler  nonlinear  problems  which  are  solved  numerically. 

One  of  the  first  difficulties,  in  solving  steady-flow  problems  that  must  be  overcome  is 
the  problem  of  truncating  the  flow  field  in  the  numerical  approximation.  This  is  more 
difficult  in  the  steady-flow  problem  because  radiation  conditions  are  either  unavailable  or 
insufficient  (in  a  numerical  sense).  For  example,  in  two-dimensional  linear  problems  all  one 
has  as  a  radiation  condition  is  that  the  water  is  undisturbed  far  upstream.  An  approach  for 
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linear  two-dimensional  problems  is  to  use  the  fact  that  the  asymptotic  form  of  the  far  down¬ 
stream  wave  (i.e.,  its  sinusoidal  and  has  known  wavelength)  is  known.  Thus,  the  numerical 
solution  can  be  matched  to  this  wave  at  the  downstream  truncation  boundary.  Unfortunately, 
such  a  method  of  closure  does  not  work  in  three-dimensions  because  the  flow  far  downstream 
is  not  periodic,  but  a  superposition  of  many  wave  components  in  many  different  directions. 

A  third  method  of  closure  of  the  numerical  approximation  of  the  linear  problem  is  to 
use  the  complete  (known  for  uniform  depth  problems)  set  of  eigenfunctions  to  match 
the  numerical  solution  with  an  eigenfunction  expansion  at  the  truncation  boundary. 

This  method  is  the  one  developed  in  Bai  and  Yeung  (1974)  and  Chen  and  Mei 
(1974)  in  the  context  of  finite  element  methods  and  called  the  localized  finite-element 
method.  It  can  also  be  used  in  connection  with  the  finite-difference  method.  Another 
alternative  is  to  combine  the  method  of  source  distribution  on  the  body  using  the  Green 
function  which  satisfies  the  linear  free  surface  condition  with  a  numerical  method  for  solving 
the  field  equations.  The  source  distribution  on  the  body  is  used  only  for  providing  the 
closure  condition  for  the  numerical  problem.  The  strength  of  the  source  distribution  on  the 
body  is  proportional  to  the  normal  derivative  of  the  (perturbation)  potential  there  and 
provides,  through  Green’s  theorem,  a  relationship  between  the  values  of  the  potential  at  the 
truncation  boundary  and  the  body.  This  method  avoids  the  difficult  calculation  of  the 
source  potential  (i.e.,  the  Green  function  of  the  problem)  close  to  the  body  by  placing  the 
numerical  closure  boundary  just  far  enough  away  where  the  source  potential  is  easy  to 
calculate. 

Thus  we  see  that  there  are  several  possible  ways  to  overcome  the  domain  truncation 
problem  of  the  numerical  approximation  of  the  steady-flow  linear  theory  problem.  Few  of 
these  have  been  investigated  by  numerical  experimentation  so  that  no  definitive  statements 
on  their  effectiveness  can  be  made.  No  mathematically-rigorous  method  to  close  the 
numerical  truncation  of  the  infinite  field  of  the  nonlinear  problem  is  known. 

Table  4  lists  the  examples  of  numerical  simulation  of  problems  in  this  category. 

Oddly,  the  first  one  of  these  steady  flow  problems  to  be  solved  numerically  is  an  exact 
nonlinear  problem.  Southwell  and  Vaisey  (1948)  considered  the  two-dimensional  problem 
of  an  infinitely-wide  planing  flat  plate.  In  this  problem,  one  must  be  specially  careful  about 
uniqueness.  Several  possibilities  occur  depending  on  the  far  upstream  and  far  downstream 
mean  depths  and  mean  velocities  assumed.  One  must  carefully  specify  enough  conditions  at 
upstream  and  downstream  boundaries  to  either  allow  or  not  allow  the  formation  of  waves. 
Southwell  and  Vaisey  (1948)  specify  only  the  mass  flux  and  depth  far  upstream  and  obtain 
contradictory  results  from  two  sets  of  computations. 


TABLE  4 

Uniform  and  Accelerated  Motion  Near  a  Free  Surface 


Authors 

Problems 

Method 

Southwell  and  Vaisey 
(1948) 

2D  Steady  Planing 
Plate 

Finite  Difference 
Free-Surface 
Guessing 

von  Kerczek  and 
Salvesen 
(1974-75) 

2D  Steady  Submerged 
Vortex  and  Free-Surface 
Pressure  Distribution 

Finite-Difference 
Free-Surface 
Guessing  and 
Perturbation  Theory 

Tu 

(1971) 

2D  Steady,  Linear 
Submerged  Vortex 

Finite 

Element 

Chapman 

(1975) 

3D  Steady  Surface- 
Piercing  Strut 

Approximate  Theory 
and  2D  Finite  Difference 

Haussling  and 

Van  Eseltine 
(1974) 

2D  Free-Surface 
Pressure  Distribution, 
Linear  and  Nonlinear  1VP 

Galerkin  and 

Finite  Difference 

Haussling  and 

Van  Eseltine 
(1975) 

3D  Free-Surface 
Pressure  Distribution, 
Linear  1VP 

Galerkin 

Nichols  and  Hi rt 
(1973) 

3D  Nonlinear 
Obstruction  1VP 

MAC 

Southwell  and  Vaisey’s  (1948)  method  is  an  iteration  procedure  which  starts  with  an 
assumed  free-surface  shape,  solves  Laplace’s  equation  in  the  resulting  domain  by  finite  differ¬ 
ences  and  adjusts  the  free  surface  based  on  the  error  in  the  dynamic  free-surface  condition. 
They  also  used  this  method  to  investigate  the  problem  of  free  waves  on  a  finite-depth 
channel.  Von  Kerczek  and  Salvesen  (1974)  describe  a  highly  refined  computerized  method 
based  on  the  same  ideas.  They  use  this  method  to  study  the  wave  resistance  of  a  two- 
dimensional  obstruction  in  a  uniform  flow. 

One  of  the  major  conceptual  problems  in  the  work  of  von  Kerczek  and  Salvesen  ( 1974) 
is  the  truncation  of  the  domain  far  downstream  of  the  obstruction.  As  mentioned  above,  no 
mathematically-rigorous  scheme  is  known  for  truncating  the  domain  and  expecting  the 
resulting  solutions  to  be  accurate  approximations  of  the  exact  ones.  The  method  used  is 
based  on  the  ad  hoc  idea  that  all  one  really  seems  to  need  in  a  steady  flow  is  a  condition 
that  at  least  preserves  mass  flux  out  of  the  region.  Whatever  disturbance  exists  at  the  down¬ 
stream  boundary  it  has  only  limited  upstream  influence  so  as  long  as  it  is  applied  far  enough 
downstream;  the  numerical  solution  near  the  disturber  ought  to  be  an  accurate  approximation 
(within  the  inherent  accuracy  of  the  finite-difference  grid  size)  of  the  exact  one.  We  will 
discuss  the  Salvesen,  von  Kerczek  work  in  some  detail  because  it  provides  the  only  numerical 
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solutions  to  the  exact  nonlinear  steady  free-surface/body  problem. 

Preliminary  results  reported  by  von  Kerczek  and  Salvesen  <1974)  for  moderate  strength 
obstructions  (a  submerged  vortex  and  a  free-surface  pressure  distribution)  are  compared  with 
analytical  solutions  of  the  linearized  and  second-order  theory  problems.  Agreement  is  fairly 
good  in  the  range  considered.  In  subsequent  work  by  Salvesen  and  von  Kerczef  (1975),  the 
disturber  is  a  submerged  vortex  and  numerical  solutions  are  compared  tn  detail  with  third- 
order  perturbation  theory  solutions.  Certain  nonlinear  effects  stand  out  fir  larger  values  of 
circulation.  (In  this  investigation  the  stream  depth,  D,  submergence  depth  of  the  vortex,  b, 
and  free-stream  velocity,  U,  are  fixed  while  the  circulation,  t,  is  varied  to  obtain  variations  in 
downstream  wave  height.)  The  third-order  theory,  for  deep  water,  predicts  a  shortening  of 
wave  lengths  with  increasing  wave  height.  This  nonlinear  effect  is  obtained  by  the  numerical 
solution  as  shown  in  Figure  8.  The  numerical  results  for  wave  length  are  larger  than  the 
third-order  perturbation  theory  because  the  former  are  for  finite  depth  whereas  the  latter  is 
for  infinite  depth.  The  depth  Froude  number  of  the  numerical  results  is  0.572  which  is  a 
value  barely  on  the  verge  of  what  can  be  considered  very  deep  water.  It  is  shown  in 
Salvesen  and  von  Kerczek  (1975)  that  for  shallower  depth  cases,  the  wavelength  increases 
with  vortex  circulation  for  fixed  Froude  number.  A  comparison  of  the  wave  resistance  and 
free-surface  elevations  with  those  predicted  by  first,  second  and  third-order  theory  reveals 
excellent  agreement  with  third  order  theory  for  positive  circulation  of  strength  large  enough 
to  produce  waves  that  are  very  close  to  the  steepest  ones  obtained  before  breaking  in  certain 
experiments.  For  negative  circulation,  the  comp*  ison  with  third-order  theory  reveals  rather 
poor  agreement  at  larger  values  of  circulation.  Figure  9  shows  the  wave  resistance  comparison. 

The  waves  behind  a  submerged  vortex  in  a  shallow-stream  are  shown  in  Figure  10  (the 
flow  is  from  right  to  left  and  the  depth  Froude  number  is  0.69).  Note  that  the  wavelength 
increases  with  increasing  circulation.  The  inset  table  in  Figure  10  gives  the  height  of  the 
wave  peaks,  9max>  the  height  of  the  troughs,  17  {  the  mean  depth  of  the  fluid  beneath  the 
wave,  Dmean,  and  the  phase  velocity,  c,  of  the  wave  which  is  not  the  same  as  the  speed  U 
far  upstream.  Interpolating  the  wave  length  X,  based  on  c  and  a  depth  d  defined  by 
cd  =  UD  using  Thomas’  (1975)  Figure  5  given  in  part  B  of  this  chapter,  yields  results  in 
good  agreement  with  the  values  of  X  given  in  the  table. 
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WAVE  HEIGHT.  H  IN  FT 

Figure  8  —  The  Nonlinear  Relationship  Between  Wave  Length 
and  Wave  Height  Far  Downstream  of  the  Disturbance 

(The  depth  is  9.5  ft  for  the  numerical,  infinite  for  the  analytical, 
and  several  times  the  wave  length  for  the  experimental  results.) 


±0.S  ±1.2  ±1.t  ±2.0  ±2.4  *2S  ±32 

VORTEX  STRENGTH,  rHw.  FT'/SEC 


Figure  9 
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Figure  10  —  Wave  Elevations  Computed  by  Numerical  Method 
for  Submerged  Vortex  (b  =  3.5  ft)  in  Uniform  Stream 
(U  =  10  ft/sec)  with  Finite  Depth  (D  =  4.5  ft) 

The  only  other  attempts  to  solve  steady  flow  problems  are  those  of  Tu  (1971)  and 
Chapman  (1975).  Tu  (1971)  solves,  using  a  finite  element  method,  the  linear-theory  problem 
for  a  submerged  two-dimensional  vortex  in  a  finite-depth  stream.  He  uses  as  a  closure  scheme, 
for  the  truncation  of  the  numerical  domain,  the  condition  that  the  free-surface  elevation  and 
slope  is  zero  at  some  finite  distance  upstream.  Tu  shows  only  one  numerical  result  which  is 
in  fair  agreement  with  the  known  solution.  The  discrepancies  are  probably  due  to  the  very 
short  domain  used  in  the  numerical  problem  so  that  the  upstream  boundary  conditions  are 
not  applied  far  enough  upstream. 

Chapman  (1975)  develops  a  new  theory  for  high-speed  motion  of  slender  bodies  in  the 
free  surface.  The  main  idea  behind  the  theory  is  that  not  only  is  longitudinal  variation  of 
flow  quantities  very  small  compared  to  lateral  variations,  as  in  standard  slender  body  theory, 
but  the  upstream  influence  of  these  variations  are  completely  negligible.  Thus,  the  problem 
is  reduced  to  an  unsteady  problem,  which  is  like  a  parabolic  or  boundary-layer  problem,  in 
which  the  longitudinal  coordinate  behaves  like  a  time  coordinate.  Thus  the  exact  flow 
problem  reduces  to  a  two-dimensional  unsteady  flow  problem  with  a  body  either  expanding 
or  moving  in  the  transverse  plane.  One  cannot  study  wave  resistance  with  such  an  approxi¬ 
mation  but  it  does  give  estimates  of  some  local  flow  quantities  particularly  those  associated 
with  side  forces.  The  two-dimensional  free-surface  problems  that  must  be  solved  are  very 
similar  to  the  problems  of  waves  generated  in  a  container  by  boundary  motion.  Chapman 
used  an  implicit  finite  difference  method  similar  to  the  one  described  in  Chapter  3. 
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He  obtains  good  agreement  for  computed  and  measured  side  forces  on  a  yawed  vertical  plate. 

Attempts  to  compute  numerical  solutions  of  unsteady  problems  are  described  by 
Haussling  and  Van  Eseltine  (1974-  1975)  and  Nichols  and  Hirt  (1973). 

Haussling  and  Van  Eseltine  (1974)  study  the  hydrodynamics  of  an  accelerating  two- 
dimensional  pressure  distribution  on  the  free  surface  using  a  Galerkin  method  similar  to  the 
one  described  in  Chapter  3,  for  both  the  linear  and  nonlinear  problems.  The  motion  takes 
place  in  a  long,  but  finite,  container  and  the  pressure  distribution  is  suddenly  accelerated  to 
a  constant  speed.  While  it  is  not  possible  to  achieve  a  precise  local  steady  state,  the  computed 
wave  resistance  and  wavelengths  of  the  second  and  third  waves  in  the  linear  formulation,  have 
nearly  the  same  values  as  given  by  steady  linear  theory. 

As  described  in  Chapter  3.  the  nonlinear  problem  is  very  complicated  and  requires 
considerably  more  computer  time.  For  this  reason  Haussling  and  Van  Eseltine  consider  a 
much  smaller  container,  thus  requiring  fewer  terms  in  the  Galerkin  expansion.  The  penalty 
for  this  is  that  a  local  steady  state  can  barely  be  reached.  For  small  values  of  pressure  ampli¬ 
tude,  the  nonlinear  results  are  fairly  close  to  the  linear  results.  While  the  first  couple  of  down¬ 
stream  waves  can  barely  be  considered  to  have  reached  steady  state,  the  expected  higher  peaks, 
shallower  troughs  and  shorter  wavelengths  are  computed  for  the  nonlinear  formulation. 
Quantitative  comparisons  cannot  be  made  because  of  the  uncertainties  of  transient  effects. 

For  larger  pressure  amplitudes,  the  method  encounters  a  numerical  instability  just  as  the 
generated  waves  approach  the  limiting  wave  slope  for  steady-state  free  waves.  Small  modifi¬ 
cations  to  reduce  the  instability  of  the  numerical  calculations,  for  instance  by  using  upstream 
differencing,  enabled  the  calculation  to  proceed  further  in  time.  The  upstream  differenc¬ 
ing  induces  an  artificial  viscosity  effect  causing  a  damping  of  the  waves  downstream  of  the 
disturbance.  The  effect  of  this  artificial  viscosity  on  the  flow  near  the  disturbance  is  not 
completely  known  but  may  be  negligible.  Much  more  numerical  experimentation  is  needed 
to  enable  one  to  draw  definitive  conclusions. 

Haussling  and  Van  Eseltine  (1975)  extended  their  Galerkin  method  to  linear  theory  three- 
dimensional  flows  and  consider  the  motion  of  a  rectangular  pressure  distribution  on  a  circular 
course.  The  motion  takes  place  in  a  rectangular  box  and  is  only  considered  for  a  time  interval 
in  which  no  waves  reflect  from  the  walls.  The  time  interval  is  long  enough  for  the  motion  to 
be  nearly  steady  state  and  resistance,  side  force  and  yawing  moment  are  calculated.  While 
comparison  with  other  calculations,  theory  or  experiment  are  not  given,  earlier  solutions  of 
the  linear  problem  indicate  that  no  unusual  difficulties  are  present.  Thus,  one  can  consider 
the  results  of  Haussling  and  Van  Eseltine  (1975)  to  be  accurate  and  reliable. 


42 


r 


Nichols  and  Hirt  (1973)  make  a  bold  attempt  to  calculate  the  nonlinear  three-dimensional 
flow  past  a  surface-piercing  body.  They  use  a  slightly  modified  version  of  the  MAC  method 
for  three-dimensional  flows.  The  flow  takes  place  in  a  finite-depth  rectangular  channel  and 
the  body  is  simply  a  square  post  on  the  bottom  which  extends  through  the  free  surface.  The 
channel  is  truncated  a  relatively  short  distance  upstream  and  downstream  and  the  mesh  is 
relatively  crude.  The  attempt  here  is  truly  of  an  experimental  nature  just  to  get  some  idea  of 
what  happens.  The  upstream  boundary  condition  is  a  set  inflow  velocity  and  the  downstream 
boundary  conditon  requires  zero  velocity  gradient  and  zero  shear  stress.  Nichols  and  Hirt 
state  that  this  downstream  condition,  which  seems  to  amount  to  simply  parallel  flow  out  of 
the  region  (i.e..  no  waves  there),  has  little  upstream  effect  though  no  numerical  evidence  is 
presented.  The  flow  is  started  from  rest  and  the  numerical  time  integration  is  explicit.  They 
find  that  integrating  the  kinematic  free-surface  condition  in  this  way  is  unstable,  so  they  add 
to  it  a  correction  which  is  proportional  to  the  horizontal  Laplacian  of  the  free-surface 
elevation.  This  correction  is  a  numerical  damping  term  whose  coefficient  is  chosen  to  just 
balance  the  instability. 

It  is  very  difficult  to  assess  the  accuracy  and  reliability  of  the  numerical  solution 
obtained.  Figure  1 1  is  one  of  their  results  at  some  time  after  an  impulsive  start.  On  this 
meager  basis,  one  can  say  though  that  the  method  has  promise  and  should  be  investigated 
further.  Needless  to  say.  such  calculations  are  not  cheap.  One  of  the  major  difficulties  with 
the  method  is  that  accurate  solutions  would  require  a  mesh  refinement.  Explicit  time  differ¬ 
encing  requires  for  stability  that  the  time  step  is  decreased  proportionately  to  the  spatial  grid 
scale  (the  square  of  the  spatial  grid  scale  if  viscosity  is  not  zero).  It  is  easy  to  see  that 
enormous  amounts  of  computer  time  are  needed  for  adequate  resolution. 


Figure  1 1  -  Perspective  View  of  the  Surface  Configuration  Resulting  from  Flow 
Past  a  Rectangular  Post  (Flow  is  from  left  to  right) 
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5.  Summary 

Most  of  the  simulations  discussed  in  Chapter  4  are  for  two-dimensional  problems.  Very 
few  attempts  at  numerically  simulating  three-dimensional  problems  have  been  made.  The 
work  of  Haussling  and  Van  Eseltine  (1975)  and  Nichols  and  Hirt  ( !973>  appear  to  be  the  only 
exceptions. 

It  can  be  seen  from  the  previous  chapters  that  most  of  the  methods  described  in  Chapter 
3  can  be  used  successfully  as  the  basis  of  a  numerical  simulation  procedure  in  at  least  one  of 
the  classes  of  problems  that  we  considered.  Only  the  Galerkin  and  MAC  methods  have  been 
used  for  problems  in  several  of  these  classes.  However,  the  Galerkin  method  is  difficult  to 
apply  in  cases  of  complicated  geometry.  Thus,  its  usefulness  for  problems  involving  ship 
hulls  piercing  the  free  surface  seems  limited.  The  MAC  method  (and  its  later  development. 
SUMMAC)  is  general  enough  to  be  used  in  any  of  the  classes  of  problems  mentioned,  and  in 
fact,  has  been. 

Numerical  methods  based  on  Lagrangian  formulations  seem  ideal  when  free  surfaces  are 
present.  However,  little  clear  advantage  over  Eulerian  formulations  is  obvious  because  of  the 
introduction  of  special  difficulties,  most  notably  the  finite-difference  grid  distortions  in 
highly  strained  motions.  While  Chan  (1975)  has  largely  overcome  this  difficulty  and  others 
associated  with  Lagrangian  methods,  his  method  is  complicated,  computationally  expensive, 
and  still  may  not  be  suitable  for  some  body-flow  problems. 

It  is  rather  surprising  that  numerical  simulations  based  on  the  Eulerian  finite-difference 
potential  problem  have  not  been  used  more  often.  It  seems  that  ultimately  the  two  methods 
that  are  most  suited  for  numerically  simulating  free-surface  ship  hydrodynamics  problems  are 
MAC  and  the  finite  difference  (or  finite  element)  approximation  of  the  Eulerian  potential 
problem.  One  advantage  in  using  the  finite  difference  (or  finite  element)  approximation  of 
the  Eulerian  potential  problem  over  the  MAC  method  is  that  there  is  only  one  dependent 
variable,  the  potential  4>  (we  do  not  count  the  free-surface  elevation  r?  since  it  requires  little 
storage  and  calculation  compared  to  *I>)  in  either  two  or  three  dimensions,  whereas  in  the 
MAC  method,  there  are  three  dependent  variables  in  two-dimensional  problems  and  four  in 
three-dimensional  ones.  This  larger  number  of  dependent  variables  complicates  storage  pro¬ 
blems  and  in  three  dimensions,  becomes  critical  for  present-day  computer  hardware.  A 
disadvantage  in  the  potential  problem  is  the  requirement  of  numerical  differentiation  to 
obtain  the  velocities.  In  either  of  the  above  methods,  the  major  computational  work  at 
each  step  is  the  solution  of  a  Poisson  (or  Laplace)  equation  for  one  dependent  variable  so 
that  if  a  machine  with  unlimited  core  storage  were  available,  then  the  two  methods  ought  to 
be  comparable  at  least  in  computer  execution  time.  At  present,  however,  it  seems 
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that  more  simulations  based  on  the  finite  difference  (or  finite  element)  approximation  of  the 
Kulerian  potential  problem  should  be  pursued. 

We  find  that  all  the  numerical  simulations  of  linear  problems  were  fairly  successful.  For 
the  steady-state  problems  considered,  there  is  enough  analytical  information  available  so  that 
an  infinite  domain  can  be  replaced  by  a  finite  domain  with  suitable  conditions  imposed  on 
the  truncation  boundary  to  help  assure  accurate  approximation  of  the  exact  solution.  The 
main  question  to  be  answered  here  is  which,  if  any.  of  the  numerical  methods  can  be  used  in 
three-dimensional  steady-state  problems  with  reasonable  efficiency.  This  is  a  matter  that  can¬ 
not  be  answered  yet,  but  methods  such  as  the  localized  finite-element  (or  a  similar  localized 
finite-difference)  method  seems  to  hold  promise  for  this  task.  However,  the  integral  equation 
methods,  either  ones  based  on  the  Kelvin  wave  sources  < cf.  Wehausen,  1974)  or  the  simple 
sources  (cf.  Bai  and  Yeung.  1974)  may  ultimately  be  the  most  efficient  methods  for  three- 
dimensional  problems.  In  this  competition  for  the  most  efficient  method  to  numerically 
simulate  linear,  three-dimensional  steady-state  problems,  one  must  also  consider  l.V.P. 
approaches.  A  significant  finding  of  Chan  and  Hirt  (1974)  and  Hausling  and  Van  Eseltine 
( 1974-  75)  is  that  for  such  problems  a  local  steady  state  is  rapidly  attained  after  a  sudden 
start.  We  should  mention  that  a  time-dependent  Green  function  approach  (cf.  Wehausen, 
1971)  has  not  been  thoroughly  investigated  as  yet. 

Finally  we  mention  that  it  seems  that  the  only  practical  way  to  simulate  nonlinear  free- 
surface  problems  is  through  an  l.V.P.  approach.  Although  the  method  of  von  Kerczek  and 
Salvesen  (1974-75)  seems  to  do  well  for  steady  two-dimensional  problems,  the  extension  to 
three-dimensional  problems  seems  almost  hopeless.  However,  their  downstream  closure  condi¬ 
tion,  which  amounts  to  just  extrapolating  the  streamlines  downstream,  may  be  useful  for 
other  steady  nonlinear  problems. 
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ABSTRACT 

A  numerical  method  for  solving  wave  propagation  problems 
is  proposed  herein,  and  is  applied  to  water  waves.  It  is 
based  on  the  linearity  of  the  governing  equations,  and  solu¬ 
tions  are  obtained  in  the  form  of  a  sum  of  analytical  and 
numerical  solutions.  The  finite  element  method  is  an  effi¬ 
cient  tool  to  obtain  this  numerical  solution  and  is  used  in 
the  method  presented  here.  The  finite  element  equations  de¬ 
rived  have  symmetric  coefficient  matrices  and  can  easily  be 
solved  with  the  help  of  general  purpose  programs  for  structural 
analysis.  Several  authors  have  proposed  finite  element  form¬ 
ulations  for  similar  problems,  and  Bai  and  Yeung’s  approach 
can  be  regarded  as  a  special  instance  of  the  present  method. 


1.  INTRODUCTION 

Numerical  techniques  for  solving  linear  water  wave  prob¬ 
lems  have  been  developed  by  many  authors,  and  as  for  the  finite 
element  method,  Chenault  [1]  and  Bai  [2]  proposed  their  schemes. 
They  overcame  a  difficulty  resulting  from  the  radiation  condi¬ 
tion  at  infinity  by  applying  this  condition  at  a  fictitious 
boundary  according  to  the  suggestion  of  Zienkiewicz  and  Newton 
[3J.  Newton,  Chenault  and  Smith  [4]  applied  Chenault's  scheme 
to  ship  hydrodynamics.  In  the  case  of  shallow  water  waves, 
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Berkhoff  [5]  proposed  a  matching  technique  of  far-  and  near¬ 
field  solutions  on  a  fictitious  surface;  the  near-field  solu¬ 
tions  are  obtained  by  the  finite  element  method,  and  the  far- 
field  ones  as  solutions  caused  by  pulsating  sources  distributed 
on  the  fictitious  surface.  Chen  and  Mei  [6]  developed  a  simi¬ 
lar  formulation  on  the  concept  of  the  hybrid  method  by  using 
eigenfunctions  as  the  far-field  solutions.  Bai  and  Yeung  [7] 
improved  Bai's  original  formulation  by  using  a  scheme  similar 
to  Chen  and  Mei's,  and  succeeded  to  reduce  the  domain  to  be 
analyzed  with  the  aid  of  eigenfunctions  obtained  by  the  wave 
maker  theory.  This  improved  formulation,  however,  has  a  weak¬ 
ness;  with  the  increase  of  depth  of  water,  this  method  becomes 
impractical,  because  the  far-field  solution  includes  an  inte¬ 
gral  expression  at  the  limit. 

In  this  paper,  the  authors  propose  a  finite  element  tech¬ 
nique  taking  advantage  of  the  linearity  of  the  governing  equa¬ 
tions  and  the  physical  considerations  on  the  asymptotic  be¬ 
havior  of  solutions  at  infinity.  The  same  technique  has  been 
applied  successfully  to  static  problems  in  solid  mechanics 
[8,  9],  and  is  called  the  method  of  superposition.  It  is 
based  on  the  assumption  that  a  solution  is  expressed  in  the 
form  of  a  sum  of  analytical  and  numerical  solutions;  The 
analytical  solution  is  defined  throughout  the  water  field  and 
satisfies  the  radiation  condition  at  infinity,  but  it  may  not 
satisfy  the  condition  on  the  surface  of  the  body  under  consid¬ 
eration.  The  numerical  solution  is  obtained  only  within  a 
fictitious  surface  so  that  the  resulting  velocity  potential 
satisfies  the  condition  on  the  surface  of  the  body  and  the 
condition  of  continuity  on  the  fictitious  surface.  The  analy¬ 
tical  solution  used  is  desirable  to  approximate  the  rigorous 
solution,  and  at  least  it  should  be  a  good  approximation  in 
the  outer  water  field  beyond  the  fictitious  surface;  the 
better  the  analytical  solution  is,  the  more  accurate  the 
resulting  solution  becomes  and  the  smaller  the  domain  to  be 
analyzed.  In  general,  such  an  analytical  solution  can  be 


50 


obtained  by  assuming  pulsating  singularities  chosen  properly 
on  the  physical  basis,  and  it  can  be  determined  even  in  the 
case  of  oscillating  ships  with  forward  velocity.  The  present 
method  can  be  applied  to  various  kinds  of  steady  wave  problems 
including  seismic  waves  and  electromagnetic  waves,  if  a  proper 
analytical  solution  is  obtained.  For  obtaining  numerical 
solutions,  the  finite  element  method  is  an  efficient  and  con¬ 
venient  tool,  and  any  other  numerical  method  can  be  used  for 
the  same  purpose.  The  concept  of  the  method  of  superposition 
is  somewhat  similar  to  that  of  the  matched  asymptotic  expan¬ 
sion  method  [10,  11] ,  but  this  method  has  no  restrictions  on 
frequencies  and  ship  shapes. 

The  theoretical  foundation  of  the  present  method  is  devel¬ 
oped  on  the  basis  of  the  variational  principle  of  hybrid  type. 
Equations  to  be  solved  are  given  as  a  set  of  linear  equations 
with  real  symmetric  matrices,  and  can  be  solved  with  the  aid 
of  general  purpose  programs  for  structural  analysis. 

In  this  paper,  only  radiation  problems  will  be  illus¬ 
trated,  but  diffraction  problems  can  also  be  treated  in  the 
same  way. 

2.  MATHEMATICAL  FORMULATION 

Consider  a  water  field  R  with  the  free  surface  S„ 

F 

as  shown  in  Fig.  1.*  A  floating  or  immersed  body  is  in  contact 
with  water  on  the  surface  SH  .  Introduce  a  reference  coor¬ 
dinate  system  such  that  Sp  is  given  by  z  =  0  ,  and  the  body 
is  located  near  the  origin.  The  depth  of  water,  h  ,  may  be 
finite  or  infinite,  and  the  bottom  of  finite  depth,  Sg  ,  is 
given  by  z  =  -h  .  Let  be  the  velocity  potential.  Then 
water  flows  caused  by  harmonic  motion  of  the  surface  is  gov¬ 
erned  by  the  following  equations: 


=  0 

in  R 

(1) 

g  ■!“!  -  w2<t>  =  o 

on  z  =  0 

(2) 

♦Figures  are  at  the  end  of 

the  paper. 
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= 

0 

on  z  =  -  h 

if  h  <  » 

(3a) 

0 

as  z  -*•  -  « 

otherwise 

(3b) 

vn 

on  SH 

(4) 

Here,  w  is  the  angular  frequency  of  harmonic  motion,  g  is 
gravitational  acceleration,  n  is  the  outward  unit  normal 
vector  from  the  water  field  on  its  boundary,  and  vr  is  the 
normal  velocity  prescribed  on  S„  .  In  order  to  determine  the 
solution  uniquely,  it  is  necessary  to  impose  the  so-called 
radiation  condition  that  the  water  flow  behaves  as  an  outgoing 
progressive  wave  at  infinity 0  In  the  following,  a  velocity 
potential  $  satisfying  Eqs.  (1) ,  (2)  and  (3)  will  be  called 
a  wave  function. 

By  introducing  a  fictitious  surface  SD  ,  the  water  field 

X  II 

ft  can  be  divided  into  ft  and  ft  ,  which  are  the  inner  and 

outer  domain  with  respect  to  S  ,  respectively.  The  condition 

R 

of  continuity  on  SR  is  given  by 

ili  ,  .  llli  ,  *1  .  ♦«  on  SR  (5,  6) 

3n  3n 

where  the  indeces  I  and  II  correspond  to  the  quantities 
defined  in  ft1  or  ft11,  respectively.  A  velocity  potential 
$  satisfying  Eqs.  (1)  and  (2)  together  with  Eq.  (3)  in  ft11 
will  be  called  an  auxiliary  function.  In  most  cases,  auxil¬ 
iary  functions  can  be  obtained  with  the  aid  of  velocity  poten¬ 
tials  caused  by  pulsating  sources.  In  case  of  infinite 
water  depth,  a  velocity  potential  due  to  a  pulsating  source 
with  strength  cos  (wt-a)  is  given  in  the  following  form; 

in  the  two-dimensional  case, 

G  =  [log  (r,/r  *)  -  2/°°  k  cos  ^  tS\  +  K  sin.kUtjj 
22  c  k2  +  K2 

•exp  ( — k  |  x  —  C  t )  elk]  cos  (u>t  -  a) 

+  2  it  exp  [K  { z  +  c)  ]  sin  [-K| x  -  £ |  +  u>t  -  a]  (7) 
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in  the  three-dimensional  case 

,1.1.  4Kf°°.k  sin  k(z  +  5)  -  K  cos  k(z  +  ?) 

e  -  i?  ^  +  -J, - - 


+  2irK  exp  [K(z  + 

where 

r2 

}  =  [  (x  -  £) 2  +  (z 

r 

r2 

»  -  [(x  -  5)  2  +  (y  - 


•K  (km)  dk]  cos  (ut  -  o) 
o 

5)1  I (Km)  sin  (ut  -  a) 

-  Yq (Km)  cos  (ut  -  a)] 


-  r \ 2i x/2 
+  ?)  J  r 


n)V/2, 


}  -  lm2  +  (z  ;  5)2]1/2 
r*J 


(8) 


(9) 


In  Eqs.  (7)  and  (8),  (Z,  n)  and  (£,  n»  C)  indicate  the  coordi¬ 
nates  of  the  source.  Eq.  (7)  is  given  by  Kim  (12]  in  a  form 
convenient  for  numerical  computation.  In  case  of  constant 
finite  water  depth,  similar  expressions  are  given  in  Eqs. 
(13.34)  and  (13.-18)  of  Reference  13. 

According  to  the  potential  theory,  the  velocity  potential 
under  consideration  is  given  in  the  form 

*  -  wf.  G  ds  (10) 

H 

This  suggests  that  auxiliary  functions  effective  for  the  pre¬ 
sent  purpose  can  be  obtained  by  using  G  and  its  derivatives. 


3.  METHOD  OF  SUPERPOSITION 

The  solution  of  the  problem  can  be  obtained  according  to 
the  following  procedure: 


Choose  the  auxiliary  function  which  is  given  as  a  linear 


combination  of  a  number  of  auxiliary  functions  <f>  .  ,  (j  =  1 

a  j 

—  N,  N 

iliary  function  and  the  residual  solution 

N 

<fr  -  +  <f»  /  4>  =  E  c.  <J>  .  (11,  12) 

a  r  a  3  aJ 

where 


2m) ,  and  assume  the  solution  as  a  sum  of  the  aux- 

.  .  That  is, 


Cj  ,  (j  =  1  — N),  are  unknown  coefficients. 
Introduce  a  fictitious  boundary  Sn  so  that 


is  a 


S3 


good  approximation  of  the  solution  in 
therefore,  that  the  residual  solution 


,11 


It  can  be  assumed, 
vanishes  in  ft11 


and  satisfies  Eqs.  (1),  (2)  and  (3)  and  the  conditions 


3  4. 


34>. 


3  n 
3  4. 


=  v 


"  ‘  w  °J  ^ 


=  0 


=  0 


on 


on  S. 


(13) 

(14,15) 
such 

that  it  satisfies  Eqs.  (1),  (2),  (3)  and  (14),  and  determine 
the  solutions  4rj  ,  ( j  =  1 — N) ,  numerically  in  ft1  such  that 
they  satisfy  Eqs.  (1),  (2)  and  (14)  and  the  condition 


Determine  the  solution  4  numerically  in  fl 


on 


and  Sr 


(16) 


Then  the  residual  solution  is  given  in  the  form 

N 

*r  =  *0  +  ^  cj*rj 


(17) 


4°  Reduce  the  condition  given  by  Eq.  (15)  into  N  individual 

conditions.  It  can  be  done  by  the  collocation  method  with  or 

without  the  method  of  least  squares  or  by  the  variational  method 

of  hybrid  type.  If  the  collocation  points  ?k  r  (k *  1 — m) , 

are  chosen  on  SR  properly,  the  condition  given  by  Eq.  (15) 

is  given  in  the  form 
N 

*0  ♦  I  c.  4rj  -  0  at  Pk  (k  =  1— m)  (18) 

The  unknown  coefficients  c^  ,  (j  =  l — n)  ,  can  be  determined 
by  the  resulting  N  independent  conditions  (cf .  Sec.  6) . 

5°  The  solution  4  in  is  given  by 


N 

*  "  *0  +  cj(*aj  +  *rj) 


(19) 


The  condition  of  continuity  of  tangential  derivative  of  4 
on  SR  is  naturally  satisfied  in  the  average  sense. 

An  alternative  scheme  can  be  developed  for  directly 
determining  4  in  fi1  .  The  wave  function  4  satisfies 
Eqs.  (1),  (2),  (3)  and  (4)  and  the  conditions 
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1 


a*  N  3  + 

■Jn"  =  cj  Ti1  ' 


N 

=  Z 

j=l 


"aj 


on 


(20,  21) 


Determine  the  wave  function 
the  wave  functions 
and  the  conditions 


ej 


for  the  original  scheme,  and 
,  ( j  =  1— N)  ,  by  Eqs.  (1)  ,  (2)  and  (3) 


on 


- 


Then  the  velocity  potential 

N 


j=l 


Cj 


H 

S1 

in  ft 
ej 


(22) 

(23) 

is  given  in  the  form 

(24) 


where  c^  ,  ( j  *  1 — N)  ,  are  determined  by  the  N  conditions 
reduced  from  Eg.  (21) ,  such  as 


N 

Z 

j-1 


C3 


N 

*ei  =  1  ci 

e3  j=i  3 


“  j ' 


at  Pk,  (k  =  1  —  m)  (25) 


for  the  collocation  method. 

The  second  scheme  is  effective  even  if  singular  points 
or  discontinuities  of  the  auxiliary  function  used  exist  in  the 
water  field  ft1  .  In  case  of  finite  depth  of  water,  this 
scheme  is  identical  with  Bai  and  Yeung's  if  the  condition  given 
by  Eg.  (21)  is  reduced  by  the  Galerkin  method  based  on  the 
variational  principle  of  hybrid  type. 

It  should  be  noticed  that  both  of  the  schemes  described 
above  can  be  modified  by  exchanging  the  roles  of  Egs.  (14)  and 


(15). 


4.  EXAMPLE  —  WAVE  MAKER  PROBLEM 

Characteristics  of  the  solution  obtained  by  the  present 
method  will  be  investigated  by  a  simple  two-dimensional 
example  called  the  wave  maker  problem.  Consider  the  water 
field  (x  >  0  ,  -h  <  z  <  0)  shown  in  Pig.  2.  The  wave  maker 
SH  is  given  by  x  =  0  .  Let  the  fictitious  surface  be 
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x  =  l.  Then  the  domain  to  be  analyzed  is  given  by  (0  <  x  <  £, 

-h  <  z  <  0),  and  solutions  satisfying  Egs.  (1),  (2),  (3),  and 

(14)  can  be  obtained  analytically  in  the  form 

4>  =  a  cos  (ut  -  a  )  cosh  k  (z  +  h)  cos  k  (x-i) 
o  o  o  o 

+  ?  a^cos  (ut  -  <*k)  cos  *k(z  +  h)  cosh  ic^(x-i)  (26) 

where 

k  tanh  k  h  =  u2/g  ,  k.  tan  k.  h  =  -u2/g  (27,  28) 

O  O  K  K 

Here  the  constants  a^  and  are  determined  by  the  condi¬ 

tion  on  SH  with  the  aid  of  orthogonality  of  cosh  <Q(z  +  h) 
and  cos  Kk(z  +  h)  .  The  eigenvalues  uk  of  the  domain  ft1 
can  be  obtained  by  introducing  the  condition  given  by  Eq. 

(14) ,  and  it  follows  that 
ak  =  0,  (k  =  1,  2,...)  and  aQ  sin  =  0 

Then  the  eigenvalues  are  determined  by  Eq.  (27)  and  the  condi¬ 
tion 

sin  kq)1  =  0  (29) 

It  can  easily  be  confirmed  from  Eq.  (27)  that 

(k  -  1/2)  it  <  Kkh  <  kir  (30) 

This  means  that  the  second  term  in  the  right  hand  side  of  Eq. 
(26)  can  be  roughly  approximated  by  assuming  S_  as  a  fixed 
boundary  and  becomes  insignificant  on  SR  if 

l  5  or  l/h  l  3  (31) 

The  fictitious  surface  SR  should  be  chosen  in  general  so  that 
this  relation  holds.  If  only  the  upper  part  of  the  wave  maker 
of  depth  d  moves,  the  domain  to  be  analyzed  can  be  reduced 
so  that 

i/i  l  3 

When  the  normal  velocity  on  SR  is  given  by 

v_  =  [V  cosh  k  (z+h) 
no  o 

+  ?  V.  cos  x.  (z+h)]  sin  ut  (32) 

k=l  K  K 

the  exact  solution  is  given  by 
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(33) 


<(>  =  (Vq/Kq)  cosh  <Q(z  +  h)  cos  (ieox  -  wt) 

-  ?  (1^/*^  cos  Kk^z  +  exp  ^-lckx^  s*n  wt 

When  the  auxiliary  function  is  given  by 

=  cosh  kq(z  +  h)  cos  (kqx  -  wt  +  a^)  (34) 

The  solutions  4>o  and  $rl  can  easily  be  obtained  with  the 
help  of  Eg.  (26)  as 

<P0  =  ( (V0/K0)  cosh  kq(z  +  h)  cos  kq(x  -  l  )/sin  ico£ 

-  f  (V^/k^J  cos  Kk^z  +  cosh  ^^(x  -  l  )/sinh  k^S.)  sin  wt 

k=1  (35) 

<(>rl  *  -[cosh  kq(z  +  h)  cos  kq(x  -  t)/sin  KQ*.]sin  u>t  (36) 

Let  the  collocation  point  P.^  on  SR  be  (i,  0).  It  then 
follows  that 

=  0 

Cj^  =  v0/<0  ~  (sin  KQ4/cosh  KQh)  f  (Vk/Kk*  ^cos  XfcVsinh  Kk ^ 

(37) 

Now  the  approximate  solution  obtained  by  the  present 

method  is  given  by 

<|>*  =  c,  cosh  k  ( z  +  h)  cos  (<  x  -  ut) 

±  o  o 

-  [  ?  (V^/k^)  cos  ^k^2  +  **)  cosh  Kk(x  -  i)/sinh  ic^lsin  wt 

k-1 

0<x<A,  -h<z<0  (38) 

By  comparing  the  approximate  solution  4>*  with  the  exact  one, 
it  can  be  observed  that  gives  sufficient  accuracy  under 

the  condition  given  by  Eq.  (31);  that  is, 

|cl  ’  V*ol  <  v?  IVKkl  4  exp  (-Koh  ’  Kl*> 

x-i  (39) 

| cosh  *k(x  -  i)/sinh  -  exp  (-tc^x) |  <  exp  (-1.51/h) 

As  can  be  seen  from  Eq.  (37),  the  present  method  gives  the 
exact  radiating  part  of  solution  if  sin  kqI  =  0;  however, 
it  is  not  the  case  in  actual  computation  because  rounding  errors 
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xn 


and  may  become  significant  in  this  case. 


5.  VARIATIONAL  PRINCIPLE 

The  validity  of  the  method  of  superposition  can  be  shown 
by  the  variational  approach  for  flow  problems.  The  following 
variational  principle  is  based  on  a  similar  model  to  hybrid 
displacement  model  II  for  solid  mechanics  [14] ,  and  holds  for 
a  radiation  problem  in  case  of  finite  depth  of  water: 


r[*A,  + 


ii 


-  TLl(,*VdflI  - 


x 

2 

u 

5g, 


ii. 


’Mo 


Sp*3fl- 


(<*>X)2dS  -  ( 


v  J  dS 


H 


[A1  -  <J>R)  +  A11^11  -  4»R)]dS 


>IIA4>IIdn11  + 


.II  .3 


an 


IV 


7, 

ii 


sr  sB*a<rA  an11 


0) 

g 


<}>XI ]  dS 


=  stationary 

.1 


(40) 


where  X*  ,  X11  and  are  the  Lagrange  multipliers  defined 

on  SR  ,  and  (fc11  satisfies  the  radiation  condition  at  infin¬ 
ity.  It  can  easily  be  shown  that  this  variational  principle 
is  equivalent  to  the  boundary  value  problem  defined  by  Eqs. (1) 

Introducing 

TT 

and 

ulating  the  resulting  relations  leads  to  the  condition 


— (4)  together  with  the  radiation  condition. 

Eqs.  (19)  and  (12)  for  ifc1  and  (fr11  in  Eq.  (40)  and  manip- 


3*ak 
TrT 


S. 


N 

U  +  I  c.  A.  )dS  =  0 
°  j=l  3  r3 


(k  =  1,...,  N)  (41) 


This  Galerkin-type  condition  is  equivalent  to  Bai  and  Yeung’s, 
and  is  also  equivalent  to  the  condition  given  by  Eq.  (18)  if 

the  collocation  points  P.  's  are  chosen  properly.  In  general, 

a  4>  . 

significant  terms  of  — on  SR  decrease  rapidly  with  the 
increase  of  |z|,  and  it  suggests  that  the  collocation  points 
for  Eq.  (18)  should  be  chosen  near  the  free  surface  S„  . 
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6.  FINITE  ELEMENT  FORMULATION  AND  COMPUTATIONAL  ASPECTS 


The  solutions  4>0  and 


or  4  .  can  easily  be 
ej 


ro  T]  63 

determined  in  ft  by  the  finite  element  method  formulated 
on  the  basis  of  the  variational  principle 

if  T  (V*)  2dft*  -  *-[  T(J>2dS  -  f  Tv**dS  =  stationary 

^n1  2gJs«,^anI  Ws^sft1  n 


where  v*  is  the  normal  velocity  defined  on  S„  and  S 

n  fl  r 

appropriately.  Then  the  finite  element  equations  can  be 
obtained  in  the  form 

UK]  -  i.[M|)|^*J4.*r,1.*J2,.„] 


=  tb^b^.b^bj,....] 


where 


(44) 

[bj'bj'b^,...]  =  KbjMbjMb*,.},...] 

{ )  etc.  being  the  vectors  of  nodal  values  of  the  cosine 
or  sine  components  of  <p  and  b  such  that 

<p  =  4>c  cos  ut  +  <jis  sin  ut 

c  s  (45) 

b  =  b  cos  ut  +  bs  sin  ut 

Here  [K]  and  [M]  are  positive  or  non-negative  definite 

matrices,  and  b  is  related  to  v*  . 

n 

Eq.  (43)  can  be  uniquely  solved,  unless  u  is  any  of 

the  eigenvalues  defined  by 

2 

UK]  -  ^-{M]){<t>}  =  {0}  (46) 

Eq.  (43)  cannot  be  solved  numerically  in  case  where  u  is 
nearly  equal  to  one  of  the  eigenvalues. 

Let  {$°}  be  the  vector  consisting  of  the  nodal  values 
of  <]>  at  the  collocation  points,  and  let  be  the  vector 

consisting  of  the  rest.  Eq.  (43)  can  then  be  rewritten  as 


K°°  K°+ 
Kt°  Kt+ 


^2  [M°°  M°+ 
9“  M+°  M++ 


oc 

AOS 

AOC 

AOS 

o 

♦o 

*rl 

*rl 

l+c 

A  +  S 

.+c 

.+s 

o 

*o 

♦rl 

*rl 

59 


.  oc  .OS  .  oc  .OS 

°c  n  rl  "• 

bo  »o  brl  brl  — 


In  general,  can  be  eliminated  from  Eq.  (47).  Combining 

the  resulting  equation  with  Eq.  (17)  leads  to  the  condition 


equivalent  to  Eq.  (18)  such  that 
N  N 


lC  brj 


C  +  "  ci  brV  ~  tK°+- 

°  -1=1  3  r3  g  g 


fv+c  .  _  _  Ktc 
Ib°  1  brj 


b*5  +  I  ■>,  bj!)  -  [0,0] 

0  j=l  3  rJ 


This  is  effective  even  if 


is  an  eigenvalue.  After  deter¬ 


mining  Cj  ,  { 4>° >  and  { 4> +  >  can  be  completely  obtained  by  Eq. 
(47) .  In  reality,  this  difficulty  can  be  avoided  by  calculat¬ 
ing  the  results  for  several  values  of  u>  near  the  desired  one 
the  results  to  be  obtained  are  estimated  by  interpolating 
or  extrapolating  the  resulting  ones. 


In  the  present  scheme,  $r  = 


(>  +  Ec  .  <t>  ■ 

o  ]Tr] 


is  to  be 


obtained,  and  therefore,  the  size  of  finite  elements  should  be 
determined  by  considering  the  flow  due  to  4>r  .  That  is,  mesh 
size  shoula  be  chosen  by  taking  account  of  geometry  of  the 
body  and  bottom.  In  the  case  of  the  second  scheme,  however, 
mesh  subdivision  depends  upon  both  the  geometry  and  the  wave 
length. 

In  general  three-dimensional  cases,  collocation  points 
should  be  chosen  on  the  fictitious  surface,  by  taking  account 
of  the  mode  of  auxiliary  functions.  Number  of  collocation 
points  may  be  more  than  one  half  of  that  of  unknown  coeffi¬ 


cients  in 


;  in  this  case,  the  number  of  independent  condi¬ 


tions  can  be  reduced  by  the  method  of  least  square. 

Instead  of  the  finite  element  method,  the  integral  equa¬ 
tion  can  be  used  for  obtaining  the  solution.  In  the  two- 
dimensional  case,  the  velocity  potential  is  expressed  in  the 


=  |  jm(Q)  log  r2(P,  Q)  dSQ 


where  P  =  (x,  y) 


Q  =  (Cf  n)  •  and  r2(P,  Q)  is  the  dis- 
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tance  between  P  and  Q  .  The  source  distribution  can  be 
determined  by  the  integral  equation  [cf.  Reference  7] 


irm(P)  + 


,m(Q)-y—  log  r,(P,  Q)  dS 


2 

m(Q)  log  r2(P,  Q)  dSQ  on  Sp/. 


v*  on  s„ 

n  h 

A  difficulty  caused  by  existence  of  bilge  keels  can  be  settled 
by  properly  subdividing  fi1  . 


7.  SOME  NUMERICAL  RESULTS 


Pressure  distributions  on  a  semi-immersed  circular  cylin¬ 
der  (Fig.  3)  heaving  in  infinitely  deep  water  are  calculated 
with  mesh  subdivision  shown  in  Fig.  4.  The  shape  functions  are 
linear  or  bi-linear  in  each  element.  The  velocity  potential  G 
given  by  Eq„  (7)  with  (£,  n)  =  (0,  0)  is  used  as  the  auxiliary 
function.  For  the  heaving  motion  A  cos  u>t  ,  the  pressure 
distributions  calculated 

p  =  pgA(Pc  cos  wt  +  Ps  sin  <ot)  (51) 

are  shown  in  Fig.  3.  Here,  p  is  water  density,  and  Pc  and 

g 

P  correspond  to  the  added  mass  of  water  and  the  damping 
force,  respectively.  The  results  show  good  agreement  with 
Porter's  analytical  solutions  [15]  and  Bai's  numerical  ones. 

In  the  same  figure  are  also  shown  the  numerical  results  by  the 
integral  equation  method. 

In  the  case  of  cylindrical  bodies  of  Lewis  form  (B/T  =  2) , 
the  added  mass  M  and  the  damping  force  N  are  calculated 
by  the  present  method  for  heaving  and  swaying  motions  in  in¬ 
finitely  deep  water,  and  the  results  are  compared  with  Tasai's 
analytical  results  [16]  in  Figs.  5  and  6;  they  show  good 
agreement.  According  to  Tasai's  notation. 


f  CA  '  CA  =  K4Cc 

M  =  I  c  1  t2 
CA  7pir  T 
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for  heaving  motion 
for  swaying  motion 


(52) 


where  T  ,  B  ,  a  ,  and  A  are  draft,  breadth,  the  sectional 
area  coefficient,  and  the  asymptotic  wave  height  ratio,  and 
CQ  is  given  by 

CQ  =  [(1  +  a^2  +  3a32l/(l  +  a1  +  a3)  (54) 

a^  and  a3  being  the  parameters  of  Lewis  form. 

Consider  a  semi-circular  cylinder  with  two  bilge  keels  as 
shown  in  Fig.  7.  The  added  mass  coefficient  and  the  asymp¬ 
totic  wave  height  ratio  A  for  heaving  motion  are  calculated, 
and  the  results  are  shown  in  Fig.  7.  It  shows  that  the  added 
mass  coefficients  increase  with  the  depth  of  bilge  keel,  d, 
while  the  wave  height  ratios  remain  unchange. 

Consider  a  catamaran  with  two  semi-circular  cylinders. 
Numerical  results  for  the  added  mass  and  the  asymptotic  wave 
height  ratio  are  compared  with  Ohkusu's  analytical  solutions 
[17]  in  Figs.  8  and  9,  which  show  fairly  good  agreement. 

As  a  three  dimensional  example,  hydrodynamic  force  acting 
on  a  semi-immersed  sphere  in  heaving  motion  is  calculated,  and 
the  results  are  compared  with  Havelock's  ones  [18]  in  Fig.  10. 
The  upward  force  due  to  heaving  motion  A  cos  u>t  is  given  by 

-^-Tra3pw2A(fc  cos  wt  +  fS  sin  wt)  (55) 

where  a  is  the  radius  of  the  sphere,  and  fc  and  fs  cor¬ 
respond  to  the  added  mass  and  the  damping  force,  respectively. 
For  numerical  calculations,  the  velocity  potential  G  given 
by  Eq.  (8)  with  (£,  r>)  =  (0,  0)  is  used  as  the  auxiliary 
function. 

8.  CONCLUSION 

In  the  present  paper  a  combination  of  analytical  and  finite 
element  methods  are  used  to  solve  water  wave  radiation  problems. 
The  technique  is  applied  to  simple  examples  which  show  good 
agreement  with  analytical  solutions  obtained  by  previous  authors 
This  approach  can  also  be  applied  to  diffraction  problems  where 
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the  normal  velocity  on  the  surface  of  the  body  and  on  the  bottom 
is  set  equal  to  the  incident  wave. 

This  method  can  be  applied  widely  to  wave  propagation 
problems  if  governing  equations  are  linear  and  the  radiating 
waves  are  given  analytically;  water  waves  caused  by  oscillating 
bodies  with  forward  velocity  and  problems  of  seismic  waves  can 
easily  be  solved  by  the  present  method. 

It  should  be  noted  that  the  present  method  of  satisfying 
the  radiation  condition  can  be  used  in  conjunction  with  other 
kinds  of  numerical  methods,  such  as  finite  difference  and 
integral  equation  methods. 
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Fig.  1  Two-dimensional  water  field 
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Fig.  6  Added  mass  coefficient  and  asymptotic  wave  height 

ratio  of  Lewis  form  cylinders  due  to  swaying  motion 
(B/T  =  2) 
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ABSTRACT 

A  numerical  procedure  based  on  the  finite  element 
method  for  the  solution  of  three-dimensional  free-surface 
linear  water-wave  problems  is  presented.  Both  the  time 
harmonic  and  time-independent  cases  are  considered. 

Numerical  results  of  some  two-dimensional  examples  are 
presented  and  compare  favorably  with  existing  theoretical 
solutions.  The  details  necessary  to  conduct  three-dimen¬ 
sional  analyses  are  discussed.  Conclusions  of  the  study 
are  that  the  procedure  has  promise  as  a  working  tool  for 
practical  ship  hydrodynamic  investigations  such  as  wave 
making  resistance  and  ship  motions. 

1.  Introduction 

Analytical  results  for  ship  hydrodynamic  problems  such 
as  wavemaking  resistance,  added  resistance  due  to  waves,  and 
ship  motions  are  virtually  nonexistent  except  for  cases  where 
fairly  restrictive  assumptions  regarding  the  body  geometry 
are  made.  For  example,  practically  all  purely  theoretical 
analyses  require  assumptions  as  to  the  thinness  or  slender¬ 
ness  of  the  ship  or  object  under  investigation.  The  work 
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reported  in  {1}  ,  for  instance,  is  an  example  of  some  of  the 
most  current  progress  in  ship  wavemaking  characteristics 
and  the  slenderness  assumption  is  required  in  order  to  obtain 
results.  In  ship  motion  problems  additional  assumptions  over 
and  above  the  slenderness  or  thinness  assumptions  are  also 
made.  These  usually  concern  the  frequency  of  wave-encounter 
and  the  dimensionality  of  the  flow,  i.e.  the  flow  is  assumed 
to  occur  in  transverse  planes.  The  purpose  of  this  paper  is 
to  present  a  method  of  analysis,  using  numerical  procedures, 
which  disposes  of  these  restrictions.  Specifically,  general 
three-dimensional  flow  about  an  object  of  arbitrary  size  and 
shape  is  permitted  as  long  as  the  flow  disturbances  are  not 
too  great  to  create  large  waves  which  would  violate  the 
linearized  free-surface  condition. 

Examples  validating  the  theoretical  basis  of  the  present 
method  are  given  by  means  of  two-dimensional  cases  with 
known  solutions .  Three-dimensional  examples  have  not  been 
completed  yet,  and,  thus  the  economic  and  practical  viability 
for  actual  ship  forms  can  only  be  estimated  at  this  time. 

Previous  work  of  other  investigators  bearing  on  the  hy¬ 
drodynamics  of  actual  ship  forms  has  been  reported  in  the 
literature.  All  of  these  bear  heavily  on  numerical  methods, 
as  does  the  present  method.  Perhaps  the  work  of  Adee  {2}  and 
that  of  Gadd  {3}  are  representative  of  the  state-of-the-art. 
In  {2},  theoretical  wave-making  resistance  of  a  series  60, 
Block  70  ship  form  is  calculated  by  means  of  a  brute- force 
numerical  quadrature  evaluation  of  Havelock  or  Kelvin 
integrals.  In  {3},  application  of  Guilloton's  method  for 
calculating  wavemaking  resistance  is  demonstrated  and  com¬ 
pared  to  experimental  data  with  favorable  results.  The 
latter  procedure  is  made  practical  by  computer  usage  and  it 

♦Numbers  in  brackets  refer  to  references  listed  at  the 
back. 
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appears  to  be  attractive  in  cost  since  some  computer  runs 
can  be  accomplished  for  less  than  $200  {4}.  The  advantage 
that  the  present  method  may  have  over  the  above  alternatives 
is  that  this  method,  in  all  its  essential  aspects,  can  be 
applied  with  about  equal  ease  to  either  steady  or  time- 
harmonic  problems.  For  example,  once  the  geometry  of  a 
ship  hull  is  input,  both  its  wavemaking  characteristics  and 
its  response  to  waves  can  be  calculated  automatically  from 
the  same  basic  information  within  one  computer  program. 

Finite  element  applications  in  water  wave  problems  have 
also  been  given  in  the  literature.  For  example,  references 
{5}  and  {6}  use  the  finite  element  method  in  time-harmonic 
problems  involving  forced-motion  and  diffraction  of  waves. 

To  the  best  of  our  knowledge  steady  problems  characterized 
by  an  object  moving  on  or  near  the  free  surface  of  a 
fluid  have  not  been  treated  by  the  finite  element  method. 

The  apparent  reason  for  this  is  that  previous  finite  element 
investigations  have  been  based  on  variational  formulations 
which  have  not,  as  far  as  is  known,  been  discovered  for  the 
steady  problem.  This  obstacle  is  obviated  herein  by  using 
the  process  of  weighted  residuals  to  develop  the  ground  work 
of  the  theory.  Once  the  problem  is  so  formulated,  the  finite 
element  concept  is  subsequently  introduced  to  find  solutions. 

2.  Governing  Equations 

The  mathematical  analysis  which  will  be  employed  re¬ 
quires  that  the  fluid  domain  be  terminated  at  some  finite 
distance  away  from  the  object  of  interest  in  order  to  limit 
the  number  of  calculations.  An  imaginary  surface  in  the  form 
of  a  vertical  cylinder  enclosing  the  object  will  suffice 
at  this  stage  of  the  development.  Some  statement  consistent 
with  the  physics  of  the  problem  at  hand  must  be  made,  of 
course,  concerning  the  fluid  behavior  along  this  surface.  As 
it  is  more  convenient  to  do  this  at  latter  stages  of  the 
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development  the  following  will  concentrate  on  the  other  re¬ 
maining  aspects  of  the  derivation. 

Consider  Cartesian  axes  (x,y,z)  fixed  in  space  with 
the  origin  on  the  undisturbed  free-surface  of  the  fluid.  The 
y-direction  is  positive  in  the  direction  opposite  to  gravity. 

For  an  ideal  fluid  undergoing  irrotational  motion  the 

linearized  governing  equations  are 
2 

V  $  <x,y,z,t)  =  0  in  the  fluid  (1) 

■f..  (x,o,z,t)  +  g4>  (x,o,z,t)  =  0  or.  the  free 

y  surface  (2) 

#n  =  Vn  on  the  solid 

boundaries  (3) 

where  $  is  the  velocity  potential  whose  positive  gradient 
gives  the  velocity  vector.  Vn  is  the  normal  velocity  of 
the  solid  bounda-  ies.  A  subscript  x,y,z,t  or  n  on  $ 
indicates  partiax  differentiation  with  respect  to  that  sub¬ 
script.  n  denotes  the  outward  normal  direction.  The 
equation  of  the  free-surface  elevation,  n  is 

n=  -j~  4>t  (x,o,z,t)  (4) 

For  the  case  of  an  object  translating  at  constant  speed 
c  through  a  previously  undisturbed  fluid,  the  motion  becomes 
steady  in  a  reference  frame  moving  with  the  object.  Then, 
in  this  frame,  equations  (1)  -  (4)  become 


2 


V  ♦ (x,y , z)  =  0 

(5) 

c2 

*y(x,o,z)  +  -  $xx(x,o,z)  =  o 

(6) 

© 

II 

c 

■e- 

(7) 

n  =  ^  *x  (x,o,z) 

(8) 

These  equations  assume  that  the  object  is  moving  along 
the  x-axis  in  the  positive  direction. 

In  the  case  of  time-harmonic  fluid  motion,  such  as  that 
which  results  from  forced  harmonic  motion  of  a  solid  object, 
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(a)  STEADY  CASE 


(b)  HARMONIC  CASE 

FIGURE  1.  SCHEMATIC  AND  DEFINITIONS 
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for  example,  the  time  element  can  be  factored  out  of  the 
problem.  This  is  done  easily  by  introducing  complex-variable 
methods.  In  this  case  let 

*  =  Re(*(x,y,z)eiajt}  (9) 

where  <J>(x,y,z)  is  complex,  to  is  the  frequency  of  motion, 
i  is  the  imaginary  unit,  and  Re  denotes  the  real  part  of  a 
complex  variable.  With  this  substitution  equations  ( 1 )  —  ( 4 ) 


become 

V  $ (x,y , z)  =  0 

in  the  fluid 

(10) 

<p  (x,o,  z)  -2-2  4>  (x,o,z)  =  0 
o)  y 

on  the  free- 
surface 

(11) 

c 

> 

II 

c 

■e- 

on  solid 
boundaries 

(12) 

n  =  Re{-^  <(>  (x,o,z)eiait) 

(13) 

where  the  normal  velocity  of  the  solid  boundaries  is  Vn  = 

Re  {vnelu)t } . 

The  formulation  of  the  governing  equations  is  complete 
with  the  exception  of  some  statement  concerning  the  fluid 
behavior  at  the  imaginary  control  surface  and,  in  addition, 
some  comment  on  bottom  effects.  The  ensuing  development 
will  eventually  address  these  points. 

3 .  Finite  Element  Formulation 

A  brief  outline  of  the  procedure  will  be  given.  See 
reference  (7)  for  details,  especially  Chapter  3. 

The  fluid  domain  is  divided  into  a  grid  of  finite 
elements,  see  Figure  (2)  for  instance.  The  elements  are 
fixed  in  space  i.e.  they  are  non-material  quantities  through 
which  the  fluid  moves.  The  intersections  of  the  grid  elements 
are  referred  to  as  node  points.  Within  each  element  we 
approximate  the  potential  as 

4>(x,y,z)  =  Ni(x,y,z)  4^  (14) 

i=l 


i 
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FIGURE  2  (a).  SUBDIVISION  OF  FLUID  INTO  ELEMENTS 
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FIGURE  2  (b).  ELEMENTS  USED  IN  ANALYSIS 
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are  the  nodal  values  of  $,  i  is  the  node  number,  and 
m  is  the  number  of  nodes  per  element.  are  the  shape 

functions  which  prescribe  the  (assumed)  variation  of  4>  within 
the  element.  See  the  appendix  for  specific  examples  of  these. 

Using  the  process  of  weighted  residuals  with  weighting 
function  ,  the  equations  to  be  formulated  for  each  element 
are 


j 


+  <t>  +  $  }  dxdydz  = 

xx  yy  zz  1 


(15) 


over  the  element  volume  V.  This  integral  means  Laplace’s 
equation  is  satisfied  throughout  the  element  in  some  mean 
sense.  Integrating  by  parts  we  obtain 


{Nix$x+Niy$y+Niz$z  }dxdydz 


f 


0 


(16) 


The  second  integral  is  over  the  boundary  S  of  the  element. 

Substituting  the  finite  element  approximation  (14)  into 
the  first  integral  of  (16)  yields  equations  of  the  type 

k.  .  4> .  -I  N.4>  dS  =  0  (sum  on  j,  i=l,m)  (17) 

133  I  in 

Js 


where  the  element  "stiffness"  is  defined  as 


(N.  N.  +N.  N.  +N.  N.  }  dxdydz 
ix  jx  iy  jy  iz  jz  1 


(18) 


When  summing  contributions  from  all  the  elements  by  the 

usual  finite  element  procedure,  the  integral  appearing 

explicitly  in  (17)  does  not  contribute  anything  at  the 

internal  node  points  since  the  contribution  from  one  element 

is  cancelled  by  the  adjacent  element.  Thus  the  integral  term 

needs  to  be  <  ">nsidered  only  at  the  external  or  surface  nodes. 

For  a  finite  depth  fluid  4>  =  0  on  the  bottom  and  conse- 

n 

quently  the  integral  term  vanishes  here.  Further,  for  an 
infinite  depth  region  we  can  approximate  as  zero  at  a 
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suitable  depth  below  the  free  surface,  dependent  on  the 
length  of  the  surface  waves.  On  a  fixed  object  the  integral 
vanishes  since,  here,  ^=0  also.  For  objects  undergoing 
specified  motion  ^=vn  is  known  on  the  body  and  the  integral 
can  be  evaluated.  On  the  free-surface  a  different  approach 
is  required.  First  the  normal  derivative  in  the  integral 
is  replaced  by  the  derivative  with  respect  to  y.  This  is 
justified  in  linear  theory  since  all  flow  variables  are 
evaluated  on  the  mean  position  of  the  (flat)  free-surface, 
y=0.  Hence,  for  elements  forming  the  free  surface  of  the 
fluid,  the  substitution  $n=$  is  made  in  (17) . 

For  the  harmonic  case,  in  which  <j>  is  substituted  for  $ 
in  the  previous  development,  —  $  from  (11) .  Using  the 
interpolating  function  (14) ,  the  integral  in  (17)  becomes 
a  linear  combination  of  the  <f^  terms  and  it  can  be  combined 
with  to  get  (superscript  h  stands  for  harmonic) 


(sum  on  j,i  =  l,m)  (19) 


In  this  case  the  stiffness  for  the  "harmonic"  surface  element 
is 


h  f 

c.  .  =  (N.  N. 

i:  ix] 

\r * 


jx+NiyNjy+NizNjz}  dxdydz 


-~2  [  N.N. 
9  I  *  J 

*  C* 


dS  (20) 


The  matrix  of  the  Jo  •  terms  is  symmetric. 

^  c2 

For  the  steady  case  $v=  —  4>  from  (6)  .  Using  the 

2  Cf  XX 

interpolating  function  we  get  an  expression  for  <$xx  within  an 
element,  viz. 


m 


$  =  F]  N.  $ . 

XX  1XX  1 


(21) 


Substituting  this  into  the  boundary  integral  of  (17)  we 
arrive  at  (superscript  s  means  steady  case) 
s 

k^j  =  0  (sum  on  j,i  -  l,m)  (22) 
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where  the  stiffness  for  the  steady  case  surface  element  is 


s 

k 

ij 


=  k. 

13  g 


N.  dS 
jxx 


(23) 


The  matrix  of  k^  terms  in  this  case  is, in  general, un- 
symmetric.  However,  in  the  special  case  where  the 
functions,  N  .are  continuous  across  element  boundaries  the 
assembled  stiffness  matrix  becomes  symmetric.  This  can  be 

seen  by  integrating  by  parts  in  (23).  Further,  this  special 
continuity  requirement  is  highly  desirable  for  it  is  one  of 
several  conditions  which  ensure  convergence  with  grid  re¬ 
finement.  * 

The  remaining  boundary  conditions  are  those  along  the 
truncated  boundaries.  At  this  point  our  discussion  will  be 
limited  to  the  two-dimensional  case  in  order  to  simplify  the 
presentation.  The  three-dimensional  case  will  be  outlined 
later . 


4 .  Steady  Case 

We  take  the  time-independent  case  first  and  .onsider  the 
problem  of  an  object  fixed  in  a  finite  depth  channel  with 
constant  and  uniform  flow  velocity,  c,  upstream  (see 
Figure  la).  This  problem,  of  course,  is  equivalent  to  the 
case  where  the  object  is  translating  through  the  fluid  at 
constant  speed  c  and  the  frame  of  reference  is  attached  to 
the  body. 

The  condition  of  uniform  flow  upstream  of  the  body  is 


*  =  cx  (x  =  -co)  (24) 

and  therefore,  for  later  reference, 

4>x  =  c  (x  =  -  00)  (25) 


*  See  Reference  (7),  page  35,  for  a  discussion  of  these  condi¬ 
tions. 
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As  x  approaches  +<»,  we  require  the  fluid  motion  to  take  the 


form  of  a  non-progressing  free-wave  on  a  running  stream.  In 
this  case  we  have  (where  H  is  the  depth  of  the  stream) 

$  =  A  cosh  k  (y+H)  cos  (kX+6)  +  cx  +  ^  (26) 

where  d  accounts  for  stream  blockage.  It  follows  that 

=  -Ak  cosh  k(y+H)  sin  (kX+5)  +  c  (27) 

A,  4  and  d  are  unknown  constants  and  k  must  be  a  root  of 

tanh  kH  -  kH  =  0  (28) 


in  order  that  $  will  satisfy  the  free-surface  condition (6) . 

For  the  numerical  solution  we  will  truncate  the  fluid 
domain  with  vertical  boundaries  far  enough  removed  from  the 
source  of  the  disturbance  so  that  the  infinity  conditions 
can  be  applied  there  with  negligible  error.  It  appears, 
based  upon  a  few  test  cases,  that  this  distance  need  not  be 
much  more  than  one  wavelength  downstream  of  the  disturbance 
and  less  than  one  wavelength  upstream  for  the  range  of 
parameters  used  in  this  example. 

On  the  upstream  boundary  we  choose  to  prescribe  |t=cx.  In 
this  case  certain  of  the  equations  (17)  are  not  used,  namely 
the  ones  corresponding  to  nodes  which  lie  along  this  boundary. 
On  the  downstream  boundary  we  prescribe  4>n.  It  is  equal  to 
$x  which  we  know  from  (27)  in  terms  of  A  and  6.  Substituting 
this  into  (17)  and  using  some  elementary  trigonometric  formulae 
gives  the  integral  term  in  the  form 

I  N.$  dS  =  (A  cos  6)  D.  +  (A  sin  6)E.+F.  (29) 

I  l  n  l  ii 

S 

D. ,  E.,F.,  are  the  known  results  of  integrations  along  the 
sides  of  the  elements  which  lie  on  the  boundary.  These  terms 
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are  transposed  to  the  right  hand  side  of  (17). 

The  finite  element  assembly  of  the  elements  results  in 
a  master  set  of  equations  of  the  form, 

^k]  {$ }  ={“}  +  A  cos  6(B)  +  A  sin  6{U}  (30) 

where  the  curly  brackets  indicate  column  matrixes,  ^k]  is  the 
matrix  of  the  assembled  element  stiffnesses,  }  contains  un¬ 
known  nodal  values  of  the  potential  and  {<*},  {&},  {If},  all  have 

only  known  elements.  Appending  to  this  set  of  equations  condition 
(25)  evaluated  at  an  arbitrary  node  along  x  =  -•»  and  (26)  at 
two  nodes  at  x  =  +*>  ,  yields  a  system  of  (N+3)  equations  in 
the  unknowns  (say,  N,  in  number),  A  cos  6,  A  sin  6  and  d. 

In  order  to  take  advantage  of  the  banded*  and  symmetric  nature 
of  [*]  the  actual  solution  consists  of  solving  (30)  repeatedly, 
each  time  with  a  different  right-hand  side,  ignoring  the  factors 
A  cos  6  and  B  sin  5.  We  get 

{$  }  =  {$j.}  +  A  cos  6  ^  j }  +  A  sin  (31) 

where  k  (<I> }  =  {«}  and  so  forth.  Except  for  the  two  unknowns, 

A  cos  6  and  A  sin  6,  (31)  represents  the  desired  solution.  Se¬ 
lecting  two  arbitrary  nodal  points  on  the  downstream  boundary 
we  apply  (31)  and  equate  it  to  (26),  yielding  two  equations  in 
unknowns  A  cos  6,  A  sin  6  and  d.  Similarly,  on  the  upstream 
boundary  the  x-derivative  of  $  is  formed  using  (31).  This  is 
equated  to  (25),  thereby  yielding  the  required  third  equation. 
Thus  the  solution  in  its  essentials  is  complete.  Physical 
quantities  such  as  pressure  and  velocity  can  be  found  by 
differentiating  (14)  and  applying  appropriate  formulaes. 

5 .  Time-Harmonic  Case 

We  have  the  following  development  typifying  problem 
solutions  for  the  time-harmonic  case.  Referring  to  Figure  (1-b) 


*  Judicious  node  numbering  in  most  cases  gives  a  narrow 
bandwidth . 
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in  which  t  and  e  are  the  unknown  amplitude  and  phase  angle 
of  the  disturbance,  <fcp, created  by  and  transmitted  across  the 
barrier . 

The  final  equations  to  be  solved  are  given  by  (17) 
except  that  the  potential  function  $  is  composed  of  both  real 
and  imaginary  parts,  say  4>^  and  <J2-  It  is  instructive  to 
carry  the  details  of  the  analysis  slightly  further  so  that 
the  coupling  between  the  left- and  right-hand  boundaries  can 
be  seen . 

The  equations  for  <J)  ^  and  tp2  reduce  to 
h 

ki;.  =  b^  (sum  on  j,i=l,m)  (37) 
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V 


and 


k-  ^2  j  =  b 


ID 


2i 


(sum  on  j,i  =  l,m) 


(38) 


where  =  b2^  =  0  except  for  values  of  i  corresponding  to 
nodes  lying  along  the  boundaries  at  x  =  t  00  •  The  matrix 
coefficients  k^  for  4^  and  (J>2  are  identical.  These  are 
given  by  (18)  except  for  nodes  on  the  free-surface  in  which 
case  (20)  applies.  Right-hand  side  members  b^  are, 

-  *  k*  *  «»  «>  ■“ 


bli  =  “ 


x  = 


(p  sin  6)  sink  x)  dy  + 

X  =  +o° 


) (cos  kx  +  (t  cos  e)  cos  kx 


+  (t  sin  e)  sin  kx)dy}  (39) 

with  a  similar  lengthy  expression  for  b2^.  . 

After  the  integrations  in  b^  (and  b^^)  are  conducted  and 
the  final  equations  are  assembled,  (37)  and  (38)  reduce  to, 

M  { i»j>  =  {d }  +  p  cos  6{e}  +  p  sin  6  {f} 

+  t  cos  e  {g}  +  t  sin  e{h}  (40) 

and 


( k)  { <#>  2  >  =  {d' }  +  p  cos  6{e'}  +  p  sin  <5{f’} 

+  t  cos  e  (g‘  }  +  x  sin  e  (hO ,  (41) 


respectively.  The  matrix  elements  d,  d' ,  e,  etc.  are  all 
known  numerically.  As  in  the  steady  case,  the  above  equations 
are  solved  repeatedly,  each  time  with  a  different  right- 


hand  side.  Thus 


<t>x  =  <}>1I  +  P  cos  6  4>1I3;  +  p  sin  6  <j>lxII 


+  t  cos  e  <4  +  t  sin  e 

1IV  lv 

where  <f> ^ ^  is  the  solution  of 


{k}  <|»1I  =  {d}. 


(42) 


(43) 


is  the  solution  of 

{k}  =  {e},  etc.  (44) 

and  a  similar  expression  applies  to  <j>2. 

It  now  remains  to  determine  the  four  groups  of  para¬ 
meters  p  cos  6,  p  sin  6,  t  cos  e,  and  x  sin  e.  This  is 
done  by  equating  (42)  and  a  similar  expression  for  <j>2  to  the 
real  and  imaginary  parts,  respectively,  of  the  term  (<j>  +  iJ>R) 
in  (32)  at  an  arbitrary  node  point  along  x  =  -<*>.  This  yields 
two  equations.  Repeating  this  operation  at  x  =  +°°  but  using 

the  term  (i  +  <t>T)  in  (35)  gives  two  more  algebraic  equations, 

thus,  providing  the  necessary  four  equations  to  be  solved 
simultaneously.  In  essence  this  completes  the  solution. 

Transmission  and  reflection  coefficients,  wave  forces 
and  profiles,  etc.  are  easily  found  by  application  of  their 
corresponding  expressions  involving  tj>  and  the  parameters 
p  cos  6,  etc.  For  instance,  the  reflection  and  transmission 
coefficients,  R  and  T,  respectively,  are  found  directly  from 


R  =  p  =  /(p  cos  6 )  *  +  ( p  sin  <$ ) 2 

and 

T  =  /I  +  T2- +  2t  COS  € 
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6 .  Exa  .e  Problems 

Examples  for  the  harmonic  problems  and  the  accuracy 
attainable  can  be  found  in  {5}  and  {8}  where  the  method  is 
similar.  We  show  an  additional  result  in  Figure  (3),  a  wave 
incident  upon  a  vertical  barrier.  The  incoming  wave  is  moving 
from  left  to  right.  In  this  case  eight  node  quadratic  elements 
were  used.  See  the  appendix  for  the  shape  functions  for  the 
element.  The  grid  pattern  was  composed  of  square  elements  of 
side  1  unit.  The  results  compared  to  the  analytical  solution 
of  Mei  and  Black  {9}  are  indicated  on  the  figure.  It  was 
found  in  problems  of  this  type  that  the  quadratic  element 
required  a  grid  size  of  at  least  eight  elements  per  wave 
length  for  good  accuracy. 

For  the  time  independent  problem  a  few  cases  with  simple 
geometry  were  chosen  as  demonstration  problems .  In  all  cases 
the  finite  element  grid  was  composed  entirely  of  square  elements 
of  side  .5  units.  The  elements  were  linear  elements  except 
for  the  elements  bounding  the  surface  where  a  special  surface 
element  was  used.  This  element  has  a  Hermitian  interpolation 
along  the  side  representing  the  free  surface  (see  Appendix 
and  Section  3) .  The  use  of  the  derivative  as  a  nodal  unknown 
automatically  ensures  continuous  first  derivatives  along  the 
free-surface. 

There  are  no  theoretical  solutions  for  these  problems, 
however,  Gazdar  {10}  presents  a  theoretical  solution  for  a 
Rankine  type  body  on  the  bottom  of  a  running  stream  and  a 
comparison  of  sorts  can  be  made  between  the  long  rectangular 
block  of  our  example  and  the  long  Rankine  ovoid  in  {10}. 

Figure  (4)  shows  the  wave  profiles  obtained  for  a  .5x4 
rectangular  block  fixed  in  an  eight  unit  deep  channel  flowing 
from  left  to  right.  The  parameter  c  /gH  is  equal  to  .239.  The 
profiles  show  the  effect  of  locating  the  object  at  different 
depths.  Curve  1  is  for  the  object  fixed  in  the  bottom  and 
curve  2  for  the  object  fixed  at  mid-depth.  For  clarity,  the 
wave  height  n  is  plotted  to  a  scale  fives  time  greater  than 
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FIGURE  4.  EFFECT  OF  SUBMERGENCE  DEPTH  OF  OBSTACLE 


the  rest  of  the  figure.  The  downstream  wave  height  is  .067. 
Gazdar's  results  for  a  long  ovoid  of  around  the  same  length 
and  height  is  a  wave  height  of  .051  for  very  large  x. 

The  effect  of  decreasing  the  length  of  a  rectangular 
block  fixed  on  the  bottom  of  a  channel  is  shown  in  Figure  (5) . 
The  scale  for  the  wave  height  is  ten  times  greater  than  the 
rest  of  the  figure.  c^/gH  is  again  .239. 

An  interesting  case  is  shown  in  Figure  (6) .  It  is  again 
the  same  .5x4  block,  but  the  stream  velocity  is  lowered  such 
that  c^/gH  is  .0635.  Note  again  the  increase  in  scale  for  n 
At  this  critical  velocity  there  is  no  wave- like  motion.  This 
case  of  destructive  interference  is  obtained  in  {10}  when  the 
wavelength  of  the  free  wave  is  equal  to  the  distance  between 
the  source  and  sink  of  the  Rankine  ovoid.  In  our  example 
the  ratio  of  wave  length  to  length  oi  object  is  .8. 

These  examples  illustrate  the  types  of  parametric  studies 
that  can  be  easily  done  with  the  finite  element  method.  Auto¬ 
matic  mesh  generation  was  used.  These  problems  involved  the 
solving  of  around  1000  simultaneous  linear  equations.  A 
Honeywell  6030  using  single  precision  required  less  than  a 
minute  of  cp  time.  Decreasing  the  mesh  size  indicated  the 
original  mesh  size  gave  a  convergent  numerical  solution. 

7 .  Discussion  and  Conclusions 

A  method  for  the  finite  element  solution  of  linear  free- 
surface  water-wave  problems  for  both  the  steady  and  time- 
harmonic  cases  has  been  presented.  It  consists  essentially  in 
truncating  the  fluid  domain  at  sections  where  the  so-called 
infinity  conditions  can  be  applied,  then  adjusting  the  finite 
element  solution  to  satisfy  the  infinity  conditions  for  the 
potential  and  its  normal  derivative  at  the  truncated  boundar¬ 
ies  . 

Although  only  rectangular  elements  were  used  in  the 
examples  presented,  triangular  or  curved  elements  needed  to 
represent  irregular  shaped  objects  are  obtainable  in  the 
literature . 
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The  results  for  the  harmonic  problem  are  quantitatively 
correct.  The  results  presented  for  the  steady  problems  are 
qualitatively  correct  and  agree  reasonably  with  similar 
examples  with  analytic  solutions.  The  applicability  of  the 
finite  element  method  to  steady  free-surface  flows  has  been 
demonstrated . 

Three-dimensional  problems  are  treated  in  identical 
fashion  to  the  two-dimensional  cases  described  above.  Al¬ 
though  the  principles  are  identical,  in  actual  practice,  how¬ 
ever,  the  effort  will  be  many  times  as  great.  Two  main 
reasons  are  behind  this.  First,  the  fluid  region  to  be 
modeled  is,  in  general,  irregularly  shaped  and  it  fills  three- 
dimensional  space  between  the  object  and  an  imaginary  control 
surface  located  somewhere  in  the  vicinity  of  the  far-field. 

Thus  it  is  almost  mandatory  to  have  automatic  means  of 
generating  elements.  Because  of  the  existence  of  computer 
codes  primarily  in  structural  analysis  fields  which  do  this, 
this  barrier  is  practically  removed.  Even  though,  it  must  be 
born  in  mind  that  a  system  of  equations  numbering  in  the 
thousands  will  be  required  to  be  solved.  But,  again,  existing 
structural  analysis  codes  now  do  this  routinely  and  efficiently. 

The  second  reason  concerns  the  far-field  analytical  ex¬ 
pression  for  the  velocity  potential.  Considering  the  steady 
case  in  three-dimensions  it  can  be  written  most  simply,  perhaps, 

..  tin,  „/t 

r  u  . 

cos  (k_  X  sec  9) 


I 


f{9)ekoz  sec*0 


0  cos (kQy  sin  9  sec29)cos9d0 

where  f(9)  is  a  wave  amplitude  function  and  kQ-g/c2,  g  being 
the  gravity  constant.  This  equation  is  formulated  by  the 
superposition  of  plane  waves  advancing  at  angles  0  with  respect 
to  X,  the  direction  in  which  the  object  is  traveling.  By 
expanding  f(0)  into  a  Fouiier  series  4  cam  be  expressed  in 
terms  of  the  Fourier  coefficients.  This  is  analogous  to  (26) 
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in  the  previous  development,  but  in  this  case  it  is  apparent 
that  the  calculational  effort  is  many  times  greater,  due  pri¬ 
marily  to  the  highly  oscillatory  nature  of  the  integrand. 
Fortunately,  for  sufficiently  large  distances  from  the  object 
asymptotic  approximations  to  £  and  its  normal  derivative  can  easily 
be  developed  by  the  method  of  stationary  phase  {12}  which  would 
considerably  reduce  the  number  of  calculations.  Using  this  idea, 
and  a  conveniently  shaped  fluid  control  surface  such  as  a  wedge, 
it  would  seem  that  three-dimensional  hydrodynamic  analyses  are 
at  hand. 
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The  interpolation  or  shape  functions  that  were  used  in  the 
the  analysis  are  presented  here.  The  elements  used  are  the 
so  called  isoparametric  elements.  See  Zienkiewicz  {7}  for 
further  details  such  as  the  numerical  integration  techniques 
required.  The  shape  functions  are  given  in  terms  of  local, 
coordinates,  £,  n.  5,  stands  for  the  value  of  £  at  the  icn 
coordinate,  ie.  either A+1  or  -1.  Similarly  for  ru .  Refer  to 
Figure  (2). 

Linear  Element: 


N^  ■  1/4 (1+EC^) (1+nn^)  Corner  Nodes 
Quadratic : 

N^  =*  l/4(l+csi)  (1+nr^)  (CCj+nnj-l)  Corner  Nod«3 
=  1/2 (l-£2 ) (l+nn^)  £^=0  Midside  Nodes 

Na  «  l/2(l-n2)  (1+C^i  n^o  Midside  Nodes 


Cubic: 

N±  -  l/4(l+££^)  ( 1+n  r>i )  i  -  1,2 

na  -  l/8(l+C5i)2(2-?Ci) (l+nni)  i  =  3,4 

^  -  =§-  5i(l+5Ci)2(l-CCi)  (l+nni)  1  “  5'6 

Here  1  and  2  refer  to  the  comer  nodes  below  the  surface, 
3  and  4  refer  to  the  surface  nodes  and  5  and  6  refer  to  4  at 
the  surface  nodes.  Recall  $  -  N.  .  in  this  case  $s  *  $x 
evaluated  at  node  point  3,  and  Z  at  point  4.  a  is 
the  half-length  of  the  element. 
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ABSTRACT 

By  splitting  the  linearized  two-dimensional  ship  wave  problem  into 
two  fictitious  problems  (radiation  of  staple  harmonic  waves  from  the  body 
and  diffraction  of  simple  harmonic  waves  by  the  body),  one  can  use  a  hybrid 
element  method  (HEM)  based  on  variational  principles.  Numerical  »««piM 
are  given  for  a  circular  cylinder  in  channels  of  different  depths. 

Necessary  modifications  for  sharp  leading  and  trailing  edges  are 
discussed. 

1.  Introduction 

Consider  a  cylinder  submerged  in  an  otherwise  uniform  flow  with  a 
free  surface.  When  viscous  and  rotational  effects  are  ignored,  the  lin¬ 
earised  ship  wave  problem  in  two  dimensions  Involves  the  solution  of  a 
velocity  potential  $.  Let  the  x-axls  be  in  the  mean  free  surface  and  the 
s-axls  point  vertically  upwards.  We  denote  by  U  I  the  velocity  vector  of 
the  incoming  uniform  stream  in  the  direction  of  the  positive  x-axis  and 
define  the  velocity  potential  as  the  gradient  of  the  disturbed  velocity 
field 

u  -  U  t  +  V4>  (1.1) 

Then  $  must  satisfy 

V*$  -  +  i!i  -  0  (1.2) 

3x*  3s* 
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and  on  the  submerged  body, 

||--0t*nHV  on  B  (1.3) 

where  n  Is  the  unit  normal  pointing  out  of  the  fluid.  If  the  body  has  a 
sharp  trailing  edge,  Kutta  condition  must  be  added  so  that  the  velocity  is 
finite  at  the  edge.  On  the  sea  bottom  which  is  assumed  to  be  horizontal 

■  0  a  ■  -h  ■  constant  on  B0  (1.4) 

On  the  mean  free  surface  z  ■  0,  the  dynamic  condition  of  zero  pressure 
gives 

gn  +  -  o  (i.5) 

while  the  kinematic  condition  that  the  flew  should  be  tangential  to  the  free 
surface  gives 

unx  -  (i.6) 

Eliminating  n  from  (1.5)  and  (1.6)  we  get 

a*  +  $  -  0  with  a  -  u2/g  (1.7) 

XX  z 

To  these  one  must  add  the  radiation  conditions  at  infinity.  Far 
upstream  there  should  be  no  velocity  disturbance.  Far  downstream,  there 
Is  also  no  velocity  disturbance  if  the  flow  Is  supercritical,  F2"  02/gh 
-  aA»  >  1;  for  a  subcrltlcal  flow,  however,  waves  must  be  present.  The 


general  mathematical  state 

went  of  this 

condition  is 

9  -  C_  x  -  -  • 

♦  ~  C+  x  -  +  « 

U2/gh  >  1 

supercritical  flow 

~  C+  +  waves 

U2/gh  <  1 

subcrltlcal  flow 

We  remark  that  the  difference  C  ■  C+  -  C_  (and  not  C+  or  C_  Individually) 
corresponds  to  the  blockage  constant  discussed  previously  for  flows  with¬ 
out  a  free  surface  [1].  Although  Its  physical  significance  is  minor,  C 
cannot  be  ignored  in  a  mathematical  analysis.  This  was  first  found  when 
examining  analytically  the  problem  of  a  slender  obstacle  on  the  sea  bed 
of  depth  h  {2],  fox  which  the  velocity  potential  can  be  written  as  an 
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exponential  Fourier  Integral.  In  addition  to  the  usual  polegof  the 
Integrand  which  give  the  downstream  wave  for  a  subcrltical  flow  there 
Is  also  a  simple  pole  at  the  origin.  If  the  Integration  path  is  Indented 
below  this  pole,  we  find 


where  A  is  the  protruded  area  of  the  obstacle  above  the  sea  bed.  Indenta¬ 
tion  above  the  origin  or  other  Interpretation  of  this  singular  integral 
will  change  the  values  of  C+  but  not  their  difference.  In  the  Appendix  to 
[2],  It  is  also  found  by  considering  mass  conservation  that  for  a  non- 
slender  submerged  body 


C  -  C+  -  c_  -  [UA 


(  3ZL  3ZU 


(1.10) 


where  Z^(x)  (Z^Cx))  Is  the  lower  (upper)  surface  of  the  obstacle  and 
<(>L  5  $(x,-Z^(x)),  etc.  Since  this  pole  Is  removable  In  the  Fourier  Inte¬ 
gral  representation  for  n  which  is  the  usual  object  of  interest,  the 
blockage  constant  has  not  received  due  attention  heretofore.  Clearly  C 
becomes  Insignificant  as  the  depth  h  becomes  large. 

This  problem  can  be  solved  by  the  semi-analytical  method  of  singu¬ 
larity  distribution,  in  which  one  first  obtains  an  integral  equation  along 
the  body,  and  then  replaces  it  by  discretizing  the  body  surface  to  get  a 
large  system  of  algebraic  equations.  This  method  has  been  employed  by 
Gleslng  and  Smith  [3]  and  others,  all  for  infinite  depth.  We  shall  out¬ 
line  hare  a  more  direct  numerical  method  [2]  employing  finite  elements 
which  are  known  to  be  versatile  tools  for  complicated  boundary  geometry. 

In  particular  there  are  two  special  features  of  our  method:  (i)  It  is  a 
hybrid  method  where  finite  elements  are  used  only  in  a  neighborhood  close 
to  the  body,  and  infinite  elements  (called  the  super-elements)  are  used 
elsewhere.  Polynomials  are  used  in  the  finite  elements  as  interpolation 
functions  and  infinite  series  of  eigen  functions  mm  used  in  the  super¬ 
elements.  (ii)  The  boundary  value  problem  is  reformulated  as  a  varia¬ 
tional  principle  and  the  stationary  integral  involves  only  the  interior 
and  the  boundaries  of  the  region  of  finite  elements. 
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The  idea  of  the  super-element  was  lisst  used  in  elasticity  where  the 
neighborhood  of  a  crack  is  a  point  of  infinite  stress;  it  was  found  that 
treating  analytically  the  neighborhood  of  the  crack  instead  of  the  usual 
finite  element  approximation  enhances  the  numerical  convergence  signifi¬ 
cantly.  We  remark  that  there  are  ways  which  use  super-elements  but  are 
not  based  on  variational  principles,  e.g.,  the  weighted  residual  method. 
However,  the  variational  method  is  regarded  by  many  to  be  more  desirable, 
since  for  a  given  choice  of  the  elements  and  the  interpolation  functions 
it  ensures  that  first  order  errors  in  the  approximations  lead  to  a  second 
order  error  in  a  global  sense,  or  specifically,  in  the  stationary  functional. 
Furthermore  a  variational  principle  Involves  derivatives  of  lower  order 
than  the  original  differential  equation,  hence,  the  requirements  on  the 
smoothness  of  the  Interpolation  functions  need  not  be  as  stringent.  Lastly 
for  many  problems  of  physical  interest,  a  variational  principle  often 
leads  to  a  set  of  algebraic  equations  with  a  symmetric  coefficient  matrix, 
which  are  theoretically  better  understood  and  computationally  advantageous. 

In  water  wave  problems  involving  diffraction  and  radiation  of  time  - 
harmonic  waves,  variational  principles  for  hybrid  element  methods  have 
been  used  recently  by  Chen  and  Nei  [4]  for  two  horizontal  dimansions  and 
Bal  and  Yeung  [5]  for  one  horizontal  and  one  vertical  dimension.  The 
same  technique  can  be  straightforwardly  applied  to  the  supercritical  flows 
U2/gh  >  1.  However  for  subcritical  flows  the  lack  of  symmetry  in  the 
radiation  conditions  at  two  Infinities  has  so  far  defied  our  attempts  for 
a  direct  variational  principle.  Fortunately  by  imitating  a  device  of 
Drazln  and  Moore  [6]  to  replace  the  steady  flow  problem  by  two  fictitious 
problems:  a  radiation  problem  and  a  diffraction  problem,  this  difficulty 
is  circumvented.  While  details  of  this  effort  are  described  in  [2]  we 
shall  outline  the  main  points  of  the  analytical  basis  and  present  further 
numerical  results.  Extension  to  bodies  with  sharp  edges  which  was  not 
discussed  in  [2],  is  also  Indicated  here.  An  alternate  proof  of  the 
variational  principle  is  given  in  the  Appendix. 
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2.  Splitting  Into  Two  Fictitious  Problem  for  Subcritical  Flows 
He  Introduce  the  decomposition 


♦  -  *<r>  +  *<-> 

The  part  <p  ^  Is  to  be  governed  by 

k(r)  i2,(r) 


32<T  '  +  3V 
3x2  3z2 


-H  <  z  <  0 


3n  v 

a2*(r)  aA(r) 
aiJ - +  - -  o 

3x2  3z 


on  B 


b<*>  - 


B  e-ikx  cosh  k(z  +  h)  +  C(r) 


(2.1) 


(2.2) 


(2.3) 

(2.4) 


-  A  e+ikx  cosh  k(z  +  h)  +  c|r)*  x  ~  +  “  (2.5) 

When  multiplied  by  the  time  factor  e  it,  can  be  viewed  as  the  poten¬ 

tial  due  to  the  forced  oscillation  of  the  body.  In  particular  (2.5)  states 
that  behaves  as  outgoing  waves  at  x  ~  ±  “.  The  part  <t>^  is  also 

governed  by  (2.2)  and  (2.4),  with  the  distinction  that 

,Ad) 

Jj - 0  on  B  (2.6) 

<|>(d^  -  E(e_lkX  +  Relkx)  cosh  k(z  +  h)  +  C*d)  x  ~  +  “ 

..  E  Te-ikx  cosh  k(z  +  h)  +  C(d^  x  ~  -  «  (2.7) 


Now  4>^  may  be  viewed  as  the  spatial  factor  of  the  diffracted  wave 
potential  due  to  the  same  body  with  incident  wave  of  amplitude  E  from 
x  ~  +  oo.  r  and  T  are  the  reflection  and  transmission  coefficients 
respectively.  He  are  not  aware  of  any  physical  problem  which  has (2.4)  on 
the  free  surface,  hence  the  two  problems  are  fictitious. 

The  procedure  is  to  solve  for  4^r\  and  with  E  -  1,  using  the 

hybrid  element  method.  Then  the  upstream  wave  in  the  original  problem  is 
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eliminated  by  requiring  that 

E  -  -  B/T  .  (2.8) 

Thus  the  composite  potential  satisfies  all  the  conditions  for  The 
blockage  constant  is  simply 

C  -  c£r)  +  c|d)  -  <C_(r)  +  C^d))  (2.9) 

If  the  body  has  a  sharp  trailing  edge  we  require  that  both  and 

<j>^  separately  satisfy  the  Kutta  condition.  This  is,  of  course,  not  a 
natural  situation  in  bona-fide  radiation  and  diffraction  problems. 

This  splitting  suggests  that  any  computational  method  developed  for 
the  usual  radiation  or  diffraction  problem  can  be  applied  with  only  minor 
modifications.  Our  purpose  is  to  apply  finite  elements. 


3.  Variational  Principle  for  the  Hybrid  Method 

We  illustrate  the  case  of  radiation  only;  the  corresponding 

variational  principle  for  the  diffraction  problem  is  similar.  For  brevity 
the  superscript  (  ) ^  will  be  dropped.  We  divide  the  channel  into  three 
main  regions  by  the  vertical  planes  S+  and  S_,  which  are  on  two  sides  of, 
and  can  be  as  close  as  possible  to,  the  body,  as  sketched  in  Fig.  1. 
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Figure  1  -  Definition  Sketch 


The  regions  beyond  S+ 

are  called 

the  super  elements  where  the  depth 

is  assumed  to  be  constant. 

The  conditions  governing  the  potentials 

there- 

in  are 

v2<r  -  o 

in  D+ 

(3.1) 

-f  + 

^XX  +  *Z  “  0 

z  *  0 

on  F+ 

(3.2) 

K  - 0 

z  -  -h 

+ 

on  B 

o 

(3.3) 

+  ik/  -  ?ikC+ 

X  ^  +  00 

on  SJ. 

(3.4) 

Within  D+  we  use  as  the  "interpolation  functions"  the  following  eigen¬ 
function  expansions.  Each  term  in  the  series  satisfies  the  above  condi¬ 
tions  exactly. 


n-0 


n-0 


-V  cosh  kn(z  +  h) 

(3.5) 

iknX  cosh  k  (z  +  h) 
n 

(3.6) 

where  ltQ  -  0,  k^  is  the  positive  real  root  of 


ak  »  tanh  kh  (3.7) 

and  kj*  k^  ...  are  the  discrete  positive  imaginary  roots  of  the  same 
equation.  Note  that  A  -  C  and  A*  -  C , .  The  set  of  functions  (cosh  k  } 

O  •“  O  t  M 

m  -  0,  1,  2,  ...  form  an  orthogonal  set  in  the  following  sense 


<0 


cosh  k  (a 
_  n 


+  h)  cosh  k  (z  +  h)dz  -  a 


cosh  k  h 
n 


cosh  k  h 
m 


-  -r£-  (2k  h  -  sinh  2k  h)6  if  n  or  m  ^  0 

4  fc  n  n  run 

ti 

-  h  -  o  if  n  •  b  ■  0 


(3.8) 
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Introducing  Dirac's  delta  function  6(z),  the  left  hand  side  of  (3.8)  can 
be  written  more  compactly  as 


[1  -  a<5(z)]  cosh  k  (z  +  h)  cosh  k  (z  +  h)dz 
n  in 

Inside  the  region  D,  <p  will  be  obtained  approximately.  It  can  be  shown 
however  that  If  <P  Is  so  chosen  that  It  extremizes  the  following  functional 


J  -  |J  (V$)  zdxdz  - 

Sj 

(<p  )  2dx  -  C  V<p  ds 

x 

(1) 

(11)  (ill) 

(3.9) 

+  [  11  -  «6tz)]  (f  *+  - 
Js+ 

dZ  "  |s  11  “  orfWllf  f 

~  dz 

(iv) 

(v) 

(vl) 

(vll) 

then  the  choice  Is  equivalent  to  the  solution  which  satisfies  (2.2),  (2.3) 
and  (2.4)  within  the  confines  of  S+,  and  matches  with  the  potentials  in 

D±: 

<f>  "  4>_,  on  S+.  (3.10,  11) 

In  otherwords,  4  la  the  exact  solution.  A  proof  along  the  more  convention¬ 
al  lines  has  been  given  In  12];  a  shorter  alternate  proof  is  given  In  the 
Appendix. 

It  may  be  pointed  out  that  using  the  representations  (3.5)  and  (3.6), 
C+  does  not  enter  J  at  all  because  of  the  orthogonal  property  (3.8).  The 
blockage  constant  can,  however,  be  computed  by  using  (1.10). 


4.  Modification  for  Sharp  Edges 

On  a  submerged  hydrofoil  there  are  one  or  two  sharp  edges.  In 
particular  at  the  leading  edge  the  velocity  is  singular.  At  the  trailing 
edge  the  velocity  should  be  finite  (Kutta  condition).  In  the  approach 


of  Closing  and  Smith  [3],  two  problems  must  be  solved:  one  for  the  source 
distribution  and  one  for  the  vorticity  distribution  on  the  hydrofoil.  For 
an  airfoil  in  an  infinite  fluid  de  Vries  and  Norrie  [7]  used  finite 
elements  (without  super  elements)  and  solved  first  for  the  potential  with¬ 
out  satisfying  the  Kutta  condition,  then  solved  a  second  problem  for  the 
stream  function  by  assuming  a  circulation  along  an  infinite  contour.  In 
both  approaches,  the  total  circulation  is  finally  adjusted  so  that  the 
composite  solution  satisfies  the  Kutta  condition. 

The  idea  of  super  elements  is  particularly  suited  here,  which  works 
for  both  the  leading  and  the  trailing  edges.  We  introduce  a  small  circle 
9Dg  stirrounding  the  leading  edge.  The  fluid  interior  bounded  by  the  edge, 
and  by  the  circle  is  designated  as  Dg.  For  small  Dg  we  assume  that  the 
edge  can  be  approximated  by  a  wedge.  Using  local  polar  coordinates 
(r,0)  with  8  ■  0,  0  denoting  the  two  sides  of  the  wedge,  we  require  that 
the  interpolation  function  within  Dg  satisfies  exactly 

V2*  -  0  in  Dg  (4.1) 

and 


||  -  °  0  -  0,  0g 


(4.2) 


It  is  readily  shorn  that 


8_ 


-  E  1  r  “  cos  8  9 
„  n  n 

n«0 


6n  -  nTT/0g 


(4.3) 


where  &  are  unknown  coefficients.  Note  that  $  1b  finite  at  the  edge 
n 

(r  »  0)  but  due  to  the  term  n  ■  1  above, the  velocity 


3£  «  1 


(6,  -  1)  <*  -  D 

-  r  9«  , 


r  -  0 


(4.4) 


is  singular  since  2tt  >  0g  >  n. 


Now  to  the  functional  J  we  must  add  the  following  line  integral 


f  1  ‘"Pr 

J3D  <K  -  ♦>  *r 


(4.5) 
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(4.6) 


The  continuity  of  $  and  3$/3r 

3*- 

*e  "  ♦»  -sr  “ 

become  the  natural  boundary  conditions. 

Around  the  trailing  edge  the  same  is  done  with  the  exception  that  the 
term  n«l  must  be  deleted  from  the  series  so  that  the  Kutta  condition  is 
satisfied. 


5.  numerical  Example 

Once  the  variational  principle  is  found  for  $  (i.e. ,  or  $^)» 

the  domain  D  is  divided  Into  discrete  finite  elements  within  each  of  which 
<P  is  approximated  by  an  interpolation  function.  We  have  chosen  the 
simplest  three-node  triangular  elements  so  that  the  unknown  parameters  in 
the  interpolation  functions  are  Just  the  unknown  nodal  values  of  the 
potential.  After  substitution  Integrals  (i),  (ii)  and  (iii)  can  be  eval¬ 
uated  straightforwardly.  Truncating  the  series  of  (3.5)  and  (3.6)  after 
a  finite  number  of  terms,  Integrals  (iv)  and  (vi)  can  also  be  evaluated. 
These  Integrals  are  all  expressed  in  quadratic  forms  with  symmetric  stiff¬ 
ness  matrices.  Integral  (v)  becomes  a  bilinear  form  in  the  nodal  poten¬ 
tials  (<f>)  along  S+  and  the  coefficients  {A+};  it  may  be  rearranged  as 
follows 

■|  {<J>}T[K]{A}  +\  {A}T[K]T4>  (5.1) 

where  [K]  is  a  full  rectangular  matrix  and  (  }  is  a  column  vector  and  the 
superscript  T  denotes  the  transpose.  This  arrangement  ensures  that  the 
assembled  global  stiffness  matrix  is  symmetric.  Extremizing  J  with  respect 
to  each  of  the  unknown  parameters  gives  a  set  of  linear  algebraic  equations 
which  can  be  solved  by  Gaussian  elimination.  The  element  size  should  be 
much  less  than  the  wavelength  and  should  be  further  reduced  near  the 
solid  boundary  where  the  local  curvature  is  large.  If  the  water  depth  is 
large,  then  the  element  size  can  be  increased  at  great  depth  because  of 
the  expected  exponential  attenuation.  The  number  of  expansion  coefficients 
M  is  decided  by  ntnerical  convergence  experiments. 


104 


Details  of  the  computational  aspects  are  fully  reported  in  [2]  where 
comprehensive  checks  with  existing  work  can  also  be  found. 

In  [2]  the  case  for  a  circular  cylinder  in  a  sea  of  finite  depth  is 
studied  for  the  effect  of  differing  depths  of  submergence.  In  this  paper 
we  report  the  results  for  the  same  cylinder  located  at  a  fixed  depth  below 
the  free  surface,  but  for  different  sea  depths.  The  choices  of  the 
geometry  are  made  solely  for  illustrating  the  numerical  technique  and  not 
for  physical  reality. 

In  particular,  we  let  the  center  of  the  cylinder,  of  radius  R,  be 

at  the  level  z  ■  -2R.  The  water  depths  are  taken  to  be  h  -  4R,  5R,  and  8R. 

The  calculated  range  of  velocities  is  such  that  the  Froude  number  based  on 

-1/2 

the  sea  depth  F  ■  U(gh)  is  0.2  <  F  <2.0.  The  choice  of  such  a  shallow 
submergence  is  made  so  as  to  provide  comparison  with  earlier  calculations 
for  infinite  sea  depth,  [1]  and  [3].  Violation  of  the  linearized  free 
surface  condition  is  expected  for  certain  range  of  F  and  will  be  discussed 
later.  In  Figures  2  and  3  are  shown  the  total  horizontal  wave  drag 
X  and  lift  Y  forces  calculated  from  the  total  potential  <f>  — 
by  Integrating  the  pressure  on  the  body 


(£) 


(5.2) 


We  note  first  that  for  supercritical  flows,  there  is  no  wave  far  down¬ 
stream  hence  the  wave  drag  X  vanishes.  For  subcrltical  flows  the  wave 
drag  approaches  a  finite  limit  as  the  critical  speed  is  reached  from  be¬ 
low,  F  •+•  1.  The  vertical  force  is  upward  for  low  subscritical  speeds  but 
downward  for  high  subcrltical  and  supercritical  speeds.  There  are  finite 
discontinuities  at  the  critical  speed. 

Fig.  4  plots  the  wave  amplitudes  far  downstream  for  subcrltical 
flows.  Except  for  very  low  Froude  numbers  the  amplitudes  are  very  large; 
this  is  due  to  the  bluntness  of  the  cylinder  and  the  shallow  submergence. 
For  a  streamlined  body  or  deep  submergence,  the  amplitudes  should  reduce 
to  within  the  realm  of  linearization.  The  singularity  at  F  •  1  where  the 
wavelength  is  infinite  can  only  be  remedied  by  a  nonlinear  analysis.  The 
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Figure  2  -  Normalized  Horizontal  Have  Drag 


Figure  4  -  Normalized  Wave  Amplitude 
Far  Downstream 


Figure  5  -  Normalized  Blockage  Constant 


reason  that  the  wave  drag  X  approaches  a  finite  constant  as  F  -*■  1  la  be¬ 
cause  Cg/C  -*•  1  as  can  be  verified  analytically  from  the  example  of  a  slender 
obstacle  on  the  sea  bed. 

The  blockage  constant  C  is  shown  in  Figure  5.  As  is  true  to  the 
name  it  bears,  the  blockage  constant  is  greater  for  larger  R/h.  Again 
there  is  a  singularity  at  the  critical  speed. 

In  all  these  calculation,  the  super-element  boundaries  S+  are  only 

R/2  from  the  cylinder.  Near  the  cylinder,  three-node  triangular  elements 
are  used,  the  size  of  which  is  less  than  one-tenth  of  the  wavelength  or 
of  the  cylinder  radius,  whichever  is  smaller.  At  great  depth  the  element 
size  can  be  somewhat  relaxed.  In  the  global  stiffness  matrix  the  bandwidth 
is  roughly  equal  to  the  number  of  nodes  on  a  vertical  line  (~  20  in  our 
calculations).  The  series  (3.S)  and  (3.6)  can  be  safely  truncated  after 
IS  terms.  For  one  value  of  the  Froude  number  the  CPU  time  is  about  10  sec 
on  the  1IM  370. 

We  have  not  worked  out  numerical  examples  involving  sharp  edges. 

The  treatment  of  a  sharp  leading  edge  is  similar  to  that  given  in  [4]  in 
a  different  context.  Since  the  treatment  of  a  sharp  trailing  edge  is 
similar  there  is  no  reason  to  believe  that  the  present  method  will  not 
succeed. 
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APPENDIX:.  THE  STATIONARY  FORM  OF  J,  Eq.  (3.9) 

After  the  usual  integration  by  parts,  the  first  variation  of  J  can 
be  arranged  as  follows  (with  the  obvious  integration  elements  dxds,  dx, 
ds  omitted). 


+  6*0 


-V>-f 

J  B 


+  \\  [1  -  <*«(*)]  (6*+  *+  -  *+  6*+)  -  |  |  [1  -  <x6(r)][6*  fx  -  f 


If  the  last  two  integrals  involving  *  are  identically  zero,  then  for 
arbitrary  6$  and  6<b±  the  vanishing  of  6J  implies,  and  is  implied  by, 
(2.2)  as  the  Euler's  equations  and  (2.3),  (2.4),  (3.10)  and  (3.11)  as 
the  natural  boundary  conditions.  We  now  prove  the  first  premise. 

Recalling  that  *  satisfies  Laplace  equation  exactly,  we  have  from 
Green's  formula 


0  -  (  (6*V*+  -  *+V26*+)  -  f  (6*V  -  *+  6*+)  -  f  +(4*V  -  *+  6*+) 

JD  Jv  z  z  Jb*  z  * 


*  ‘is;  "  is;K"+  ^  '  ** 


Ms  now  use  the  fact  that  $+  also  satisfies  0.3)  exactly,  so  that  the 
integral  along  B*  vanishes.  Using  (3.2),  integrating  by  parts  and  invoking 
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(3.4)  we  obtain 


J  -  -  ik  (-a(^+  C+  -  *+  6C+]^  +  a[6$+  *+  -  *+  6$+]p+  (A.3) 


Again  iron  the  radiation  condition,  we  have 


|  (  -  ik  J  t(6^»+  C+  -  $+  dC+) 


(A.  4) 


'  s 

+  + 

Substituting  (A.3)  and  (A. 4)  into  (A. 2)  we  get 

0  -  -  f  [1  -  ad(z)](6$+  "  <J>+  «<£>  "  Ik  f  [1  -  a6(z)](6<|>+  C.  -  <fr+  <SCJ 

Js+  *  *  Js^.  +  + 

(A.  5) 

Using  the  asymptotic  expression  for  $+  (cf.  (3.6))  it  follows  readily  that 


[1  -  a6(z)]$+(z) 


C+(h  -  a) 


(A.  6) 


whose  first  variation  leads  to  the  vanishing  of  the  second  Integral  in 
(A. 5).  Thus,  the  first  integral  in  (A. 5)  also  vanishes.  By  a  similar 
argument,  the  integral  along  S_  is  also  zero,  hence  6J  -  0. 

Although  this  proof  is  shorter  than  the  one  given  in  [2]  it  sheds 
leas  light  on  how  the  stationary  form  is  derived. 


Ill 
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ABSTRACT 

Existing  methods  of  calculating  cavity  flows  will  be  first  reviewed  for 
the  classical  case  of  steady,  plane  potential  flow  past  a  two-dimensional 
body  of  arbitrary  shape.  The  semi-analytical  method  of  solution  is  based 
first  on  the  conversion  of  the  original  boundary  problem,  expressed  in 
terms  of  a  known  theoretical  flow  model,  into  a  set  of  nonlinear  functional 
equations  of  the  Villat  ty  e,  for  which  a  number  of  numerical  methods  of 
solution  will  be  discussed. 

For  more  general  caaes  of  three-dimensional  cavity  flow  problems, 
or  when  the  effects  of  fluid  compressibility,  viscosity,  gravity,  and  flow 
unsteadiness  become  significant,  the  value  of  direct  numerical  methods 
appears  especially  appealing.  For  the  solution  of  these  problems  various 
singularity  methods,  finite -difference  methods,  and,  more  recently,  finite- 
element  methods  have  attracted  considerable  research  effort  directed 
towards  their  further  development.  Their  quantitative  evaluation  will  be 
discussed  from  the  standpoint  of  their  effectiveness  in  specific  situations 
that  may  be  problem -dependent. 

1.  Introduction 

The  free  streamline  theory  has  had  quite  a  colorful  history,  starting 
over  a  century  ago  with  the  pioneering  work  of  Helmholtz  (1868)  and 
Kirchhoff  (1869).  Its  introduction  had  a  great  significance  in  the  context  of 
resolving  the  classical  paradox  of  D'Alembert,  and  its  development  has 
been  much  stimulated  by  the  Increasing  demand  of  engineering  and  physical 
applications,  and  by  the  need  of  more  thorough  knowledge  essential  to  the 
studies  of  viscous  wakes.  The  mathematical  development  of  existence  and 
uniqueness  theory  forms  a  chapter  of  brilliant  achievement  of  its  own.  The 
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studies  along -these  lines  will  continue  to  be  of  principal  importance  in 
hydromechanics  and  mathematics. 

The  general  problem  of  cavity  and  wake  flows,  even  when  only  the 
inviscid  flow  outside  the  boundary  layer  and  the  ensuing  cavity-wake 
system  is  of  interest,  is  nevertheless  still  considered  as  one  of  the  most 
difficult  of  all  because  of  its  highly  nonlinear  nature  (though  in  the  recent 
past  linear  theory  has  been  developed  for  thin  or  slender  bodies  at  small 
incidences  to  flow).  Only  in  the  special  case  of  steady,  incompressible, 
plane  flows  can  the  powerful  tool  of  function  theory  be  fully  utilized.  In 
the  three-dimensional  case,  only  the  flows  with  axi  symmetry  are  simple 
enough  to  have  received  some  theoretical  development  by  resourceful 
applications  of  the  surface -singularity  method  or  certain  parametric 
continuation  in  space  dimensions.  In  these  limited  scopes  the  boundary- 
value  problem  in  potential  theory  can  be  solved  for  several  classes  of 
simple  body  shapes,  or  can  be  reduced  for  curved  bodies  to  certain  types 
of  functional  equations  that  have  permitted  some  notable  success  of  early 
numerical  effects. 

Coming  with  the  dawn  of  high-speed  computers  the  prospects  of 
solving  more  complex  cavity  and  wake  flow  problems,  including  considera¬ 
tion  of  such  effects  as  due  to  compressibility,  gravity,  surface  tension, 
viscosity,  etc.  have  become  much  enhanced.  From  the  numerical  stand¬ 
point,  quantitative  evaluation  in  any  particular  situation  is  to  a  large 
extent  problem-dependent,  on  account  of  the  great  variety  of  problems 
that  can  arise.  The  optimum  choice  and  necessary  development  of  a 
numerical  method  may  depend  on  (i)  the  space  dimensions  and  geometrical 
domain  in  question,  (ii)  the  differential  equation  and  boundary  conditions 
involved,  (iii)  any  preliminary  analysis  that  may  be  desired  to  simplify  the 
problem,  and  perhaps  also  other  factors.  In  the  working  level,  numerical 
efforts  have  several  aspects  in  their  objectives  regarding  the  calculation 
of  unknown  functions  and  functionals  that  may  arise  from  the  analysis,  and 
the  calculation  of  the  unknown  location  of  free  boundaries.  That  the  state 
of  the  art  is  not  a  simple  straightforward  matter  is  exemplified  by  the  case 
that  the  theory  of  unsteady  cavity  flow  still  remains  to  date  in  its  infancy. 

It  is  therefore  gratifying  to  observe  the  commencement  of  this  series 
of  International  Conferences  with  especial  reference  to  free-surface  flows 
and  related  viscous  flow  problems.  We  may  anticipate  them  to  play  a 
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significant  role  in  helping  push  forward  the  frontier  of  ship  hydromechanics 
and  numerical  mathematics.  Personally,  I  feel  most  appreciative  indeed 
of  this  privileged  opportunity  called  by  Mrs.  Joanna  Schot  to  take  on  this 
introductory  talk  on  cavity  flow  and  numerical  methods.  I  would  like  first 
to  discuss  the  classical  case  of  steady  plane  cavity  flows  with  its  theoretical 
and  experimental  background  and  related  numerical  methods.  For  more 
complicated  problems  the  value  of  finite -difference  methods  applied  directly 
to  the  field  equation  and  boundary  conditions  has  been  generally  recognized. 
Finally,  I  hope  to  say  a  few  words  about  the  finite -element  method  that  may 
be  useful  for  cavity  flow  evaluations. 

2.  Inviscid  cavity  flow;  the  free  streamsurface  theory 

The  inviscid  approximation  for  cavity  and  wake  flows  at  high  Reynolds 
numbers  is  based  on  the  assumptions  that  the  thin  viscous  layer  adjacent  to 
the  body  surface  and  cavity  boundary  may  be  neglected;  the  outer  flow 
enveloping  the  body,  cavity,  and  its  ensuing  wake  is  inviscid  and  irrotational; 
and  the  overall  manifest  of  the  far-wake  trailing  the  cavity  closure  may  be 
represented  by  a  suitable  theoretical  model.  Further,  any  intrinsic  unsteady 
motion  of  the  free  shear  layer  and  the  viscous  far-wake  that  can  generally  be 
attributed  to  certain  types  of  flow  instability,  such  as  fully  developed  turbu¬ 
lence  in  the  boundary  layer  or  shear  layer,  rolling  up  and  mixing  of  trailing 
vortices,  etc.  is  not  considered  since  only  the  mean  steady  flow  is  of  pri¬ 
mary  interest  unless  the  unsteady  cavity  flow  is  generated  by  time -dependent 
body  motions  and  disturbances  (of  body  scale)  in  the  basic  flow.  For 
completeness,  we  state  the  theory  including  the  last  general  case. 

Under  these  assumptions,  the  flow  has  a  velocity  potential  $(x,  t), 
satisfying  the  Laplace  equation 

=  0,  (1) 

and  the  prescribed  basic  flow  U(x,  t)  =  at  upstream  infinity.  The 
classical  boundary  conditions  are  as  follows. 

(i)  On  a  solid  body,  with  its  motion  prescribed  by  S{x,  t)  =  0, 


(ii)  On  a  free  boundary,  F(x,  t)  =  0  say,  the  kinematic  condition 
requires 

F  +  •  VF  =  0  on  F(x,t)  =  0.  (3) 

In  addition,  the  classical  dynamic  condition  assumes  the  pressure  to  be  a 
constant,  p  =  Pc  say,  on  F(x,  t)  =  0.  Hence  Bernoulli's  law  (neglecting 
the  effect  of  surface  tension)  gives 

j  Pc  +  ^  +  j  (V?)2  -  £  •  x  =  c(t)  on  F(x,  t)  =  0  (4) 

where  p  is  the  fluid  density  and  £  is  the  constant  gravitational  field, 
c(t)  being  independent  of  x.  Unless  for  problems  of  special  physical 
interest,  p^  is  assumed  to  be  the  minimum  pressure  of  the  entire  flow. 

(iii)  A  detachment  line,  at  which  the  cavity  surface  of  an  in  viscid 
flow  leaves  the  body,  may  be  either  fixed  if  it  is  at  a  pointed  corner  of  the 
body,  or  free  if  it  is  at  a  certain  (unknown  A  priori)  location  of  a  smoothly 
curved  body  surface.  The  classical  condition  for  the  determination  of  the 
free  -detachment  position  is  the  one  due  to  Brillouin  (1911)  and  Villat  (1914), 
which  requires  the  streamwise  curvature  of  a  free  surface  to  be  finite  at 
free  detachment.  This  is  the  Villat -Brillouin  condition,  originally  intro¬ 
duced  for  steady  plane  flows  and  may  be  extended  to  the  three-dimensional 
case.  It  is  primarily  based  on  the  following  mathematical  argument 
concerning  the  local  singular  behavior  of  the  free  streamline.  Either  the 
streamline  has  a  finite  curvature  at  detachment  if  it  detaches  from  a  cer¬ 
tain  point  Dj,  say  (see  Fig.  1),  on  a  given  body  of  a  continuous  positive 
curvature  at  D£  (+  or  -  sign  of  curvature  being  adopted  according  as  the 
body  surface  is  convex  or  concave  to  flow),  then  the  streamline  curvature 
is  continuous  across  D^,  or  the  free  streamline  has  a  positive  infinite 
curvature  if  it  detaches  at  D^1,  a  new  detachment  point  upstream  of  D^, 
but  it  would  have  to  cut  immediately  into  the  body.  On  the  other  hand, 
another  detachment  point  D^"  downstream  of  would  result  in  a  nega¬ 
tive  infinite  curvature  of  the  streamline  at  Dj",  thus  violating  the 
condition  of  pc  being  the  minimum  pressure  (see  curve  3  for  c^  in  Fig. 

1).  The  general  validity  of  the  Villat -Brillouin  condition,  as  viewed  both 
from  comparison  with  experiment  and  from  the  boundary -layer  calculation 


116 


Fig.  1.  A  schematic  drawing  of  the  curvature  k  and  pressure  coefficient 

C  along  a  curved  body  surface  and  three  detached  streamlines,  measured 
P 

by  arc  length  s. 


based  on  the  inviscid  pressure  distribution,  is  a  most  important  issue  in 
cavity  flow  theory  and  should  require  careful  examination.  We  shall 
return  to  this  point  at  a  later  stage. 

For  finite  cavities  and  wakes,  it  is  further  necessary  to  introduce 
in  the  framework  of  potential  theory  a  specific  flow  model  for  an  adequate 
representation  of  the  turbulent  far-wake  so  as  to  admit  the  cavity  under¬ 
pressure  -coefficient  (known  as  the  cavitation  number)  or,  equivalently, 
the  cavity  size  (relative  to  body  dimension)  as  a  free  parameter.  In  the 
present  state  of  the  art,  application  of  cavity  flow  theory  must  require 
the  specification,  by  experimental  measurement,  of  the  cavitation  number, 

=  (p»  -  Pc^i  pu2  (5) 

where  is  a  reference  pressure  of  the  free  stream,  usually  taken  as 
the  pressure  at  infinity  if  p  is  uniform.  A  far-reaching  objective  is  to 
establish  a  valid  relation  between  cr  and  some  known  flow  parameter. 
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such  as  the  Reynolds  number  based  on  the  free  stream  velocity  U  and 
a  characteristic  body  dimension  f ,  so  that  no  experimental  measurement 
will  be  routinely  required  in  applying  the  theory.  Though  this  aim  has 
attracted  considerable  interest  (see,  e.  g.  Roshko  Si  Fiszdon  1967),  such  a 
general  relationship  for  bodies  of  arbitrary  shape  is  still  far  beyond  reach 
and  this  most  important  problem  remains  to  call  for  further  challenging 
effort. 

There  are  several  cavity  flow  models  in  common  use,  all  of  which 
contain  some  sort  of  artifice  in  order  to  account  for  the  momentum  defect 
in  the  viscous  wake,  or,  equivalently,  the  energy  loss  due  to  dissipation. 
(It  should  be  noted  that  from  the  standpoint  of  potential  flow,  conservations 
of  mass,  momentum,  and  energy  are  related  to  each  other  in  a  unique 
manner. )  Since  their  description  is  well-known  (see  e.  g.  Wu  19721  we 
need  only  remark  on  some  of  the  most  commonly  used  models  with  direct 
extension  to  curved  bodies,  which  are  shown  in  Fig.  2.  Generalization  to 
the  three-dimensional  case  is  immediate. 


<0)  RIAB0UCHIN5KV  IMAGE  MODEL 


(b)  OPEN  -  WAKE  MODEL 


(Cl  RE-ENTRANT  JET  MODEL 


(SI  CUSPEO  WAKE  MOOEL 


Fig.  2.  Potential -flow  models  for  arbitrary  body  with  a  finite  cavity  or 
wake  bubble,  referred  to  the  physical  plane. 


1.  The  Riabouchinsky  image  model.  —  For  lifting  flows  it  is  more 
appropriate  to  have  the  image  body  symmetric  with  respect  to  a  central 
point  rather  than  to  a  centerplane  normal  to  the  free  stream,  for  in  the 
latter  case  it  would  imply  a  nonzero  circulation  around  the  body-cavity 
system  which  lacks  a  physical  basis. 

2.  Open-wake  model.  —  The  open  strip  (or  duct)  trailing  the  cavity 
(or  near -wake)  models  the  actual  viscous  far-wake  of  constant  momentum 
thickness,  whether  the  near-wake  'cavity'  consists  of  a  fluid  of  different 
or  the  same  density  as  in  the  surrounding  flow. 

3.  The  reentrant -jet  model.  —  The  loss  of  mass  carried  away  by 
the  reentrant  jet  provides  an  alternative  account  for  the  removal  of 
momentum  and  flow  energy,  even  though  the  ensuing  wake  appears  to  have 
a  'negative'  width. 

4.  Cusped-wake  model.  —  This  model  may  be  useful  for  representing 
ventilated  or  pressurized  cavities. 

5.  Single -spiral -vortex  model.  —  It  may  be  pointed  out  that  this 
model,  which  was  proposed  by  Tulin  (1964),  has  a  physical  interpretation 
equivalent  to  placing  two  backward -facing  point  forces,  one  each  at  the 
points  c  and  c'  of  the  depicted  open-wake  model,  causing  a  finite  abrupt 
turn  in  direction  of  the  free-streamsurface. 

There  are  still  other  cavity  flow  models  that  can  represent  finite 
cavities.  All  of  these  models  yield  nearly  the  same  hydrodynamic  force 
on  a  given  body  when  the  cavity  is  sufficiently  long,  for  they  all  reduce  to 
the  classical  model  of  Helmholtz -Kirchhoff  for  infinite  cavities  as  the 
cavitation  number  a  -*-0.  Only  in  the  case  of  thin  bodies,  especially  when 
the  cavity  becomes  rather  short  and  when  the  flow  is  further  constrained 
(such  as  by  side  walls)  do  they  appreciably  differ  from  each  other. 

Including  this  range  of  high  resolution  between  different  flow  models,  Wu, 
Whitney,  fit  Brennen  (1971)  have  conducted  a  critical  examination  of  the 
accuracy  of  the  first  three  models  mentioned  above  in  predicting  the 
pressure  distribution  on  the  body  and  the  resultant  force.  As  shown  in 
Fig.  3  for  a  wedge  of  total  vortex  angle  of  30°,  with  base  width  i,  situated 
symmetrically  inside  a  straight  water  tunnel  of  spacing  h,  the  prediction 
of  the  Riabouchinsky  model  is  typically  superior  of  the  three  investigated 
(the  overestimate  of  the  other  two  models,  by  about  10%  in  this  case,  is 
not  shown).  This  particular  result  is  of  significance  for  it  provides  a 
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refined  assessment  of  the  theoretical  models  and  may  aid  the  choice  of  a 
flow  model  for  theoretical  and  numerical  calculations  under  various 
circumstances. 


<r 


Fig.  3.  Drag  of  a  30°  wedge  cavitated  in  a  closed  water  tunnel  (Wu, 

Whitney  &  Brennen  1971).  Theory:  Riabouchinsky  model  - ;  choked- 

flow  line,  -  -  l  /h  =  wedge-base  width/tunnel  spacing. 

Once  the  model  is  adopted,  the  mathematical  problem  becomes 
definite.  These  potential-flow  problems  are  generally  difficult  to  solve 
on  account  of  their  nonlinear  nature  arising  from  the  nonlinear  free- 
surface  conditions  and  the  unknown  location  of  the  free  boundary.  In  the 
special  case  of  steady,  plane  flows,  however,  the  powerful  technique  of 
generalized  conformal  mapping  and  complex  function  theory  can  be  effected 
to  yield  for  curved  bodies  *  set  of  functional  equations  of  the  Villat  type. 
From  these  equations  the  exact  solution  is  readily  obtained  for  the  simple 
case  of  an  inclined  flat  plate  (in  unbounded  flow),  since  the  integrations 
are  then  elementary  (see  Wu  1962).  Similarly,  the  problem  for  a  polygonal 
body  can  be  reduced  to  a  nonlinear  algebraic  one  (see  e.  g. ,  Wu  &  Wang 
1964a)  which  can  also  be  resolved  by  standard,  e.  g.  the  Newton -Raphson 
method.  These  exact  solutions  are  of  fundamental  value  not  only  in  their 
own  rights,  but  also  in  such  useful  role  as  to  provide  effective  initial 
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approximations  for  iterative  calculations  for  curved  bodies.  In  the 
general  case  of  curved  bodies  of  arbitrary  shape  we  have  seen  in  recent 
development  several  numerical  methods  demonstrating  successful  calcula¬ 
tions  of  the  exact  solution  in  typical  cases,  which  we  are  to  discuss  next. 
Before  doing  this  we  may  also  point  out  that  the  Villat  functional  equation 
further  provides  a  powerful  basis  for  studies  of  existence  and  uniqueness 
theory  (we  refer  such  discussions  to  the  text  by  Birkhoff  &  Zarantonello 
(1957)  and  Gilbarg  (I960)). 

3.  Steady  plane  flows;  the  Villat  functional  equation  method 

The  general  problem  of  primary  interest  is  for  a  steady,  incompress 
ible,  two-dimensional  potential  flow,  in  the  physical  plane  z  =  x+ly,  past  a 
piece -wise  continuously  curved  body,  with  its  wetted  boundary  given 
parametrically  by 

x  =  x(s),  y  =  y(s)  (0  <  s  <  S),  (6) 

where  s  is  the  arc  length  along  the  body  surface,  running  from  point  A 
to  point  B  (see  Fig.  2).  This  boundary -value  problem  is  in  general 
effectively  expressed  in  terms  of  a  parametric  (  =  £  +  it)  plane,  so  that 
the  flow  region  is  mapped  conformally  into  the  lower  half  of  the  (-plane, 
with  the  wetted  body  surface  mapped  onto  (-1  <  £  <  1,  q  =  0),  the  stagnation 
point  at  the  origin  (  =  0,  and  the  cavity  boundary  onto  ( j£  |  >  1,  tj  =  0). 

The  solution  is  first  sought  in  the  parametric  form:  f  =  f((),  w  =  u((), 
where  f  =  <p  +  ty  is  the  complex  potential,  w  =  df/dz  =  u  -  iv  the  complex 
velocity,  and 

a)  =  log  (qc/w)  =  t  +  i®,  t  =  log  (qc/ |w  |),  e  =  tan_1(v/u) 

(7) 

is  the  logarithmic  hodograph  with  reference  to  the  constant  flow  speed, 
qc>  on  the  cavity.  Since  the  function  analysis  for  different  cavity -flow 
models  is  quite  similar,  it  suffices  to  demonstrate  the  method  specifically 
for  the  Riabouchinsky  model,  which  is  shown  in  Fig.  4.  (For  the  solution 
in  terms  of  other  models,  see  Wu  1972). 

Based  on  the  Riabouchinsky  model,  the  mapping  f  =  f(()  can  be 
directly  written  down,  according  to  the  generalized  Schwarz -Christoffel 
theorem  (see  Gilbarg  1949),  as 
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Fig.  4.  Conformal  mappings  between  the  physical,  complex  potential  and 
the  parametric  planes  for  the  Riabouchinsky  model. 

df/d£  =  Ai(t  -  40)'3/2(4  -  l0)'3/Z  (8) 

where  A  is  a  real  constant,  corresponds  to  f  =  co,  and  is  the 
complex  conjugate  of  The  boundary  conditions  for  <4t)  =  t(£,ti)+  i0(|,  r|) 

are  given  by 


fl(e.O-)  =  vH(-g)+  P(s(4)) 

(-i  <  e  <  i), 

(9) 

T(I.O')  =  0 

del  >  i). 

(10) 

where  H(-g)  denotes  the  Heaviside  step  function,  p(s)  =  tan~^[y'(s)/x'(s)], 
the  primes  denoting  differentiation.  The  solution  of  this  Riemann*  Hilbert 
problem  is  readily  obtained  as 

<*><;)=  «-0(u  +  <*>!<;)  .  (in 

<-Q(t)  =  log  {[i  +k;2-  D1/2j/t) .  (i2) 
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where  p(£)  =  p(s(g)),  the  function  (4  -  1)  is  analytic  in  the  cut  (between 
-1  and  1)  4 -plane. 

The  physical  plane  is  now  given  by  the  quadrature 

*u>  =  %  § ^  a£  dt  •  (I4) 

The  arc  length  s(£)  along  the  body  surface  (with  a  proper  account  of  the 
branch  cut)  is 

s(e)  =  en€>  v(4:t0)d4  (-1<£<1),  (15) 


where 


v(e;t0)  =  a-1  exp  [Wo(e  -  io)](df/de>. 


The  integral  in  (16)  assumes  its  Cauchy  principal  value.  The  total  arc 
length  is  specified  by 

S  =  s(l).  (18) 

Further,  the  velocity  condition  at  z  =  *  ,  or  4  =  !>0>  requires  that 

«<40)  =  log  (qc/U)  +  io  =  j  log  (1  +  a)  +  ia,  (19) 

where  a  is  the  incidence  angle  of  the  chord  AB,  and  r  is  the  cavitation 
number.  Finally,  we  state  the  Villat-Brillouin  condition  for  free  detach- 
aent,  if  it  takes  place,  as 


dw/d4 -*0  as  4  -*•  1  and/or  4~*-l, 


whichever  (one  end,  both  ends,  or  neither)  is  applicable. 
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Equations  (15)  and  (19)  may  be  symbolically  written  as 

s(|)/X  =  (8(4));  40]  (-1  <  |  <l,A=A/qc)  (21) 

(l-Kt)1/2elQ  =  £  2[p  <s(£));  ;Q]  ,  (22) 

where  JJ  j  and  £  ^  stand  for  the  same  (nonlinear)  integral  operators  as 
given  explicitly  in  (15)  and  (19).  At  this  stage  we  note  that  for  the  so-called 
'inverse  problem',  defined  by  prescribing  the  quantities 

P*  (p(£);  A/qc,  40  }  (-1<4<1),  (23) 

the  solution  is  completely  determined  by  (15)  -  (19)  provided  A  >  0,  and 
-ir  <  arg  t,o  <  0.  On  the  other  hand,  for  a  physical,  or  direct  problem,  with 
the  prescribed  quantities 

P  {p(s);  a,  a,  S}  (0  <  s  <  S),  (24) 

equations  (21)  and  (22)  form  two  coupled  nonlinear  functional  equations 
which  are  of  the  Villat  type.  The  operators  e£j  and  provide  the 
functional  transformations  of  s(£)  and  into  the  left-hand  side  members 
of  (21)  and  (22),  s(|)  and  being  the  fixed  points  of  the  transformation. 
There  are  several  numerical  methods  especially  developed  for  calculating 
the  Villat  equations  (21)  and  (22),  which  we  shall  proceed  to  discuss. 

3.  1.  The  discrete -curvature  iteration  method.  —  The  first  successful 
calculations  of  free  surface  flows  past  curved  bodies  were  carried  out  by 
Brodetsky  (1923)  for  the  plane,  unbounded,  infinite -cavity  flow  past  circular 
and  elliptical  arcs.  His  method  is  based  on  a  trigonometric  interpolation 
(in  the  Levi-Civita  parametric  plane)  of  the  functional  equations  involving 
the  curvature  of  the  body  surface  (which  can  be  derived  from  (21)  by 
differentiation);  this  method  was  later  extended  by  Birkhoff  et  al.  (1953, 
1954).  We  refer  the  details  to  the  well-documentated  literature  (Birkhoff 
fic  Zarantonello  1957,  Gilbarg  1960),  leaving  some  general  trends  of  thought 
to  be  presented  in  a  later  discussion  (J  3.  4)  of  a  further  modified  method 
that  can  be  applied  to  treat  asymmetric  curved  barriers  with  a  finite  cavity 
formation. 
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3.  2.  The  tingle -loop  integral-iteration  method.  —  Instead  of  dealing  with 
the  functional  equation  involving  the  curvature  function,  Wu  fc  Wang  (1964a) 
proposed  to  calculate  directly  the  arc -length  function  s(£),  for  the  given 
parameters  (24),  from  the  functional  equation  (21)  and  (22)  by  the  following 
'single -loop'  iterative  scheme 

;<«> ,  (25) 

<lw)1/2el*  »  <l,li  (.'“’(Sll;  ]  (26) 

c*  o  o 

In  (26),  may  be  suitably  factored  out  for  relatively  simple  and  effec¬ 
tive  calculations  so  that  both  s^n+^(£)  and  can  be  computed 

simultaneously  for  each  of  n  =  1,  2, . . .  .  For  instance,  replacing 
by  w0(^n+1)).  and  Wj(£o)  ln  (*9)  to  obtain  (26)  is  an  adequate 

choice,  according  to  our  experience.  This  scheme  of  iteration  by  dealing 
directly  with  the  arc-length  function  has  an  advantage  (e.  g.  over  the 
curvature  functional  equation)  in  the  calculation  of  A’  ,  which  is  determined 
at  each  step  by  just  setting  s^(4l)  =  S.  If  a  different  (such  as  the  curvature) 
function  is  adopted  for  calculation,  it  may  require  an  additional  iterative 
equation  for  X. 

For  flows  with  fixed  detachment  the  rate  of  convergence  of  this  itera- 
tion  scheme  depends  on  the  mean  square  of  P(s)  (of  which  A  is  a  monotone 
function),  the  values  of  a  and  a ,  the  initial  approximate  solution  s^0^(£) 
and  and  the  size  and  distribution  of  integration  intervals.  Generally 

speaking,  the  rate  of  convergence  becomes  slower  for  smaller  a  and  o, 
especially  for  thin  and  highly  curved  bodies.  The  limiting  case  of  a  ■*  0 
is  best  reached  by  extrapolation  of  the  numerical  results  for  positive  small 
values  of  a.  Our  own  experience  indicates  that  the  rate  of  convergence 
is  invariably  enhanced  by  an  averaged  iteration,  as  suggested  by  Birkhoff 
et  al.  (1954),  with  a  'relaxation  parameter'  <,  such  that 

*  *  «(n,(D  +  (!-«)*  ^'^(S)  (0<«<1),  (27) 


+  (l-«) 


(n-1) 

n  9 


(28) 
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with  s|n\  replacing  s^  and  in  (25)  and  (26)  in  each  iterative 

step.  The  optimum  value  of  « ,  by  numerical  experiment,  was  not  always 
far  from  0.  3.  In  this  manner  the  method  has  exhibited  convergence  in  all 
the  cases  tried.  A  typical  example  is  for  an  inclined  circular  arc  hydro¬ 
foil  of  16°  arc  angle.  For  each  prescribed  a  and  a,  the  computation 
(based  on  the  open-wake  model)  was  performed  with  320  integration 

_  4 

intervals  and  a  relative  error  required  of  s(|)  and  less  than  10  , 

taking  about  30  sec.  on  the  older  IBM  7090  computer.  The  corresponding 
result  for  the  lift  and  drag  coefficients,  and  C^,  is  shown  in  Fig.  5 

together  with  the  experimental  data  of  Parkin's  (1958). 


Fig.  5.  Lift  and  drag  coefficients  of  an  inclined  circular  arc  hydrofoil  in 
cavity  flow. 

For  the  case  of  flows  with  free  detachment  of  the  cavity  boundary,  it 
is  convenient  to  start  from  a  fixed -detachment  configuration  and  extend  the 
wetted  body  surface  outward,  on  one  or  both  sides,  until  the  free -detach¬ 
ment  condition  (20)  is  satisfied. 
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3.  3.  Double -loop  Integral -iteration  method.  —  In  executing  the  above 
single-loop  iterative  scheme,  it  was  found  that  s^(4)  generally  converges 
considerably  faster  than  4^,  and,  on  the  other  hand,  the  computation  of 
s^n\£)  from  (25),  which  involves  a  double  integration,  requires  much 
longer  time  than  that  of  (26)  for  4^n'  ,  which  has  only  a  single  integration. 
This  observation  led  Wu  b  Wang  (1964b)  to  propose  an  approximate  method 
of  iterating  s^(£)  and  4^  at  different  levels  that  has  been  further 
refined  by  Furuya  (1975).  The  refined  'double -loop'  iterative  scheme  may 
be  expressed,  in  place  of  (25)  and  (26),  as 

s(n+l)(£)/A(n+1)  =  j[p  (s(n)(4));  t^m>]  ,  (29) 

(l  +  p)1/2eio  =  (s(n)(|));  ;|)m+1)]  .  (30) 

In  words,  (29)  provides  the  iteration  on  s^n^(|),  in  n,  with  all  the  explicit 
kept  fixed,  and  (30)  is  used  for  calculating  by  keeping  s*n* 

fixed.  Since  in  the  latter  problem  (30)  becomes  a  set  of  two  real  non¬ 
linear  algebraic  equations  for  two  real  unknowns,  and 

(the  real  and  imaginary  parts  of  40^m+^).  they  can  be  solved  by  Newton's 
iterative  method  or  an  accelerated  iterative  scheme  (see  in  §  3.  4).  Thus, 
the  iterative  computations  of  s^n'(£)  and  4[,m^  are  separately  executed 
around  two  different  loops.  These  iterations  must  both  converge  if  the 
corresponding  single-loop  scheme  converges,  since  the  process  (29) 
implies  the  case  of  the  given  body  at  certain  unspecified  (a,  a),  whereas 
(30)  implies  a  certain  unspecified  body  held  at  given  (a,  o). 

In  fact,  the  rate  of  convergence  of  this  scheme  has  been  found  much 
superior  to  the  single -loop  method  in  all  the  cases  tested.  For  the  same 
problem  of  16°  circular  arc,  Wu  b  Wang  (1964b)  held  n  =  1,  after  using 
the  flat-plate  solution  for  s^  and  4^°\  iterated  until  its  relative 

error  was  less  than  10*3,  and  obtained  and  Cp  within  the  same 

accuracy,  which  is  remarkably  good,  while  the  saving  in  machine  time 
was  as  high  as  by  90%  of  that  used  in  the  single -loop  calculation!  The 
high  efficiency  of  this  method  has  made  several  complex  problems  tractable 
to  Furuya  (1975),  who  will  discuss  further  aspects  of  the  method  later  in 
this  session. 


3.  4.  The  parameter -iteration  method.  —  Thi#  method  is  proposed  here 
as  a  further  modification  (and  simplification)  of  the  original  Brodetsky 
(1924)  method.  First,  we  use  the  Chebyshev  polynomial  approximations 
to  the  shape  function  p(£),  of  the  form 

N 

PU)  =  F  *nc°»  “X  +“  U  =  cos  X>  (31> 

n«l  2  < 

where  all  the  coefficients  are  real.  Then,  by  (16), 

n 

N 

r(5)  =  -  F  aft  sin  nx  (32) 

n=l 


Substitution  of  (32)  in  (15)  expresses  s(5)  in  terms  of  the  discrete  param¬ 
eters  a  and  L  .  Further,  by  the  Fourier  inversion, 
n  o 


a  =  —  C  p  (s(£))  cos  nx  dx  (n  =  0,  1,  2,  .  .  .  N) 
n  it  j 


=  Fn+l^ao*  ai*,‘-  aN'  8ay 


N'  ’o  o’ 


(33) 


in  which  the  last  expression,  in  terms  of  a  nonlinear  function  of  the  param¬ 
eters  a  and  4  =  4  +  in  ,  results  from  substituting  (15)  and  (32)  for 

n  o  o  'o 

s(|)  in  P(s(|))  of  the  above  integrand.  Similarly,  substituting  (31)  in 
(13),  we  may  rearrange  (19)  and  separate  its  real  and  imaginary  parts  to 
express  the  result  in  the  form 

$o  =  FN+2(an*  ^o’%)'  %  =  FN+3(an'  ^o,t*o)'  (34) 

Equations  (33)  and  (34)  can  be  combined  into  a  single  equation  in  vector 
form 

b  =  F(b),  (35) 


where 


b  =  (»0,alf.  *.aN,  iQ,  r\0)  =  (bi’b2”  •,bN+2’  bN+3^' 

F  =  (Fj,  F2,  . . .  FN+3). 
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(36a) 

(36b) 


The  original  functional  equations  (21)  and  (22)  are  thus  approximated  by 
the  nonlinear  vector  equation  (35)  of  N+3  dimensions. 

There  are  several  numerical  methods  for  solving  (35)  by  iteration. 

One  of  these  is  Newton's  method  (see,  e.  g.  Isaacson  k  Keller  1966,  p.  113): 

b(v+l)  _  b(v(  _  j-  .  F(b(v))],  (37) 

where  J‘*(b)  is  the  inverse  of  the  square  matrix 


J (b)  s  (6^  -  aF.(b)/8b.), 


6^  being  the  Kronecker  delta  symbol.  Success  of  this  method  obviously 
requires  that  J(b)  be  nonsingular  at  the  root  of  equation  (35).  When  this 
is  the  case,  the  convergence  of  Newton's  method  is  quadratic  since  JF(b) 
is  seen  to  be  at  least  twice  differentiable.  Uniqueness  of  the  solution,  in 
the  case  of  cavity  problems,  is  perhaps  implied  by  the  uniqueness  theory 
of  the  Villat  equations  (21)  and  (22),  which  has  been  extensively  discussed 
in  the  literature. 

Another  applicable  method  is  the  'accelerated  iterative  scheme' 
discussed  by  Isaacson  &  Keller  (1966,  p.  120): 

l(v+1)  .(V)p  j.  (1  .  /;-!■>  Mill 


=  Yj  F.<k  )  +  (J  -  Yj  >  bj  (j  =  1.2,...  N+3), 


where  yj  ’  ar®  the  'acceleration  parameters',  for  which  the  optimum 
choice  is 

y!W)  =  l/J;;(b<V)).  (40 


Jjj  being  the  j-th  diagonal  element  of  the  matrix  J  defined  by  (38).  This 
procedure  seems  to  be  somewhat  simpler  than  Newton's  method,  since  at 


each  \-th  step  we  need  only  evaluate  the  (N+3)  partial  derivatives, 
rather  than  the  whole  matrix  J. 


aF./ab., 
3  3 


This  parameter -iteration  scheme  has  not  yet  been  tried  out,  though 
it  seems  already  very  plausible.  Whether  it  is  more  efficient  than  the 
double-loop  integral-iteration  scheme  also  remains  to  be  examined. 
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4. 


Three-dimensional  cavity  flows 

Primarily  due  to  the  great  mathematical  difficulties  the  development 
of  three-dimensional  cavity  theory  has  been  largely  limited  to  the  axisym- 
metric  case.  Before  we  proceed  to  discuss  the  direct  numerical  approach, 
it  is  in  order  to  mention  the  following  numerical  methods  that  have  proved 
to  be  useful  for  calculating  axisymmetric  cavity  flows. 


4.  1.  Trefftz's  integral -equation  method.  —  Using  Green's  theorem  for  the 
axisymmetric  velocity  potential  0(x,  r),  Trefftz  (1916)  derived  the  following 
integral  equation  for  0: 


0(s) 


■S 


G(s,  t)  0  (t)dt  +  f(s) 


(s  on 


ri+rv 


(41) 


ri+r2 


G(s,  t)  =  r(t)3*(s,t)/ant,  »(s,t)  =  (2/irr  j)K(k),  (42) 

ri  =  (X8  *  Xt)2  +  (rS  +  rt)2>  k2  =  4rSrt/ri  ’  (43) 


where  s  and  t  denote  the  arc  length  along  the  body  surface  Tj  and 
cavity  boundary  r?  in  a  meridian  plane,  (x  ,  r  ),  (x  ,  r  )  denote  the 
position  vectors  of  any  two  points  on  Tj+  r (t)  =  rt>  K(k)  denotes  the 
complete  elliptical  integral  of  the  first  kind,  and  f(s)  is  a  fixed  function 
of  s.  The  problem  is  to  determine  the  shape  of  r^,  and  hence  implicitly 
the  kernel  G(s,t),  so  that  0(s)  satisfies  (41)  under  the  constant  pressure 
condition  90/8 s  =  qc  on  I"^.  Thus  by  this  method,  calculations  of  the 
flow  field  in  a  three-dimensional  space  is  reduced  to  that  along  the  bound¬ 
ary  of  one  dimension,  much  the  same  as  the  integral  equation  method  for 
plane  flows. 

Trefftz  computed  0(s)  for  a  jet  issuing  from  a  circular  orifice  in 

a  plane  by  an  iterative  scheme,  finding  the  jet  contracting  coefficient 

C  =0.  61.  In  the  numerical  calculations  it  has  been  noted  that  extreme 
c 

refinement,  near  detachment  in  particular,  is  essential  to  accuracy. 

4.  2.  Surface -singularity  method.  —  The  method  of  distributing  sources 
over  the  body  and  cavity  surfaces  has  been  applied  to  different  problems 
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(Shiffman  &  Spencer  1951,  Salamotov  1959).  It  has  been  extended  by 
Struck  (1970)  to  include  non-axisymmetric  source  distributions  for 
treating  axisymmetric  bodies  at  small  incidences,  with  the  cross-flow 
component  linearized.  The  resulting  integral  equation,  which  is  similar 
to  Trefftz's  equation,  and  the  finite  cavity  shape  were  determined  by 
iteration.  At  a  =  0  (infinite  cavity)  his  drag  coefficient  of  the  disk  (normal 
to  flow)  is  Cjj(0)  =  0.  83,  and  for  the  sphere,  0^(0)  =  0.  31,  with  the  free- 
detachment  at  an  arc  angle  0s  =  57°  from  the  front  stagnation  point. 

It  is  also  possible  to  represent  the  axisymmetric  body-cavity 

boundary  by  a  surface  distribution  of  vortex  rings.  This  approach  has 

been  adopted  by  Hunt  (1968)  to  obtain  an  integral  equation  for  the  Trefftz 

jet  problem,  which  was  solved  numerically,  with  the  jet  boundary  adjusted 

by  trial  and  error  until  the  surface  velocity  farthermost  from  the  orifice 

was  essentially  constant  (with  the  maximum  error  less  than  +  0.015). 

Hunt  noted  that  surface  velocities  were  extremely  sensitive  to  very  small 

changes  in  shape  and  position  of  the  free  streamline,  near  the  orifice  in 

particular,  which  is  typical  in  all  free  surface  flows.  For  vanishingly 

small  orifice -to -tank  area  ratio,  his  result  for  the  contraction  coefficient 

is  C  =  0.  578. 
c 

4.  3.  Stream -function  method  —  For  axisymmetric  flows  in  a  space  of 
(«  +  2)  >  2  dimensions,  the  stream  function  ^(x,  r)  satisfies  the  equation 

*xx  +  *rr  '  «Vr  =  °’  (44) 

where  r  is  the  radial  coordinate  normal  to  the  x-axis  of  symmetry. 

For  an  axisymmetric  cavity  flow  in  this  space,  r;€ )  satisfies  the 

condition  =  0  on  the  body  surface  Tj  (a  line  in  the  meridian  plane)  and 
r"*  84i/dn  =1  on  a  free  boundary  )•  For  this  class  of  problems 
Garabedian  (1956)  developed  a  new  method  in  which  (x,  r;  <  )  is  assumed 
to  be  a  regular  function  of  «  in  the  half  plane  Re(« )  >  -  1  so  that  the 
solution  may  be  continued,  analytically  in  « ,  to  arbitrary  dimensions. 

By  expanding  about  the  corresponding  plane  flow  ^Q(x,  y)  =  tj<(x,  r;0), 
where  y a  r,  in  a  power  series  in  6  =  */(s+2)  within  the  circle  of  conver¬ 
gence  1 6  |  <  1,  the  required  solution  in  the  physical  case  is  then  4<(x,  r;l) 
corresponding  to  6=1/3.  With  the  aid  of  numerical  computation  and 
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extrapolation  in  the  dimension  parameter  c ,  Garabedian  provided  for 

the  circular  disk  in  infinite  cavity  flow  the  drag  coefficient  =  0.  827, 

and  for  the  circular  orifice  jet  the  contraction  coefficient  C  =  0.  579. 

c 

5.  Finite -difference  methods 

The  relaxation  or  finite-difference  approach  was  first  used  by 
Southwell  and  Vaisey  (1946)  to  evaluate  a  number  of  free-surface  flows, 
including  the  axisymmetric  jet  from  an  orifice,  the  cylinder  and  sphere 
with  a  cusped  cavity,  and  a  two-dimensional  planing  surface  under  gravity. 
In  these  calculations  the  5-point  formula  was  adopted  for  the  finite 
difference  approximation  to  the  equation  (44)  (with  i  =  1)  for  the  stream 
function.  The  principal  difficulty,  as  also  later  experienced  by  other 
authors  in  computing  all  free-surface  flows,  is  that  the  shape  and 
asymptotic  position  of  the  free  boundary  must  be  adjusted,  essentially 
by  trial  and  error,  in  successive  steps  of  computation.  To  achieve  a 
uniformly  small  error  it  is  usually  necessary  to  refine  the  mesh  size 
carefully  in  a  neighborhood  of  the  detachment  point.  By  this  method 
Southwell  and  Vaisey  obtained  for  the  jet  problem  a  contraction  coefficient 
of  Cc  =  0.  608,  which  agrees  with  the  result  given  by  Trefftz  and  by 
Abul-Fetouh  (1949)  who  also  employed  the  finite -difference  method,  but  is 
noticeably  higher  than  the  value  of  Garabedian' s  and  Hunt's,  who  used 
different  methods. 

In  respect  to  special  handling  of  the  free  surface  configuration, 
corner  discontinuities,  and  the  asymptotic  flow  field  the  contribution  of 
Brennen  (1969),  who  treated  the  axisymmetric  finite -cavity  flows  past  a 
circular  disk  and  sphere  by  the  finite -difference  method,  is  noteworthy. 

In  his  theory  the  Raibouchinsky  model  is  adopted  for  its  advantageous 
symmetry,  and  the  velocity  potential  ^  and  stream  function  4*  are  taken 
as  the  independent  variables  so  that  the  flow  boundaries  become  known 
straight  lines  in  the  (^,41)  plane.  Although  the  basic  equation: 

92(log  f)/a02  +  82f/04,2  =  0,  (45) 

2 

where  f  =  r  (the  square  of  the  radial  variable),  is  now  nonlinear,  but  it 
is  of  little  disadvantage  in  numerical  methods.  Further,  careful  handling 
of  the  critical  regions  near  the  stagnation  and  detachment  points  was 
provided  by  imbedding  series  expansions  of  the  local  solution.  An 
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asymptotic  form  of  the  solution  was  also  applied  on  the  upstream  boundary. 
These  aspects  of  careful  preparation  for  the  use  of  relaxation  method 
should  rule  out  several  possible  sources  of  error  in  the  numerical  result 
that  may  be  speculated  in  other  instances.  Brennen  applied  the  relaxation 
calculations  to  the  basic  equations  in  a  quadrant  of  the  flow  bounded 
laterally  by  concentric  cylinders  of  different  sizes,  the  unbounded -flow 
case  being  reached  by  extrapolation,  with  the  maximum  error  in  f 
estimated  to  be  less  than  0.  5  per  cent.  His  disk  drag  coefficient  at  a  =  0 
is  Cq  =  0.  826,  which  is  in  agreement  with  Garabedian's  0.  827.  For  the 
sphere  with  an  infinite  cavity,  Brennen  obtained  a  value  of  =  0.  317, 
and  a  free  detachment  at  0g  =  56  ,  which  are  in  close  agreement  with 
Struck' s  results. 

These  consistent  theoretical  predictions,  however,  are  at  variance 

with  the  experimental  observations.  The  measured  sphere  drag  by 

Eisenberg  &  Pond  (1948)  and  Hsu  &c  Perry  (1954),  when  extrapolated  to 

o  =  0,  has  a  mean  of  a  0.  25,  which  is  considerably  smaller  than  the 

predicted  value  of  0.  31.  In  addition,  the  measured  separation  position 

lies  invariably  downstream  of  the  predicted  free -detachment  point.  For 

5 

instance,  at  o  =  0.  1  and  the  Reynolds  number  10  ,  the  experimental 

result  is  6  =  82°,  versus  the  theoretical  value  of  9  s  58°.  These 
s  s 

evidences  all  indicate  the  importance  of  the  viscous  effect  on  the  process 
of  separation  from  curved  bodies,  and  hence  on  the  wake -pres sure  drag. 
They  also  raise  the  question  whether  some  modification  of  the  Villat- 
Brillouin  condition  for  free  detachment  will  be  required  for  improving 
the  accuracy  of  the  inviscid  theory. 

In  regard  to  the  margin  of  confidence  in  the  finite -difference  and 
other  related  methods  as  we  have  discussed  with  special  reference  to 
free  surface  flows,  we  note  that  a  uniform  error  bound  is  generally 
difficult  to  achieve,  since  small  variation  in  the  velocity  and  the  shape 
of  free  boundary  near  a  free  or  fixed  detachment  point  may  give  rise  to 
relatively  large  displacements  of  the  free  surface  downstream.  Further, 
we  find  in  many  cases  a  bent  shape  of  the  free  streamline  near  a  fixed 
detachment  point,  and  the  local  theoretical  prediction  of  a  continuous 
slope  of  the  free  streamline  is  not  borne  out  by  the  finite -difference 
method,  even  with  increased  refinement  of  the  mesh  size  in  that  neighbor¬ 
hood.  Finally,  the  question  of  the  magnitude  of  truncation  error  in  ..  <* 


finite -difference  technique  still  remains  to  be  clarified.  The  difficulty 
of  this  problem  is  magnified  by  the  need  of  trial-and-error  procedures 
in  these  calculations. 
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A  VARIATIONAL  PRINCIPLE  ASSOCIATED  WITH  A  LOCALIZED 
FINITE-ELEMENT  TECHNIQUE  FOR  STEADY  SHIP  WAVE 
AND  CAVITY  PROBLEMS 


B.  Yim 

David  W.  Taylor  Naval  Ship  Research  and  Development  Center 
Bethesda,  Maryland  20084  U.S.A. 

ABSTRACT 

Variational  treatments  of  steady  ship  wave  and  cavity  problems  are 
formulated  for  numerical  solution.  In  each  problem,  the  Lagrangian  is 
constructed  and  the  equivalence  of  the  variational  formulation  to  the 
corresponding  boundary  value  problem  is  proved.  Certain  computing 
aspects  of  the  problems  are  discussed  and  a  simple  example  of  the  formu¬ 
lation  for  a  two-dimensional  cavity  flow  is  given. 

To  find  the  numerical  solution  for  flow  fields  near  a  body,  a 
localized  finite-element  technique  is  considered  in  a  small  domain  near 
the  body.  The  total  flow  field  is  divided  into  the  inner  field  and  the 
outer  field  with  a  common  boundary  surface  between  the  two  fields. 

The  common  boundary  or  interface  may  intersect  the  body.  In  the 
outer  field,  we  use  conventional  linear  solutions  such  as  superposition  of 
eigen  solutions  or  Green’s  functions  with  unknown  coefficients  which  are 
to  be  determined  by  the  conditions  at  the  interface.  Variational  princi¬ 
ples  are  applied  to  formulate  the  Lagrangian  which  can  be  used  to  obtain 
the  inner  solution  by  a  finite-element  technique,  and  the  coefficients  for 
the  outer  solution. 

1.  Introduction 

Since  the  advent  of  high-speed  computers,  many  complicated  hydrodynamic  problems 
have  been  solved  by  the  use  of  a  finite  difference  scheme,  finite-element  technique,  or  the 
method  of  singularity  distribution.  However,  most  of  these  problems  are  still  limited  to 
either  two-dimensional  or  axisymmetric  flows,  or  simple  versions  of  three-dimensional  flows. 
Although  computers  are  extremely  fast,  they  are  not  fast  enough  or  do  not  have  adequate 
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storage  capacity  at  present  to  deal  with  a  vast  number  of  elements  in  three  dimensions.  The 
benefits  of  these  numerical  schemes  are  in  their  practical  applicability  to  arbitrary  boundaries 
whereas  the  analytical  representations  of  the  boundary  condition  are  extremely  cumbersome 
or  inaccurate.  In  order  to  benefit  the  most  from  numerical  schemes,  and  yet  apply  them  to 
a  wider  range  of  problems  including  the  practical  three-dimensional  ones,  we  consider  here  the 
localized  finite-element  technique  and  the  associated  variational  problems. 

In  many  flow  problems,  linear  analytical  solutions  are  available.  However,  these  linear 
solutions  may  not  be  accurate  enough  to  be  useful,  especially  near  the  bodies  concerned. 
Sometimes  the  linear  solutions  have  singularities  at  certain  points  on  the  bodies.  Nevertheless, 
such  solutions  may  still  be  very  useful  far  from  the  body.  To  make  use  of  this  far  field 
solution  and  to  circumvent  the  difficulty  near  the  body,  we  can  apply  the  method  of  singular 
perturbation  or  the  method  of  matched  as’-  mptotic  expansion.1*  Heretofore,  this  method 
has  been  applied  only  to  simple  problems  with  simple  geometries.  If  numerical  solutions  for 
the  inner  expansion  are  matched  to  an  analytical  outer  solution,  the  scope  of  applicability  of 
the  numerical  scheme  would  become  considerably  wider,  and  more  practical  problems  could 
be  solved  effectively.  This  scheme  can  be  used  not  only  for  the  case  of  singular  perturbations 
but  also  when  we  want  to  consider  the  boundary  condition  on  the  body  more  accurately. 

The  feasibility  of  such  techniques  has  been  demonstrated  recently  by  the  application  of  a 
finite-element  technique  in  the  inner  field  for  sinusoidal  wave  problems.2’^ 

In  the  formulation  of  such  a  technique,  variational  principles  can  be  utilized  very 
effectively.  An  application  of  the  variational  principle  to  steady  ship-wave  problems  was 
investigated  by  Bessho,4  and  his  method  h.s  been  used  to  obtain  numerical  solutions  for 
several  problems.6  Variational  treatment  of  cavity  flows  is  an  old  problem.6,7  In  applica¬ 
tion  of  the  variational  principle,  the  main  task  is  to  find  a  functional,  i.e. ,  Lagrangian  which 
has  an  extremum  at  the  solution  of  the  problem  concerned,  and  to  prove  that  me  extremum 
of  the  functional  is  equivalent  to  the  solution  of  the  given  boundary  value  problem. 

In  the  present  study,  we  divide  the  problem  into  an  inner  and  an  outer  field.  In  the 
outer  field,  the  solution  can  be  obtained  by  superposition  of  eigen  solutions  or  Green 
functions  with  unknown  coefficients.  If  the  linear  outer  solution  is  available,  this  can  be  used 
with  a  minor  correction.  In  the  inner  field,  we  use  the  finite-element  technique  with  the 
exact  body  boundary  conditions.  The  solutions  for  the  inner  and  outer  fields  satisfy  the 
conditions  at  the  interface  which  require  the  continuity  of  the  solution  and  the  normal 
derivative  of  the  solution  at  the  interface.  The  inner  field  may  only  be  a  small  domain  near 


*See  list  of  references  at  end  of  paper. 
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a  three-dimensional  body.  Here,  we  formulate  the  Lagrangian  which  will  lead  to  inner  as  well 
as  outer  solutions  for  steady  ship  wave  and  cavity  problems. 

It  is  well-known  that  existing  linear  ship  wave  theories  give  poor  predictions  of  wave 
resistance.  Thus,  with  a  linear  free-surface  condition,  an  improved  treatment  of  the  ship 
boundary  condition,  even  just  at  the  forebody,  is  desireable.  Although  the  Green  function 
for  ship  waves  is  known,  it  is  very  difficult  to  evaluate  this  function  numerically,  using  the 
normal  method  of  singularity  distribution.  However,  with  the  present  method,  the  evaluation 
of  the  Green  function  is  required  only  at  convenient  locations  and  at  fewer  points. 

For  either  the  cavity  or  ship  wave  problem,  the  Lagrangian  is  constructed  and  the 
equivalence  with  the  corresponding  boundary  value  problem  is  proven.  The  computing 
aspects  of  the  problems  are  discussed  and  a  simple  example  of  the  treatment  for  a  two- 
dimensional  cavity  flow  is  shown. 


2.  Nonlinear  Ship  Wave  Problem 

An  expression  for  hydrodynamic  pressure  has  been  shown4,8  to  be  usable  as  a  Lagran¬ 
gian  for  free-surface  flow  problems  when  the  equations  of  motion  and  boundary  conditions  in 
an  inviscid  and  incompressible  fluid  are  derived  from  a  variational  principle.  Since  Luke8  has 
derived  expressions  for  an  unsteady  two-dimensional  flow  problem,  we  will  start  with  a 
similar  derivation  for  a  steady  three-dimensional  flow  problem,  followed  by  imbedding  the 
numerical  solution  within  the  field  of  known  analytical  eigen  solutions  after  the  technique 
used  by  Bai  and  Yeung2  or  Chen  and  Mei.2 

We  consider  a  perturbation  velocity  potential  ^ x,y,z )  defined  in  a  fluid  domain  D. 
below  z  =  h(x,y),  which  may  consist  of  a  free  surface  Sp  and  a  ship  surface  Ss-  A  r  ght- 
handed  Cartesian  coordinate  system  (O  -  x,y,z)  is  used.  The  perturbation  velocity  is 
q  =  -  Vv?.  At  infinity,  the  flow  is  considered  to  be  uniform  with  velocity  U  in  the  x  direction. 
Gravity  g  acts  in  the  negative  z  direction.  We  consider  a  domain  D  enclosed  by  a  mathemati¬ 
cal  surface  Sj  below  z  =  h(x,y).  For  the  time  being,  we  assume  6^  =  0  and  5h  =  0  on  Sj  as 
in  Luke’s  treatment.  We  construct  a  function  J  to  have  an  extremum  value  at  the  solution  of 
the  free-surface  boundary -value  problem  in  D: 


V*  •  V*-U  ■  V<pJ  dzdxdy  +JJ g  y  dxdy 


(1) 


where  ^(x,y,  z)  and  h(x,y>  are  allowed  to  vary  over  their  domain  of  definition.  We  prove 
that  minimization  of  the  function  J  is  indeed  equivalent  to  formulating  the  free-surface 
boundary-value  problem.  By  performing  a  variation  on  ( 1 ),  applying  the  Green  theorem 
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—  JJJ 5(Vi^  ■  V<p)dzdxdy  =  -JJJ 5ipV2ipdzdxdy  -JJ' bp<pn  i 


and  the  Gauss  theorem 


IIP 


Vip  dzdxdy 


-ffv-**' 


and  noting  that  the  upper  limit  of  the  z-integration  is  a  variable  h  we  obtain 

SJ  (Vf)2  -  U<px  +  gzj  5h  dxdy  JJJ dzdxdy 

Sp  D 

JJ M^n  -  0  •  H)  dS 


where  n  is  a  normal  vector  on  the  surface  directed  into  the  interior  of  D.  Since  6h  and  6<p 
are  arbitrary,  we  obtain 

^  (V^3)2  -  Upx  +  gz  =  0  on  Sp 

V2.p  =0  in  D 

<pn  =U-ii  on  SsUSp  (3] 

These  are  exactly  the  equations  associated  with  the  inviseiti  incompressible  flow  past 
boundaries,  including  a  free  surface,  in  an  otherwise  infinite  medium  (D-»°°),  except  that  a 
radiation  condition  is  missing.  The  condition  =  6h  =  0  at  °°  does  not  seem  to  be  equiva¬ 
lent  to  a  radiation  condition  since  a  ship  wave  has  the  particular  quality  that  it  decays  very 
rapidly  upstream  of  the  ship,  while  it  propagates  in  the  wake,  decaying  slowly  in  three 
dimensions  but  not  in  two  dimensions.  If  we  know  the  asymptotic  behavior  of  the  solution, 
by  choosing  eigen  solutions  or  the  Green  functions  that  satisfy  the  Laplace  equation  and 
the  asymptotic  behavior  at  infinity,  we  may  substitute4 

N 

'P  =£  ai*i 
i=  1 

in  equation  (1)  and  obtain  a(  by  solving  the  simultaneous  equations 

r  =  ° 

9a( 

which  assure  that  J  is  an  extremum  with  respect  to  the  coefficients  aj. 
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The  number  N  may  depend  on  selection  of  <p.  and  the  desired  accuracy.  For  a  nonlinear 
solution,  we  may  use  an  iteration  scheme  starting  with  the  first-order  solution  as  is  common 
in  nonlinear  problems. 

Now,  when  we  want  to  use  the  function  J  to  obtain  a  numerical  solution  by  the  finite- 
element  technique,  we  have  two  problems:  (1)  the  domain  D  is  too  large,  and  (2)  the  radia¬ 
tion  condition  has  to  be  satisfied.  As  we  have  seen  previously,  the  eigen  solution  can  be 
conveniently  used  to  satisfy  the  latter  problem.  Thus,  combining  the  finite-element  technique 
and  the  eigen  solutions  may  include  the  advantages  of  both  approaches. 

We  divide  the  infinite  domain  into  Dj  and  D2,  and  in  the  smaller  domain  D(,  we  will 
apply  the  finite-element  technique.  In  domain  D2,  which  includes  infinity,  we  can  find  the 
far-field  eigen  solutions9  or  the  analytical  Green  functions  that  satisfy  the  Laplace  equation 
and  the  linear,  free-surface  boundary  condition,  including  the  radiation  condition.  For 
example,  a  far-field  solution  obtained  from  a  Kelvin  source  distribution  m  on  the  ship  surface 
can  be  used  in  D2,  where  m  is  determined  by  a  variational  principle  to  be  explained  below. 

At  the  interface  Sj  between  Dj  and  D2,  the  potentials,  and  ip2,  in  the  two  domains, 
should  match.  We  consider  that  either  Sj  consists  of  planes  SJx  (x  =  x, ,  x2),  SJy  (y  =  yj ,  y2), 
and  Sjz  (z  =  Zj )  so  that  D,  is  a  rectangular  box  with  a  free-surface  containing  a  ship  or  that 
Sj  intersects  the  ship  surface,  Ss,  leaving  a  part  of  the  ship  in  Dj  and  the  other  part  in  D2. 
(See  Figure  1). 

z 


X 


Figure  1  —  Domains  of  Ship-Wave  Problem 
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First,  we  would  like  to  find  a  solution  <£[  satisfying  the  Laplace  equation  and  the  exact 
free-surface  boundary  condition  in  D.,  while  the  potential  ip-,  in  D->  which  is  represented  by 

N 

^2=^mi*2i  (4) 

i=  1 

is  known  to  satisfy  the  linear  free-surface  boundary  condition, 


*2x 


on  Sp  D  D2 


(5) 


Nonlinear  conditions  to  the  value  of  >p.  on  Sj  H  Sp  are  assumed  to  be  negligible. 

It  follows  front  equations  (1)  through  (5)  that  a  Lagrangian  which  has  an  extremum  for 
the  ship-wave  problem  can  be  given  by 


U  , 
-^2x(2=°) 


1  -JJJ  *  Vv?i  Vl^1  “  U  +g*J  dzdxdy  + JJ  U-n2^2  dS 


w 


s2S 


JJ  °(^l-^)'P2ndS~%//'°’"l^  dS 


O 


-JJ  °^2n^2dS-7 


s2S 


2F 

(SjjjUSjj)!"!  Sp 


(6) 


where  n  is  directed  into  the  interior  of  domain  D;  hj  is  the  unknown  wave  height;  hQ  is  a 

known  function  of  x  and  y  with  the  first  approximation  taken  as  zero;  subscripts  I  and  2 

refer  to  quantities  belonging  to  D,  and  D-,,  respectively,  as  in  S-,<-  s  S.fl  D-,;  and  the 
rr  V  1  ‘  z  s 

integral  symbols  J  I  g  ^2x  indicate  that  the  limit  of  S2j  integrals  on  the  free  surface  is 

S2S 

taken  to  be  z  =U<p2x/gat  z  =  0.  The  relation  between  the  directions  of  the  normal  to  the 

specified  surface  and  the  line  integral  enclosing  the  surface  is  the  same  as  the  relation  between 

the  direction  of  a  vortex  and  the  rotation  of  the  vortex.  We  denote  the  line  integral  as  f 

-'IF 

indicating  that  the  line  integral  is  enclosing  the  surface  SIF  where  the  normal  is  already  defined 

into  the  flow.  When  there  could  be  an  ambituity  in  the  normal  directions,  we  denote  it  as  in 

9  where  the  surface  is  Sj  and  the  normal  direction  is  into  D, . 

-0,2 
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In  taking  the  variation  of  J  we  use 


n  =  ± (hx>  hy ,  -  l)/(h2  +  h2  +  1  )1/2,  ±  | for 
dS  =  dxdy  (h2  +  h2  +  l)1^,  and  nj  =  -n2  . 

Application  of  the  Green  and  Gauss  theorems  as  in  equation  (2)  and  neglect  of  higher-order 
terms  in  Di  leads  to 

5J  !/7'[l(Vv’l)2 "  u*ix +gz]z_h  (x  y)6hdxdy  -JJf 5*i 72  ipj  dzdxdy 

S,F  z  h'(x,y  D, 

-JJ (^>in  -  U  •  n)  8<p,  dS  JJ {>fi2n  -  U  •  n)  6<p2  dS  -JJ f^>,n  +  *2 „)  6*,  dS 

S,SUS1F  S2s  Sj 

-JJ (*,  -  *2>6*2n  dS  -  7  \jx/\  5^2xdy  -J* 2  6*2x  dy] 

SJ  Sj/ISp  S2SnSF 

JJJ ^2  *2n  -  ^2  ®^2n > dS  -  ^  J^*!  *2x  +  *2  **2x >  dy  (7 

SJUS2S  (S2SUSJx>nSF 


From  the  identity 


JJJ  [6,p2  V2^2-<F272(8y>2)]dzdxdy  =  /^(lF2n8^2-<F26'F2n)dS  =  0  (8) 

°2  S2 

and  from  equation  (5)  and  the  condition  that  i p2z  -  -^2n  on  z  =  0,  we  have 

JJV'P2*2n-*26*2n)iS 

SjUSjg 

=  ’JJ (6*2  *2n  -  *2  6*2n>  dxdy  =  “  7  JJ ^ 2  *2xx  ~  *2  **2xx>dxdy 


~J(h*  2*2x-' 

(SjxUS2s)nsF 


*26*2x)dy 
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Equation  (8)  provides  a  reciprocity  relation  in  S2.  However,  equation  (9)  indicates  that  the 
reciprocity  does  not  hold  for  the  integrating  domain  Sj  US2S.  This  fact  makes  construction 
of  the  Lagrangian  difficult. 

From  equations  (6)  through  (9),  we  obtain 

6J  V*>,  -  U*>,x  +  gzj  5h  dxdy  ~JJJ V2* i  dz^xdy 

S,F  '  D1 


~Sf 6*1  (*ln  +  *2n)dS 


SgUSf 


-JJ (*>,  -  *>2)  6^2n  dS  +  ^  f  (*(  -  <f2 )  6*2x  dy 


2F 

sJxnsF 


(10) 


Since  6h.  Sv?-,,  5^-,x  and  S^2n  are  arbitrary,  we  obtain 

I 


—  ( V^>, )-  -  Uv>lx  +  gh  =  0 

V2*!  =  0 

*ln  =  “*2n-  *1  =  *2 


on  S 


IF 


in  D, 


=  U  •  n  on  Ss  U  Sp 
on  S, 


(in 


These  equations  provide  the  nonlinear  boundary  value  problem.  For  numerical  computation 
by  a  finite-element  scheme,  we  may  use  a  simpler  but  equivalent  form  of  the  Lagrangian  given 
in  (6). 

J  = JJJ  '  V\p,  Vifl  dzdxdy  tJJ' Uhx«p,  dxdy  +JJ" dxdy 


D,  ZI 


S1SU  S1F 


MF 


U 


U 


'll '  C ' s *1  -  5  ds  -If  '  ** ^ 5 *■ itiK 

h.s  S2S  SJx 

-h„ 


(TV?) 


u2  / 

^2ndS-T  J  (^2^2x)dy 

8  J2V 

(SJxU  S2S)DSF 


(12) 
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In  order  to  numerically  minimize  J,  we  use  an  iteration  scheme  because  of  the  nonlinear 
terms  appearing  in  (12);  for  the  first  approximation,  we  use  finite  elements  in  a  small  region 
Dj|  beneath  an  initially  assumed  free  surface,  the  surface  z  =  0.  We  assign  j  for  each 
element  point  in  Dj,  but  allow  h(x,y)  to  be  variable  for  points  on  z  =  0  on  S,p: 

=  £  Nj  in  Dj  | 

h  =  £  Hj  hj  on  Sj  p  (13) 


where  ^  and  h;  denote  values  of  j  and  h  at  the  ith  nodal  point  of  finite  elements  in  D,  j 
and  S|p.  respectively;  N-  and  Hj  are  the  so-called  shape  functions10  which  are  one  at  the  ith 
nodal  point  and  zero  at  the  other  points  in  Dj  j  and  Sjp,  respectively.  By  taking 


iL  = 

<V|  j  ohj  dnij 


( 14) 


we  will  have  a  set  of  simultaneous  equations  to  solve  for  ^jj.  hj,  and  nij.  However,  for  the 
first  iteration  ,  we  neglect  all  of  the  nonlinear  terms.  When  we  have  obtained  ^(j  in  D j , .  hj 
in  Spj  and  nij,  we  can  use  the  values  of  hj  to  create  new  finite  elements  and  feed  j-  hj.  and 

nij  into  the  second-order  terms  for  the  second  iteration  which  will  also  be  a  set  of  linear 
simultaneous  equations.  In  the  first  linearization  process,  for  the  values  of  ^  on  the  unknown 
free  surface,  we  may  use  a  Taylor  expansion  such  as 

#2  <z)  =  (o)  +  ^2z(o)  z  +  1  ^2zz  z“  +  •  •  ( 15) 

When  Dj  includes  the  whole  ship,  the  S2S  -integration  will  disappear  in  equation  (12). 


3.  Cavity  Flow  ' 

For  a  high-speed  cavitating  flow  with  zero-gravity,  using  the  same  notation  as  previously 
given,  the  Lagrangian  is  given  by 


J  -U  •  Vy>, )  dzdxdy  +  U  2Jf |  h  dxdy  +  j  JJ P2x  h  dxdV 

D,  V  7  Scn(D,UD2)  ‘  s2c 


*>2n  dS  +  ^y'(^2h)dy-  JJ U  •  ny>,  dS 

Sjfl(SpUSc)  Sj 


(16) 
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where  the  cavitation  number  o  is  defined  by 

a  =  (Poo-  Pc»/^pU2j  (17) 

with  Poo  the  pressure  at  infinity  and  pc  the  pressure  in  the  cavity.  In  the  domain  D2,  the 
potential  p-,  is  a  superposition  of  either  eigen  functions  or  the  Green  functions  which  satisfy 
the  Laplace  equation  and  the  condition  at  infinity;  h  is  the  z  coordinate  of  surfaces  Ss  and 
Sp  or  the  cavity  surface,  Sc,  i.e., 

z  =  h(x, y)  (18) 

The  variational  problem  that  extremizes  equation  (16)  for  variables  p\ ,  v?2,  and  h,  is  equivalent 
to  the  following  cavity  flow  problem. 

A  cavity  flow  due  to  a  body  surface  Ss  is  enclosed  by  a  domain  Dj  which  surrounds  the 
body  and  all  or  a  part  of  the  cavity.  In  the  domain  D2,  which  is  outside  of  the  domain  Dj , 
a  linearized  boundary  condition  is  assumed  to  hold,  i.e.. 


V2*2 

=  0 

in  D2 

*2x 

=  0 

on  S2 

*2n 

=  U  •  n  = 

±  Uh2x/(h22  4 

*M£ 

*2x 

on  S2 

and 


where  z  =  h2(x,y)  is  unknown. 

However,  in  Dp  the  nonlinear  cavity  boundary  condition  is  satisfied,  i.e.. 


=  0  in  D, 


=  U  •  n  on  S, 


On  the  interface  Sj 


'Pin 

u,Plx  '  V*i  =0  on  SF 

U*>lx  +  j  U2  --j  V*,  7v?j  =  0  on  Sc 

=  *2  and  ^ln  =  "  P2n 


(19) 


(20) 
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By  an  operation  similar  to  that  used  to  obtain  equation  (7),  we  have 


dzdxdy 


-JJ  ^l^ln 


■  U • n)dS 


6h  dxdy  + 


vJJ  ~  6h  dxdy 

S2c 


- Jffa*  1  V*i  '  U2  §  -  Uy>,x)  Shdxdy  - JJ 8^ n(*p, 

Slc  Si 

-JJ ('Pin+^’2n)dS  +  ^  (6y>2xh  +  l^2x5h)dxdy 

SJ  s2c 

-  Uj^  5h  dy  +  ^  J  (y>2  5h  +  h6«^2)  dy 

s,ri(sF  Sc)  ssn(sFusc) 


^2n"^2  5*2n)dS 


Sj 


However,  since 


JJ (V2  ^2n  "  ^2  5*2n>  dS  =  °- 

SjUSjcUSjp 

^2n  =  C  '  "  =  4  *  hy2  +  D1/2 


-y>2^d^ 
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and 


dS  =  (hx2  +  hy2  +  1)1/2  dxdy , 


we  have 


Jf (6^2  *2n  "  *2  5^2n)dS  =  ~  JJ ^2  *2n  "  *2  5'^2n)  dS 


S2FUS2c 


=  ?U JJ (&p2  hx  -^2  *hx)dxdy  (t  j  for  | S2F) 


s2FUS2c 


=  U  f  (&p2  h  -  <f>2  5h)dy  +  U  //(^2x  5h  “  3i^2x  h)dxdy  (23) 


/2F,2c  . 

(S2C  USjpjnSj  ^2c 

where  we  have  used  the  fact  that 

y>2x  =  0  and  5y>2x  =  0  on  S2p 

Thus,  we  obtain 

53  =  Jff 6iPl  ^  dzdxdy  _  JJ**  1  (^1  n  "  ^  "  R)  dS 


Jf(lV*\  V*I  *  U*lx)  6h  dxtJy  *JJ  (u2  f  +  U*2x)  6h  dxdy 


’IF 


’2c 


jj{~2  ^1  ~  u2  f  ■  U^Ix)  «h  dxdy 


’lc 


-JJ 5*1  (*ln  +  *2n  )dS~Jf **S»<*1  -*>2>dS 


+  U  <6  (^2  -  )  6h  dy 

yJ,2 

SjfXSpUS  ) 
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(24) 


Since  6>P| ,  5ip2n  and  5h  are  arbitrary,  we  obtain  the  original  boundary-value  problems  of 
equations  (19)  and  (20). 

Thus,  equation  (16)  can  be  used  as  the  Lagrangian  for  solution  of  cavity  flow  problems 
which  have  a  finite-element  numerical  solution  imbedded  in  domain  Dj .  For  ipj  we  may  use 
a  potential  for  doublets  distributed  on  a  convenient  surface  inside  the  body  and  cavity. 

When  o  =  0,  the  normal  variational  formulation6,2  for  an  infinite  medium  is  not 
applicable  because  the  first  integral  in  J  becomes  infinite.  However,  when  D|  is  a  finite 
domain,  this  infinity  does  not  appear.  In  this  case,  presetting  the  linear  boundary  conditions 
in  D2,  i.e.,  a  =  0  and  ip2x  =  0  on  S2c,  we  have 


J  ~jJJ " -  U  •  Vipj  dzdxdy  -  JJ " U  •  n  <P|  dzdy 

Dj  Sj 

-JJ [*\  ~  \  *2 )  ^2n  dS  +  f  7j  2(^  h>  dy 

SJ  Sjn(sFusc) 


(25) 


where  >p2  is  a  superposition  of  eigen  solutions  which  satisfy  V2>p  =  0  and  . p2x  =  0  on  Sp  U  S2c 
plus  additional  conditions  at  infinity. 

When  Sj  does  not  intersect  the  cavity,  we  have 


J  =JJJ ^  "  U  •  vjj  dzdxdy 

C1 

+  uJJ\^yJJJ-\J 

SC  Sj 


*2n  dS 


U  •  n  ipj  dzdy 


SJ 


(26) 


If  D2~»0,  the  integrals  on  the  interface,  Sj,  disappear.  In  that  case,  it  has  been  shown11  that 


J  =  M  +  U2  ^  V 


where  M  is  the  virtual  mass  and  V  is  the  cavity  volume. 

For  a  blunt-nosed  supercavitating  hydrofoil,  the  linearized  flow  field  near  the  nose  is 
singular.  Therefore,  application  of  the  present  method  would  be  as  useful  as  the  method  of 
matched  asymptotic  expansion. 
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4.  Example 

For  a  simple  example,  we  consider  the  case  of  a  symmetric  two-dimensional  cavity 
produced  by  a  symmetric  parabolic  body  at  zero  cavitation  number.  For  this  problem,  some 
approximate  solutions12,13  and  a  solution  by  the  method  of  matched  asymptotic  expansions14 
are  available.  A  linear  two-dimensional  solution  for  the  complex  perturbation  velocity  is 
given  by 

w(z)  =  B/(2iv/T) 

in  the  z  plane,  where  the  parabolic  body  is  represented  by 

h  =  By/T 

Thus,  the  linear  complex  velocity  has  a  singularity  at  the  origin  and  it  is  not  appropriate  for 
the  computation  of  flow  velocities  and  pressure  near  the  origin  and  the  drag  of  the  foil. 
Considering  a  chord  length  equal  to  1 ,  we  define  the  inner  region  Dj  by  the  region  inside  the 
circle,  r2  s  x2  +  y2  =  1,  y>  0  in  x<0,  and  y>Bv/T  in  x>0.  (See  Figure  2). 


y 


For  simplicity  we  consider  an  eigen  solution  with  an  unknown  constant  BQ  in  Dj 


with 


Q 

*2  =  ”  Bo  sin  2 
.  Bo  .  0 

y>2n  =  -  ~  sm  -  on  r  =  1 


ISO 


J. 


An 


From  equation  (25)  we  have  for  the  Lagrangian 

i  -JT |  dxdy  -  U J hx  dx 
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51S 


dS  +  ^2h(l) 

SJ 

J  =/7?  dxdy  -  Vf  *1  dx 

JJ  <  -'o  2v/x 

D1 

rV  .  B2  .  e\Bo  .  e 

!4  (*>+7Sln3]7S,n2d<? 


'1 

u  ei 

-BB0  jsiny 


where  0  j  =  tan"1  B.  Application  of  the  finite-element  technique  to  J  will  lead  to  the  values 
of  ^  in  Dj  and  B0. 


5.  Discussion  and  Concluding  Remarks 

Under  the  present  formulation,  the  inner  field  Dj  will  usually  be  small,  and  an  approxi¬ 
mate  solution  will  be  assumed  known  in  the  outer  field.  Thus,  in  the  outer  field,  the 
additional  Green  functions  or  eigen  solutions  with  unknown  coefficients  for  matching  may 
not  need  too  many  terms.  Therefore,  the  number  of  simultaneous  equations  for  the  finite- 
element  technique  with  matching  condition  should  not  be  very  large,  and  the  solution  should 
be  readily  obtained.  Even,  if  the  number  of  finite  elements  in  Dj  is  fairly  large,  the  benefit 
of  the  narrow-banded  matrix  may  be  fully  exploited  although  the  band  width  may  become 
large  for  several  columns  because  of  the  matching  conditions.  All  of  the  numerical  procedures 
are  well-developed  in  numerous  structural  applications  of  the  finite-element  technique. 

The  present  analysis  seems  to  be  significant  in  extending  the  idea  of  matched  asymptotic- 
expansions  to  numerical  solution  by  finite-element  techniques.  However,  in  the  present 
method,  there  is  no  need  for  a  separate  analytical  matching  procedure. 

It  will  be  very  interesting  to  see  numerical  results  for  many  different  problems  using 
the  present  method.  Nevertheless,  before  going  into  the  numerical  computation,  it  would  be 
more  interesting  to  determine  the  possibility  of  constructing  simpler  Lagrangians  for  a  series 
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of  problems,  to  inspect  the  matching  behavior  of  inner  and  outer  fields,  and  to  compare  the 
technique  with  other  similar  methods.  The  present  work  gives  the  formulation  required  for 
the  numerical  computation  by  a  matched  finite-element  technique  which,  we  believe,  will 
have  very  wide  application. 
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NUMERICAL  PROCEDURES  FOR  THE  SOLUTION  OF 
TWO  DIMENSIONAL  SUPERCAVITATING  FLOWS  NEAR  A  FREE  SURFACE 

O.  Furuya* 

Tatra  Tech,  Inc. 

Pandana,  California  91107  U.S.A. 

ABSTRACT 

A  nonlinear  exact  free- streamline  theory  is  used  to  solve  the  two- 
dimensional  gravity-free  potential  flow  around  a  supercavitating  body  near 
a  free  surface.  Numerical  difficulties  arise  with  this  type  of  theory  due  to 
the  inherent  nonlinearity  of  the  theory  itself.  Apart  from  a  few  simple 
cases,  such  as  flat  plates,  these  difficulties  pose  a  challenging  numerical 
problem.  The  procedure  used  is  to  solve  the  problem  in  terms  of  the 
"mapped"  complex  potential  plane.  An  interesting  feature  is  that  the  re¬ 
lationship  between  physical  plane  and  the  potential  plane  emerges  as  part 
of  the  solution  to  our  nonlinear  development.  In  the  present  problem  a 
system  of  four  integral -algebraic  equations  is  solved  for  four  unknown  so¬ 
lution  parameters  together  with  the  functional  relationship  mentioned  above. 
The  technique  employs  a  novel  combination  of  Newton's  method  with  afunc¬ 
tional  numerical  iterative  procedure  and  successfully  obtains  fast  and 
stable  convergent  solutions.  Emphasis  of  the  paper  will  be  placed  upon 
thin  numerical  scheme.  Representative  numerical  computations  are  made 
for  (i)  flat-plate  foils  and  (ii)  circular  arc  foils  having  elliptic  leading 
edges  with  and  without  flaps.  The  pressure  distribution,  force  coefficients 
and  free  streamline  shapes  of  the  cavity  are  calculated.  Typical  execution 
times  on  an  IBM  370-158  vary  from  200  to  500  seconds.  Some  of  the  re¬ 
sults  are  compared  with  the  experimental  data,  showing  excellent  agree¬ 
ment.  The  present  numerical  technique  has  wide  application  to  many  hy¬ 
drodynamic  problems.  Extensions  of  the  technique  to  multiple  bodies 
(such  as  cascades)  and  three-dimensional  bodies  have  shown  similar  suc¬ 
cess. 


*  The  fundamental  part  of  this  work  was  developed  during  the  author's 
research  fellowship  at  the  California  Institute  of  Technology. 
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1 .  Introduc  tion  i 

The  problems  of  nonlinear  free  streamline  theory  such  as  cavity 
and  wake  flows  with  or  without  free  surface  (s)  are  classified  as  one  cate-  ; 

gory  of  mathematical  problems  from  the  standpoint  of  the  type  of  : 

equations  to  be  solved.  Since  we  have  two  different  kinds  of  boundaries  -  I 

one  solid  boundary  and  the  other  free  streamline  -,  the  problem  is  called 

"mixed-type"  boundary  value  problem,  usually  leading  to  a  set  of  integral  j 

equations.  Levi-Civita  (1907)  first  presented  the  mathematical  formula¬ 
tion  for  the  problem  of  a  branched  jet  flow,  using  hodograph  techniques. 

Although  the  formulation  is  made  for  any  arbitrarily  shaped  bodies,  the 
equations  obtained  can  not  be  analytically  solved  except  for  a  few  cases  of 

simple  body  configurations  such  as  flat  plates  and  symmetric  wedges  (see  , 

for  example,  the  work  by  Larock  and  Street  (1967)),  The  integral  equa¬ 
tions  for  general  body  cases  do  not  have  any  closed  form  unlike  the  above 
simple  configurations  and  thus  the  problem  becomes  completely  unsolvable. 

More  specifically,  difficulties  arise  because  the  nonlinear  streamline 
theory  must  use  the  complex  potential  plane  instead  of  the  physical  plane. 

The  inclination  of  the  tangent  to  the  wetted  body  surface  in  the  integral 
equations  is  not  known  as  a  function  of  the  potential  a  priori  although  it  is 
specified  in  the  geometric  plane  as  part  of  the  problem.  The  relationship 
between  physical  plane  and  the  potential  plane  however  emerges  as  part  of 
the  solution.  For  the  flat  plate  case  it  is  clearly  seen  that  the  body  angle 
is  independent  of  the  coordinate  system  and  thus  no  problem  arises  in 
evaluating  the  integrals. 

Many  attempts  have  been  made  to  resolve  this  inherent  implicitness  of  the 
theory.  The  first  development  was  made  by  Brodetsky  (1922)  who  re¬ 
presented  the  body  angle  by  a  power  series  in  terms  of  potentials  in  solv¬ 
ing  the  cavity  flows  about  circular  and  elliptic  cylinders.  The  application 
of  his  method  is  limited  however,  to  symmetric  flows  around  symmetric 
bodies.  More  recently,  Larock  and  Street  (1968)  formulated  the  problem 
for  more  general  cases  by  incorporating  an  advanced  mathematical  tech¬ 
nique  of  mixed-type  boundary  value  problems  (see  the  paper  of  Larock  and 
Street  (1965)  for  more  details  of  the  mathematical  treatment).  They  ex¬ 
pressed  the  body  angle  in  a  piecewise  linear  parametric  function  of  the 
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modified  potential.  Furthermore,  Murai  and  Kinoe  (1968)  incorporated 
the  leading  edge  curvature  in  their  power  series  expansions.  In  all  the 
above  approaches  in  what  is  called  an  "inverse"  method  the  unknown  coef¬ 
ficients  or  parameters  of  power  series  are  determined  by  collocation  only 
at  finite  discrete  points  on  the  body  so  that  the  body  profile  obtained  as 
the  result  of  calculations  are  somewhat  different  from  what  is  desired. 
This  particularly  becomes  an  undesirable  point  in  solving  the  flow  about 
foils  having  rounded -leading  edges  of  specified  radius. 

The  first  direct  method  was  introduced  by  Wu  and  Wang  (1964)  who 
used  a  numerical  iterative  procedure  in  the  problem  of  two-dimensional 
cavity  flows  in  an  unbounded  flow  medium.  Their  formulation  of  the  pro¬ 
blem  is  similar  to  that  of  Brodetsky  but  using  a  new  wake  model  for  the 
cavity  flow.  For  the  case  of  infinite  cavity  flows  they  have  two  integral 
equations  for  two  unknown  solution  parameters  with  a  functional  relation  be¬ 
tween  the  geometric  plane  and  mapped  plane  unknown  (see  Wu  and  Wang's 
paper  for  detailed  form  of  equations).  In  order  to  explain  the  numerical 
procedure,  these  equations  are  now  written  in  the  equivalent  vector  form: 

f(a.  P(5(x,£),  a)  =  0  (1) 

where  JE  denotes  the  two  nonlinear  equations,  ^an  unknown  vector  with  two 
components  representing  solution  parameters  and  p  the  local  slope  of  the 
body.  £  is  a  coordinate  in  the  transformed  potential  plane  and  x  is  that  in 
the  physical  plane.  Defining  a  new  vector  function  £ 

£(a,  0(§(x,  a),a))  ■  a-f  ,  (2) 

the  problem  becomes  equivalent  to  solving  the  iterative  loop  of  the  follow¬ 
ing  form: 

^  ^  =  P^(5(x»l),  a ^) ,  v  -  0,  1, 2, ... ,  (3) 


where  the  subscript  v  denotes  the  number  of  the  functional  iteration.  If 
the  starting  values,  aQ  and  ^(Sfx.aJ)  are  known,  a  new  set  of  values  of  ajCan 


be  calculated  without  any  difficulty  since  g  is  a  known  vector  function  as 
defined  in  (2).  The  procedure  is  carried  on  until  the  convergent  solution 
Is  obtained.  It  seems  reasonable  to  choose  a  flat  plate  solution  as  the  very 
first  starting  values  for  aQ  and  SQ  since  that  is  the  only  case  for  which  the 
analytical  solution  is  obtained  in  the  present  problem.  The  choice  of  the 
starting  angle  of  attack  will  be  made  depending  on  the  foil  profile  to  be 
solved,  generally  on  a  trial  and  error  basis. 

With  this  method  used  they  obtained  converged  numerical  solutions 
for  the  cases  of  flat-plate  foils  with  flaps,  cusped  bodies  and  circular-arc 
foils  all  having  sharp  leading  edges.  Lurye  (1966)  applied  the  same  me¬ 
thod  to  the  base -ventilated  flow  around  the  parabolic  struts  but  experienced 
a  numerical  instability  in  obtaining  converged  solutions.  Some  improve¬ 
ment  was  made  by  Furuya  (1973)  on  the  same  problem  where  a'weighted1 
iterative  metuod  was  introduced  to  obtain  convergent  solutions.  Figures 
1(a)  and  (b)  show  examples  of  divergent  and  convergent  solutions  to  the 
supercavitating  flows  around  parabolic  foils.  AN  and  GAMOLD  in  the  fig¬ 
ures  are  the  two  solution  parameters,  representing  a 

scaling  parameter  and  a  coordinate  of  the  transformed  plane  correspond¬ 
ing  to  the  point  of  infinity,  respectively.  The  difference  between 
convergence  and  divergence  here  stemmed  from  the  difference  in  choice  of 
the  angles  of  attack  of  the  starting  solution;  for  the  former  -ti/4  and 
for  the  latter  gQ  =  -tV5.1  were  used.  This  indicated  that  even  the  im¬ 
proved  method  is  very  sensitive  to  the  initial  solutions  in  obtaining  a  con¬ 
vergent  solution. 

In  the  present  title  problem  we  have  four  integral  and  algebraic 
equations  for  four  solution  parameters,  instead  of  two  and  it  may  be  there¬ 
fore  expected  from  the  above  experience  that  one  may  have  even  a  greater 
numerical  instability  with  the  direct  application  of  Wu  and  Wang's  method. 

It  is  for  this  reason  that  the  development  of  a  new  method  for  the  numeri¬ 
cal  procedure  was  in  order.  In  what  follows,  a  short  description  of  the 
formulation  of  the  problem  will  be  given  (refer  to  Furuya  (1975a)  for  de¬ 
tailed  formulation),  followed  by  a  section  explaining  a  new  numerical 
method  used  for  solving  the  equations  obtained  above. 


158 


Formulation  of  the  Problem 

Figure  2(a)  shows  a  physical  plane  depicting  a  supercavitating  flow 
around  a  foil  under  a  free  surface.  With  the  assumption  of  a  gravity-free 
potential  flow,  the  whole  flow  field  is  mapped  onto  a  complex  potential 
plane  W=  J  +  i$  of  Figure  2(b)  in  which  highly  turbulent  flow  regime  after 
the  cavity  is  represented  by  the  double- spiral-vortex  model  of  Tulin  (1964). 
The  potential  plane  W  is  once  more  mapped  onto  the  upper  half  of  C=5+iT| 
plane  by  the  mapping  function; 


W= 


(1) 


Figure  2(c)  shows  the  Q -plane  with  all  the  boundary  conditions  given. 

The  problem  is  how  formulated  in  terms  of  a  hodograph  variable  a'  which 
is  defined  by: 

dW/dz  =  qe“10=  qcoe"’1U) 

U)  =  9+iT,  T  =  in(q/qj. 


(2) 

(3) 


The  solution  satisfying  the  boundary  conditions  specified  either  in  the  real 
part  or  the  imaginary  part  of  uu  in  Figure  1(c)  will  be  given  by: 


»<C>  =  [<C+l>(C-b)p{2Wlj 


-1 

-i&id-tq) 

a  [(§'+l)(§'-b)J* 


+ 


1 

2rri 


1  I  2tt 

2TTiJ0  i[(i+S')(b-S')* 


(4) 


,  1  fC  iin(H-q)  dg'l 

2TUJb  [<5'+lM§’-b>]* 


where 


P.*PC 

i  2 

IP«1. 


0  =  tan 


-1 


:  cavitation  number 


df/dx  ,  y  =f(x)  body  shape. 


(5) 

(6) 
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FIGURE  2:  (a)  Flow  Configuration  and  (b)  Potential  Plane  W  (c)  Trans 
form  Plane  £  and  (d)  Definition  of  s,S  and  P  on  the  Body 


We  have  four  unknown  parameters  a,  . .  .  d  in  (1) , . .  .  (4),  requiring  four 
boundary  conditions  to  determine  them  uniquely; 

(i)  S(«)  =  0 

(ii)  8(d)  =0 

(iii)  4^-1^  =  neC^/Z)  where  l'denotes  the  circulation  and  is 
the  lift  coefficient. 

(iv)  Total  wetted  foil  length  =  S  (see  Figure  2(d)  for  the  definition 
of  S). 


Each  of  those  conditions  provides  one  equation,  totally  four  f . ,  .  .  .  f^  as 
shown  below: 

f  =  Mi±2)|in - -i-bf1)  x - 

1  2n  |  2[(a+l  )(a-b)]2+(a+l  )+(a-b) 


+  fn- 


b+1 


2[(c  +  l)(c  -b)]2  +  (c  +  l)+(c-b) 


(7) 


If'  - 

td+^Hh-?')]2  v2  1+b' 


f .  in - - 

(  2[(a+l)(a-b)(d+l)(d-b)]2+(a+l)(d-b)+(a-b)(d+l) 


+  £n 


_ (l+b)(d-c) _ 

2[(c+l)(c-b)(d+l)(d-b)]2+(c  +  l)(d-b)+(c-b)(d+l) 


(8) 


I  b 

[(d+D(d-b)i2  r 

"  J-i 


e(g’) 


[(l+?')(b-?)P 


+  sin 


■  1 


dfb-  1  )+2b 
d(b+l)  . 
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fa+d  in 


c+d in- 


(10) 


(11) 


k(S,d,*0 


ill 

.  dW=  JjO  _g_ 

}~  d§  dtT  §-d  • 


(13) 


It  is  easily  seen  from  these  equations  that  if  g  is  constant,  such  as  in  the 
case  of  a  flat  plate,  the  problem  reduces  from  solving  a  set  of  integral 
equations  to  nonlinear  algebraic  equations.  However,  in  more  general 
cases,  g  is  variable  as  a  function  of  physical  coordinate  or  arc  length  s 
and  thus  of  £•  Only  one  relation  connecting  these  two  planes  is  given  by 
equation  (11)  and  this  can  be  solved  provided  that  all  parameters  a...d 
and  also  )  be  known.  It  is  this  feature  that  poses  a  difficult  non- 
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linear  problem  in  this  type  of  integral  equation  and  thus  the  help  of 
numerical  technique  is  necessary. 


3.  Numerical  Method 

Instead  of  using  a  simple  substitution  method  explained  before, 
Newton’s  iterative  method  is  introduced  in  solving  the  above  equations.  A 
new  vector  equation  is  now  defined  as  follows: 


g(a,  p(?  (x,a),a))s  a-J'1-  f(a,  P(?(x, .a), a))  (14) 

where  J  *  denotes  the  inverse  of  a  matrix  J  =  df/da  Iterative 

procedure  is  now  established  by  writing  (14) 


Jn+D  in)  ■ 
—  v  * 


or 


where  the  superscript  (n)  denotes  the  number  of  Newton's  iteration  where¬ 
as  the  subscript  v  has  the  same  meaning  as  before.  The  Newton's  method, 
usually  used  to  solve  a  system  of  nonlinear  equations  is  superior  to  a  sim¬ 
ple  substitution  method  of  Equation  (3).  The  speed  of  convergence  of  the 
method  is  of  'second  -  order',  which  provides  a  rapid  conver¬ 
gence  as  well  as  improves  the  stability  of  convergence.  Assuming  p^  and 
a^  in  (15)  as  starting  values,  one  can  calculate  the  values  of  J  and  ^with¬ 
out  any  difficulty  since  all  the  integrals  having  p  in  their  kernels  now  be¬ 
come  just  numbers,  then  find  a^.  This  procedure  will  be  continued  un¬ 
til  a  set  of  convergent  solutions  are  obtained.  (It  is  noted  that  this  part  of 
iteration  is  simply  solving  a  set  of  nonlinear  algebraic  equations  by  using 
Newton's  method).  With  converged  solutions  and  Pq  known,  the  re¬ 

lation  between  s  and  5  is  now  given  through  Equation  (11)  and  thus  the  ac¬ 
tual  body  angle  will  be  incorporated  first  time  into  the  problem  in  the  next 
iteration  where  v  =  1.  This  procedure  will  be  repeated  until  a  convergent 
solution  is  obtained.  The  test  of  convergence  is  usually  made  on  the 
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solution  parameters  in  such  a  way  that: 


where  jj  ||  denotes  a  vector  norm  and  6  a  desired  value  for  accuracy. 
Other  key  factors  such  as  the  overall  force  coefficients  C.  and  Cn 

Lt  U 

may  be  also  used  in  the  same  way  as  above  for  the  convergence  test. 


Once  a  complete  solution  to  one  problem  is  obtained  by  the  above 
method,  the  results  of  such  a  solution  are  extremely  useful  in  solving  pro¬ 
blems  having  physical  parameters  and  body  profile  close  and  similar  to 
the  problem  already  solved.  Such  problems  will  be  therefore  continuous¬ 
ly  solved  by  changing  physical  parameters  or  body  profiles  slightly  at  a 
time  with  the  previously  obtained  data  always  used  in  the  subsequent  com¬ 
putations.  In  this  way  the  computation  time  is  substantially  saved  and  the 
convergence  is  always  guaranteed. 


Some  of  the  partial  derivatives  in  J  are  easily  obtained  in  analyti¬ 
cal  forms  but  some  must  be  numerically  calculated  by  using  a  finite  dif¬ 
ference  method.  One  of  the  numerical  difficulties  in  the  present  computa¬ 
tions  is  to  calculate  the  Cauchy  integral  particularly  at  in  A.  usual 
practice  to  avoid  this  difficulty  is  to  use  a  formula 


Ui±5Hk^il! 

TT 


PCS')  Ji&l  =  Ui+5?(b-5)J? 

[<1+S')(b-S')2  ?,‘5  n 

xp&n - ^ 

5  [(l+§')(b-S')F 


X 


with  the  fact  in  mind  that  this  whole  term  vanishes  at  §  =  b  and  -1. 


The  numerical  integration  in  the  computations  presently  made  (some 
of  the  results  being  shown  later)  employed  Simpson's  rule  with  the  step 
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size  changed.  The  variable  step  size  is  particularly  important  in  accur¬ 
ate  numerical  integrals  for  the  cases  of  foils  having  relatively  thin  but 
rounded  leading  edge  since  g  rapidly  changes  near  the  leading  edge.  In 
some  of  the  computations  made  here  the  step  size  near  the  leading  edge 
was  ten  times  finer  than  the  other  part  of  the  body. 

4.  Numerical  Difficulty  as  i|i  -»  0  and  n  -»  0  and  Corresponding 

Numerical  Method 

No  numerical  difficulties  have  been  experienced  when  the  length  of 
cavity  becomes  infinite,  i.e,  in  the  case  of  zero  cavitation  number.  The 
problem  reduced  to  two  integral  equations  for  two  unknown  parameters, 
the  formula  being  shown  in  the  paper  of  Furuya  (1975a).  However,  for  the 
cases  of  small  but  finite  and  a  ,  for  example,  (rQ  =  1  with  o  =  0.05  or 
*0=  ^  with  0  =  0.1  at  u.  =  10°  for  a  flat  plate  foil,  some  numerical  diffi¬ 

culties  arise  in  obtaining  convergent  solutions  (see  the  report  of  Wang  and 
Shen  (1975)  for  more  details).  What  will  happen  in  these  cases  is  that  two 
coordinates,  c  and  d,  become  too  close  to  each  other,  even  up  to  the  tenth 
digits.  This  is  far  beyond  the  resolution  of  single  precision  operation  of 
the  computer  and  the  iteration  of  the  present  method  failed  to  converge. 

One  could  consider  the  use  of  double  precision  arithmetic  in  the  calculations 
but  this  again  would  not  guarantee  convergence. 

A  simple  modification  has  been  presently  made  in  numerical  treat¬ 
ment  of  the  four  fundamental  equations  (8)  -  (11)  instead  of  using  the  double 
precision.  As  soon  as  (d-c)  becomes  smaller  than  a  number  in  the  iter¬ 
ative  procedure  (10  ^  was  used  in  our  computations),  the  term  appearing 
as  a  group  of  (d-c)  was  considered  to  be  a  new  parameter,  say,  e,  and  d 
appearing  as  independent  of  c,  not  as  (d-c),  is  replaced  by  c  with  an  as¬ 
sumption  of  negligibly  small  errors  due  to  this.  Therefore,  the  new  equations 
are  obtained  by  replacing  a,b,c,e  for  a.b.c.d  in  Equations  (7) -(11)  as  fol¬ 
lows;  a-»a,  b-*b,  c-*c,  d-*c,  d-c-»e.  The  partial  derivatives  in  J  must  be 
changed  accordingly.  With  this  method  used,  we  have  successfully  ob¬ 
tained  convergent  solutions  without  any  difficulty  for  the  case  of  1  and 
0  a  =  10®  in  which  the  value  e  itself  has  been  found  to  be 

10  .  Although  the  cases  of  further  small  values  of  and  O  have  not 
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been  tested,  the  combination  of  the  above  ♦g  and  O  is  believed  to  be  small 
enough  to  cover  the  practical  range  of  the  submergence  and  cavitation 
number. 

5.  Results 

The  numerical  technique  mentioned  above  was  used  to  calculate 
several  different  types  of  supercavitating  flows.  First  two  examples  in 
Figure  3  show  mainly  the  numerical  aspect  of  convergence.  The  body  pro¬ 
files  of  both  cases  are  circular  arc  with  elliptic  noses  of  leading  edge  ra¬ 
dius  R  =  0.  1%  chord.  Only  the  difference  between  two  cases  is  a  flap  of 
3°  at  20%  of  the  trailing  and  the  flow  angle  a  =  -1°  for  the  case  (b).  For 
the  first  case  (a)  a  flat  plate  solution  was  used  as  a  starting  point  whereas 
a  previously  obtained  solution,  the  configuration  of  which  is  close  to  the 
present  one,  was  used  for  the  case  (b)  (see  g  of  the  first  iteration  in  Figure 
3  (a)-3  and  3(b) - 3) .  It  is  obviously  seen  from  pressure  distributions  Cp, 
angle  of  the  body  P(S),  and  four  parameters  in  Figure  3(b)-2,-3  and  -4 
that  much  faster  convergence  was  naturally  obtained  in  the  case  of  (b)  than 
(a).  In  this  calculation,  the  term  C^q,,,  / 2  in  Equation  (9)  was  taken  as 
zero  as  Larock  and  Street  (1967)  for  simplicity  so  that  the  end  points  of 
cavity  do  not  quite  match  in  terms  of  the  x-coordinate.  (The  example  of 
using  exactly  the  form  of  Equation  (9)  will  be  shown  later).  It  took  about 
500  seconds  on  IBM  370-158  for  the  first  case  whereas  only  200  seconds 
for  the  second  case,  saving  substantial  amounts  of  computer  time. 

Some  of  the  calculated  results  are  compared  with  experimental  data 
to  check  the  accuracy  of  the  theory  and  of  numerical  methods  used  here. 
Figure  4  shows  pressure  distributions  on  flat  plates  at  various  angles  of 
attack,  submergence  depths  and  cavitation  numbers  in  comparison  with  the 
experimental  results  of  Dawson  and  Bates  (1962).  In  this  comparison  the 
definition  of  the  submergence  depth  is  different,  for  the  theory  ^  being 
specified  and  for  the  experiment  actual  depth  s/c  being  used  (see  Figure 
4(a)  for  the  reference  point  of  s/c).  For  the  cases  of  large  submergences 
with  small  angles  of  attack,  the  present  assumption  using  the  same  values 
of(rQ  as  s/c  for  comparison  must  be  very  accurate  and  this  may  be  well  ap¬ 
plied  to  all  three  cases  of  Figure  4.  The  correlation  is  seen  to  be  excellent 


FIGURE  3:  Example  Computations  of  the  Present  Method  on  Supercavi- 
tating  Circular  Arc  Foils  Having  Elliptic  Leading  Edges  (a) 
with  and  (b)  without  a  Flap  at  a  =  0.1  and  ♦  =1;  (a)-l,(b)-l  Foil 
Profiles  and  Calculated  Free  Streamlines1;  (a)-2,(b)-2  Pres¬ 
sure  Distribution,  (a)-3  and  (b)-3  the  Change  of  0 as  a  Function 
of  §  and  (a)-4  and  (b)-4  Solution  Parameters,  all  as  Functions 
of  Iteration  Numbers 
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FIGURE  4:  Comparison  Between  the  Present  Theory  and  Experimental 
Data  on  the  Pressure  Distributions  of  Supercavitatine  Flat 
Plates  * 


for  the  pressure  distributions  and  also  for  the  lift  coefficients. 

Recently,  an  experimental  study  has  been  conducted  at  the  Hydro¬ 
dynamics  Laboratory  of  the  California  Institute  of  Technology  on  super- 
cavitating  circular  arc  hydrofoils  with  and  without  flaps  having  elliptic 
leading  edges  (see  Figure  5(b)).  The  design  work  was  done  by  using  the 
computer  program  developed  there.  One  of  the  most  critical  factors  in 
designing  this  type  of  hydrofoil  is  to  ensure  that  cavity  separation  occurs 
at  the  design  point  and  that  the  upper  part  of  the  body  lies  within  the 
cavity  boundary  at  the  lowest  possible  angle  of  attack  designated  for  ex¬ 
periments.  The  minimum  envelope  of  the  upper  cavity  boundary  was  cal¬ 
culated  over  the  complete  range  of  test  parameters.  The  foil  thickness 
was  taken  to  be  85  ~  95%  of  this  height  at  three  points  (A~C  in  Figure 
5(b)).  Two  of  the  lowest  cavity  boundaries  are  shown  in  Figure  5(b). 

These  points  were  then  connected  by  straight  lines,  the  last  line  from  A 
to  the  leading  edge  being  drawn  tangential  to  the  leading  edge  circle  of 
0.  25%  chord  radius.  This  creates  a  kink  or  discontinuity  of  curvature  at 
the  tangent  point  and  in  this  way,  at  least  theoretically,  the  cavity  is  ex¬ 
pected  to  spring  at  this  transition  point.  The  experiment  using  the  hydro¬ 
foil  designed  in  this  way  has  certainly  supported  the  design  criteria;  at 
the  design  angle  of  attack  a  =0°  and  O  =  0.  2  it  was  observed  that  the 
cavity  certainly  separated  at  the  kink  point  and  cleared  all  upper  body 
boundary  with  absolutely  no  interference.  In  this  computation,  the  exact 
form  of  Equation  (9)  was  used  and  it  is  seen  that  the  end  points  of  the 
upper  and  lower  cavity  boundaries  match  each  other  in  the  x-coordinate. 
The  lift  coefficients  measured  in  the  experiment  (see  the  report  of  Baker 
and  Ward  (1975)  for  more  detailed  results),  with  and  without  flaps  at  dif¬ 
ferent  angles  of  attack  are  compared  in  Figure  6  with  the  theory,  show¬ 
ing  good  correlation  up  to  large  lift  coefficients. 

One  of  the  difficulties  in  designing  supercavitating  foils  arises 
from  the  fact  that  very  small  lift  coefficient,  i.  e.  ,  small  camber  or 
angle  of  attack  is  necessary  at  high  speeds  such  as  80  knots.  The  upper 
cavity  boundary  in  such  cases  becomes  very  close  to  the  foil  allowing  a 
limited  foil  thickness  distribution  for  mechanical  strength.  The  accurate 
calculation  of  the  free  streamlines  is  therefore  a  key  factor  in  design 
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DETAILED  FOIL  CONFIGURATION 
NEAR  THE  LEADING  EDGE 


R  ■  0.0025  Chord 

o 


Flap  Percentage 


FIGURE  5:  Calculated  Cavity  Shapes  on  the  Circular  Arc  Foil  Having 

Elliptic  Leading  Edge  of  R  =0.25%  Chord  at  a  =  0  and  a  =  0.2 
and  0.08  with  Cavity  Separation  Point  at  R  / 2;  (a)  Total 
Cavity  Shapes  and  (b)  Detailed  Upper  Cavity  Shapes  Near  the 


Cavitation  Numbar  e 


FIGURE  6:  Comparison  of  Lift  Coefficients  Between  the  Theory 


(Lines)  and  Experiments  (Points)  of  Barker  and  Ward 
(1975)  on  the  Same  Foils  with  and  without  Flaps  as  De¬ 
picted  in  Figure  5. 
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(b) 

FIGURE  7:  Comparison  for  the  Location  of  the  Upper  Cavity 

Boundaries  of  Flat-Plate  Foils  Between  the  Present 
Theory  and  Experimental  Data  "Where  f  =  1  is  Used  for 
the  Theory;  (a)  The  Ordinates  of  the  Upper  Cavity 
Boundary  and  (b)  Those  as  a  Function  of  Angle  of  At¬ 
tack  at  Various  Locations,  the  Theoretical  Results  of 
Green  for  o  =  0  Being  Also  Shown. 


work.  Presently,  measured  data  on  the  upper  cavity  boundary  by  Altman 
(1965)  are  used  for  comparison.  Figure  7(a)  shows  good  correlation 
between  the  experimental  data  and  the  present  prediction.  Theoretical 
data  obtained  by  Johnson  (1961)  using  Green's  (1936)  theory  is  also 
shown  in  this  figure.  A  large  discrepancy  is  seen  here,  possibly  due  to 
the  assumption  of  zero  cavitation  number.  It  must  be  mentioned  that  for 
this  computation,  numerical  difficulties  would  have  existed,  due  to  the 
small  cavitation  number  (<j  -  0.  034)  if  the  regular  method  had  been 
used.  The  new  technique  mentioned  in  Section  4  was  used  for  this  case 
and  convergent  solutions  were  obtained  without  any  difficulty.  In  Figure 
7(b)  the  coordinates  of  upper  cavity  boundaries  at  various  locations  are 
plotted  over  different  angles  of  attack.  It  is  again  seen  that  the  present 
nonlinear  theory  predicts  the  cavity  boundaries  very  well. 


6.  Conclusion 

A  new  technique  incorporating  Newton's  method  into  iterative  pro¬ 
cedures  in  solving  a  nonlinear  system  of  integral  equations  has  been  found 
very  powerful  in  obtaining  fast  and  convergent  solutions.  Some  represen¬ 
tative  results  of  various  supercavitating  flows  have  been  compared  with  ex¬ 
perimental  data,  proving  the  accuracy  and  versatility  of  the  nonlinear 
theory  in  combination  with  the  present  numerical  method. 

Essentially  the  same  numerical  procedure  has  been  applied  to  the 
problems  of  supercavitating  cascade  (Furuya  1975b)  and  of  finite  aspect 
ratio  supercavitating  foils  under  a  free  surface  (Furuya  1975c).  Although 
these  problems  gave  much  more  complicated  equations,  both  having  five 
algebraic -integral  equations,  convergent  solutions  with  this  present 
method  used  has  been  obtained  in  an  equally  straightforward  way. 
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ABSTRACT 


The  motion  of  an  axisymmetric  underwater  explosion  bubble  in  an 
incompressible  inviscid  fluid  is  calculated  by  a  marker  and  cell  computer 
code.  Calculations  are  presented  for  the  case  of  the  explosion  bubble 
produced  by  detonation  of  a  354  pound  charge  of  TNT  at  a  depth  of  81  feet. 
These  calculations  show  known  features  of  the  motion,  such  as  the  bubble 
jet  and  the  toroidal  shape  at  the  first  minimum.  Good  agreement  is  found 
between  calculated  and  experimental  bubble  shapes.  Refinements  have  been 
made  to  earlier  versions  of  the  code  in  order  to  reduce  the  effect  of  an 
instability  found  at  the  beginning  of  the  bubble's  contraction  phase.  They 
include  the  "irregular  star"  finite  difference  technique  and  extension  of 
the  velocity  field  by  an  extrapolation  normal  to  fluid  surfaces. 


I .  INTRODUCTION 


1.  The  Marker  and  Cell  Method 

In  this  paper  we  present  the  numerical  solution  by  the  marker  and  cell 
method  of  the  unsteady,  inviscid,  incompressible  flow  following  an  under¬ 
water  explosion.  The  Marker  and  Cell  (MAC)  method,  originally  developed  by 
Harlow  and  coworkers  [1-4]  has  been  widely  used  and  refined  to  calculate 
unsteady,  incompressible  fluid  flows  with  free  surfaces  and  solid 
boundaries  [5-15].  The  MAC  method  is  characterized  as  a  finite  difference 
solution  of  the  incompressible  equations  of  motion  in  the  primitive  varia¬ 
bles  of  velocity  and  pressure.  The  velocity  is  differenced  explicitly  in 
both  time  and  space,  while  the  pressure  is  obtained  as  the  solution  of  a 
Poisson  equation.  The  unique  feature  of  this  method  is  that  free  surfaces 
are  represented  by  massless  marker  particles.  These  particles  divide  the 
underlying  rectangular  Eulerian  mesh  into  empty  and  full  regions,  so  that 
the  computation  is  only  carried  out  in  those  cells  which  contain  the  fluid. 


Since  its  inception,  many  refinements  have  been  made  to  the  MAC  method. 
Those  improvements  which  are  applicable  to  the  solution  of  the  underwater 
explosion  problem  have  been  incorporated  into  this  version,  MACBUB,  of  the 
MAC  method.  The  origin  of  MACBUB  was  Pritchett's  [5,6]  MACYL  code  for  com¬ 
puting  the  motion  of  an  underwater  steam  bubble  formed  by  a  nuclear  explo¬ 
sion.  Pritchett  utilized  Harlow's  basic  methodology  in  a  cylindrical 
coordinate  system  instead  of  two-dimensional  Cartesian  coordinates.  In 
addition  he  allowed  for  up  to  two  free  surfaces,  one  for  the  air  and  one 
for  the  bubble,  and  he  introduced  an  unevenly  spaced  mesh. 

From  MACYL  the  code  evolved  with  the  use  of  some  of  the  simplifications 
in  the  methodology  from  SMAC  [7],  A  significant  increase  in  accuracy  was 
achieved  by  incorporating  Chan  and  Street's  [10,11]  irregular  star  technique 
to  enforce  the  free  surface  pressure  boundary  condition.  As  did  Chan  and 
Street,  we  found  that  better  results  were  obtained  by  extending  the  velocity 
field  across  free  surfaces  than  by  arbitrarily  assigning  these  velocities  in 
partially  filled  cells  so  that  the  difference  equation  for  conservation  of 
mass  is  satisfied  as  if  the  cells  were  full.  However,  instead  of  restric¬ 
ting  the  extrapolation  to  a  vertical  or  horizontal  direction,  we  extrapolate 
in  a  direction  normal  to  the  surface.  In  addition,  to  insure  that  the 
finite  difference  equations  for  the  pressure  are  first  order  under  general 
uneven  mesh  spacing,  we  have  modified  the  locations  of  the  dependent  vari¬ 
ables  with  respect  to  the  finite  difference  cells.  The  positions  of  the 
dependent  variables  still  remain  identical  to  Harlow's  original  formulation 
when  the  mesh  is  equally  spaced;  that  is,  velocities  are  defined  on  cell 
sides  and  the  pressure  at  cell  centers. 

Our  numerical  calculations  of  the  bubble  motion  described  in  the  last 
section  were  made  by  an  older  program  in  which  the  set  of  finite  difference 
approximations  to  the  convective  term  of  the  momentum  equation  were  not 
fully  first  order.  Hence  the  effect  of  changing  the  positions  of  the  depen¬ 
dent  variables  is  not  established  by  these  calculations.  However,  the 
results  of  using  the  irregular  star  technique  and  velocity  extrapolation  at 
the  free  surfaces  are  clearly  shown. 

2.  The  Underwater  Explosion  Bubble 

The  present  paper  is  concerned  with  the  calculation  of  underwater 
explosion  bubbles  produced  by  charges  of  explosives.  The  aim  of  such 
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.circulations  is  Co  relate  Che  size  and  nature  of  Che  explosive  charge  and 
the  depth  of  explosion  to  the  subsequent  motion  of  the  explosion  bubble,  the 
resulting  velocity  and  pressure  fields,  and  the  free  surface  motion. 

In  such  an  underwater  explosion,  there  is  a  time  interval  at  the  begin¬ 
ning  during  which  compressibility  of  the  water  is  important,  and  a  much 
longer  subsequent  motion  in  which  the  water  can  be  assumed  incompressible. 
The  present  calculations  are  concerned  only  with  the  latter  part  of  the  flow 
and  start  from  initial  conditions  which  must  be  obtained  either  empirically 
or  from  other  calculations.  The  compressible  flow  at  the  beginning  can  be 
calculated  by  methods  such  as  that  described  by  Sternberg  and  Walker  [16]. 
This  compressible  flow  contains  a  strong  spherical  shock  moving  radially 
outward,  and  a  series  of  rarefactions  and  weak  shocks  within  the  explosion 
bubble. 

The  bubble  begins  to  expand  immediately  after  disappearance  of  the 
shock,  and  when  no  boundaries  are  nearby,  the  subsequent  motion  consists  of 
a  number  of  oscillations  together  with  an  upward  migration  due  to  buoyancy. 
Shortly  before  each  minimum,  when  the  migration  velocity  becomes  large,  a 
jet  forms  at  the  bottom  of  the  bubble.  When  the  depth  is  not  too  large, 
this  jet  strikes  the  top  of  the  bubble  and  causes  it  to  become  temporarily 
toroidal  in  shape.  A  fraction  of  the  original  energy  is  lost  at  each  mini¬ 
mum,  and  this  loss  can  be  taken  into  account  approximately  by  use  of  results 
due  to  Snay  [17]. 

In  the  present  report,  as  shown  in  Figure  1,  the  fluid  outside  the 
bubble  is  assumed  to  be  bounded  by  a  cylindrical  wall  of  large  radius,  a 
rigid  bottom  at  large  depth,  and  by  a  liquid-air  Interface.  The  explosion 
is  assumed  to  occur  on  the  axis  of  symmetry.  Calculations  are  carried  out 
for  the  motion  of  an  underwater  explosion  bubble  in  the  presence  of  gravity 
using  initial  conditions  supplied  by  H.  Snay.  This  case  corresponds  to  the 
detonation  of  a  TNT  sphere  of  354  pounds  at  a  depth  of  81  feet. 

II.  OUTLINE  OF  THE  MAC  METHOD 
1.  Differential  Equations 

The  equations  solved  by  the  present  MAC  code  are  the  unsteady, 
incompressible,  axisymmetric,  inviscid  flow  equations  with  the  effect  of 
gravity  included,  and  are  given  as  follows.  The  continuity  equation  for 
conservation  of  mass  is 
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(2.1) 
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where  r  and  z  are  cylindrical  coordinates  and  u  and  v  are  the  /elocity 
components  in  the  r-  and  z-directlons,  respectively.  The  radial  and  axial 
accelerations  are  given  by  the  Euler  equations 
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respectively,  with  4>  •  p/p,  where  p  is  the  pressure,  p  is  the  constant 
density,  and  g  is  the  acceleration  due  to  gravity.  Many  forms  of  the 
convection  terms  in  (2.2)  and  (2.3)  have  been  used.  The  results  presented 
in  this  paper  use  the  form  obtained  by  combining  these  terms  with  (2.1)  to 


get 
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(2.5) 

For  the  linearized  model  equations,  it  is  well  known  [18]  that  if 
centered  differences  are  used  to  approximate  the  convective  terms  in  the 
explicit  forward  time  discretization  of  (2.2)  and  (2.3),  then  the 
difference  scheme  is  unstable.  However  if,  in  addition  to  the  usual 
Courant  condition,  a  sufficiently  large  viscous-like  damping  term  is 
added  to  the  equation,  the  scheme  becomes  stable.  Similarly  Hirt  [19]  has 
shown  in  an  heuristic  stability  analysis,  that  centered  finite  differences 
introduce  error  terms  which  are  like  negative  viscosity  terms  and  that  for 
stability  these  negative  contributions  can  be  counterbalanced  by  introducing 
a  numerical  viscosity,  v,  to  the  momentum  equations.  The  final  form  of  the 

momentum  equations  used  by  the  program  is  then 
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where  for  stability,  using  a  notation  described  in  [5],  we  have 
»2  |3ui,  (AX)2 
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Differentiating  the  continuity  equation  (2.1)  with  respect  to  t  and 
substituting  the  momentum  equations  (2.6)  and  (2.7)  in  the  resulting 
equation  gives  « 

a. 8)  7  37  <>&>  +^2  “  ^ 

where  the  viscous  terms  vanish  and  Q  is  just  the  divergence  of  the  convec¬ 
tion  terms.  We  have 

0,  n  _  1  3  ,1  3  (ru2)  3  (ru2)  3(uv).  _3  r  1  3  (ruv)  3  (v2)  1 

U.97  Q  7  3r  l7  3r .  3r  "  3z  J  3z  lr  3r  3z  J  * 

When  u  and  v  are  known,  (2.8)  is  a  Poisson  equation  for  $. 

2.  Boundary  Conditions 

Since  solid  walls  are  Impermeable  and  the  fluid  is  assumed  to  be 

inviscid,  the  appropriate  boundary  condition  at  rigid  walls  is  the  "free- 

slip"  condition,  in  which  only  the  normal  component  of  velocity  is 

constrained  to  be  zero.  To  obtain  an  additional  condition  at  rigid  walls 

when  the  numerical  viscosity  coefficient  v  is  nonzero,  we  require  the 

viscous  stress  3u/3x  +  3v/3r  to  be  zero  there.  The  velocity  boundary 

conditions  on  the  axis  of  symmetry  are  the  same  as  the  preceding  boundary 

conditions  at  a  rigid  wall,  since  we  have  u  -  0  and  3v/3r  “  0. 

On  free  surfaces  the  pressure,  p,  is  prescribed.  On  the  air  surface, 

in  Figure  1,  p  is  assumed  to  be  a  constant  applied  pressure,  usually  one 

atmosphere.  On  the  bubble  surface  p  is  given  by  an  equation  of  state  such 

as  the  adiabatic  gas  law  pV^  -  constant.  The  boundary  condition  for  the 

pressure  on  a  solid  boundary  is  obtained  from  the  momentum  equations  and 

the  velocity  boundary  conditions.  For  example  on  a  vertical  wall,  since 

u  -  0,  ui^  and  all  vanish  in  (2.2),  and  the  appropriate  condition  is 
at  ar  az 

3if/3r  «  0.  Similarly  3$/3z  ■  g  on  horizontal  walls. 

In  addition,  the  velocity  near  or  on  the  free  surface  is  constrained 
by  the  free  surface  pressure  condition  through  the  terms  3$/3r  and  3$/3z  in 
the  momentum  equations  (2.2)  and  (2.3). 


3.  Development  of  the  Computational  Procedure 


The  development  o£  the  method  Is  based  on  a  procedure  due  to 
Chorln  [20].  This  development  Is  equivalent  to  the  usual  one,  but  the 
difference  equations  for  the  pressure  at  solid  boundaries  are  obtained 
more  naturally. 

In  the  present  version  of  the  MAC  method  a  non-uniform  mesh  is  used, 
as  shown  in  Figure  2,  and  flow  quantities  are  evaluated  at  the  locations 
shown  in  Figure  3.  Thus,  the  pressure  is  calculated  in  the  interior  of  a 
cell,  u  is  calculated  on  vertical  edges,  and  v  on  horizontal  edges. 

Let  D  represent  the  discrete  divergence  operator  used  to  approximate 
the  continuity  equation  (2.1),  and  let  G  be  the  discrete  gradient  operator 
used  to  evaluate  3$/3r  and  3<t>/3z  in  (2.6)  and  (2.7).  Let  w  -  (u,  v). 

Using  the  notation  established  in  Figure  3  our  approximations  to  these 
operators  are 
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ri-*s  U1+*5,J  ~  xi--h  U1  -h,l 
r..Av, 


AZj 


and 


(2.11) 

where 


G*  -  (Gr*,  Gz*)  , 


(2.12)  (G*) 


r^'i-^s.j  Ar 


*1+1.3  *1.3 


i-^ 


(2.13)  (0.*) 


.  9l.-1+l  ~  *1.3 


*,'i,j+5S  Az 


j+*i 


Replacing  derivatives  with  respect  to  time,  t,  by  forward  divided 
differences  using  a  time  increment  At  that  is  calculated  at  each  time  step 
to  insure  stability,  we  symbolically  write  first  order  approximations  to 
(2.6)  and  (2.7)  as 
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FIG.  2  THE  COMPUTING  MESH 
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(2.14) 


U£,J  '  ^  fCr  +  V  -  VJ*.J 

(2.15)  -  v^  .  atn  [Cz  +  ^  -  g  -  A,]^ 


where  the  superscript  n  represents  the  nth  time  level,  (C  ),  .,  ,  and 

r  i t j 

(C2>1  are  the  discretized  convection  terms,  and  (^r)1+^  j  and  (Az)i 

are  the  discretized  damping  terms.  The  finite  difference  approximations  to 
the  convection  and  diffusion  terms  used  in  the  present  calculations  are  due 
to  Pritchett  [5],  but  the  convection  terms  of  [5]  are  not  first  order  on 
the  mesh  shown  in  Figure  3.  Hence,  the  present  calculations  cannot  show 
the  effect  of  the  new  positioning  of  the  dependent  variables.  However,  a 
calculation  for  a  different  example,  comparing  the  approximations  of  (5] 
with  a  fully  first  order  set  of  equations,  shows  little  difference  in 
bubble  profiles  or  bubble  periods. 

If  we  write 


(2.16)  u*»  }  ^  -  At”  (Ct  -  .j 


(2.17) 

then 


(2.18)  u$j  -  -  At"  (C,*)?^  . 


The  requirement  that  mass  be  conserved,  (2.1),  is 


(2.20)  (Dw>iJ  “  °* 

Substituting  (2.18)  and  (2.19)  into  (2.20)  gives  for  each  cell  (i,j) 

(2.21)  (DC*)^  -  (D^UX)1>j/Atn. 

If  in  addition  we  require  that  A  ■  (Af,  Az)  be  of  a  form  so  that 
DX  -  0  then  (2.21)  is  the  discrete  analog  of  the  Poisson  equation  (2.8). 
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Referring  Co  Che  numbering  sysCem  for  Che  finice  difference  mesh  as 
shown  in  Figures  2  and  3  we  expand  (2.20)  for  each  fluid  cell  itj  wlch 
n+1  aux  -  n+1  aux  „ 

U**.J  ’  Ui4^,j  *  °  °r  Vi.j^  “  Vi,j^  0 

as  appropriaCe  on  rigid  walls.  We  Chen  obcaln  a  sysCem  of  linear  algebraic 

equacions  in  Che  unknown  .  of  Che  form 

**  J 

(2.22)  0l  j  ±  j  ~  (“j  t  +  a2,j  +  ei  1  +  S2  i*  *1  ] 

+  e2,i  ^i+l,j  +  “2J  *i,J+l  "  Ri,j 


(2.23)  Rt  -  D(^ux)1  /At 


Az  Az,  , 

(2.24)  «x  -  J 


,  j  -  3  Co  N-l 


oCherwise 


(2.25)  a. 


(2.26)  8. 


I  Az.Az 


j  3+^ 


lriiriAri-% 


,  3  -  2  Co  N-2 


oChe  ‘  -i 


,  i  -  3  Co  M-l 


oCherwise 


(2.27)  8, 


Jriari6ri^ 


,  i  -  2  Co  M-2 


oCherwise 


This  sysCem  auComaCically  includes  Che  rigid  wall  boundary  condiCions  for 
Che  pressure,  and  as  shown  below,  is  equivalenC  Co  Che  sysCem  generaCed 
by  Che  more  convenCional  derivadon.  Moreover  Che  sysCem  (2.22)  Co  (2.27) 
immediacely  gives  rise  Co  an  efficienC  algor ichm,  since  Che  boundary 
condiCions  are  implemenCed  by  merely  seCCing  Co  zero  Che  appropriaCe 
poslcions  in  che  arrays  which  conCain  Che  coefficiencs,  a^j  ant^  8^,1' 
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In  the  usual  development  of  the  MAC  method,  the  discrete  five  point 
Laplacian,  DG$,  Is  made  to  hold  for  cells  adjacent  to  solid  boundaries  as 
well  as  for  Interior  cells  by  Introducing  a  layer  of  "fictitious"  cells 
adjacent  to  the  loundary.  The  finite  difference  approximation  to  the 
normal  derivative  boundary  condition  is  expressed  in  terms  of  the  pressure 
in  the  fictitious  cell  and  the  pressure  in  the  adjacent  boundary  cell. 

The  boundary  condition  for  the  pressure  is  imposed  by  combining  this 
equation  with  the  discrete  five  point  Laplacian  for  the  interior  boundary 
cell  to  give  an  expression  for  the  pressure  which  does  not  involve  the 
fictitious  cell.  We  verify  below  that  this  is  equivalent  to  Chorin's 
procedure  on  the  boundary  z  *  0. 

On  the  floor,  z  =  0,  the  substitution  v  =  0  in  (2.3)  gives  the 
Neumann  condition  3<Ji/3z  =  g.  Using  a  fictitious  row  of  cells  below  the 
floor  as  in  Figure  3,  we  can  approximate  this  condition  by 


*i  2  "  ^  1 

(2.28)  - ^=g 

Z3/2 

or 

Q.29)  4itl  -  *1>2  -  gA*3/2- 

After  introduction  of  fictitious  cells,  the  usual  discrete  Poisson 
equation  for  the  pressure  in  the  row  of  floor  cells,  j  =  2  and  3  <  i  £  M-2, 
is  the  same  as  (2.22)  with  2  replace  by 


(2.30) 

and  with  R 

(2.31) 


1,2  tz2^z2/2 

^  2  replaced  by 
_ .  ,  — eux, 

Ri,2  “  (Dw  h,2 


/At. 


In  equation  (2.31),  the  standard  interior  form  (2.17)  for  the  velocity 

v®u^y2  is  used  in  forming  the  expression  (Dw  )^  2.  Noting  that 

(c  )_>  , “  0  on  the  boundary,  we  obtain 
z  i,J/Z 


aux 

i,3/2 


(g  +  Az)  At. 
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On  substituting  (2.29)  Into  this  Modified  form  of  (2.22),  we  obtain  the 
finite  difference  equation  to  be  satisfied  In  floor  cells. 


(2.32) 


*1.1 


2  ^  (®2  2  i  ^  ^2  2 


+  B2,l  *1+1,2  +  a2,2  *1,3  "  *1,2  +  al,2  g**3/2» 

In  order  to  show  that  (2.32)  Is  Identical  with  (2.22)  for  floor  cells, 
we  need  to  verify  that 

(2.33)  R'  2  +  a^2  gAr3/2  -  R1>r 
From  (2.23),  we  have 

(2.34)  «1>2  -  jj-lj-  Ir^  (»  -  Cr  40^  -  (»  -  Cf  A.)^] 

(Ct-S>i;>5/2j/4t. 

The  requirement  that  DA  ■  0  leads  to 

(2.35)  R£_2  -  j^T-  (“  -  Cr  At)^  2  *  'l-N  <"  '  Cr  ™U.2 > 

+  si;  i’  -  «  Vlznj- 

Finally,  (2.33)  follows  from  (2.34),  (2.35),  and  (2.30).  A  similar 
analysis  for  axis,  wall,  and  celling  cells  shows  that  equations  (2.22) 
through  (2.27)  are  equivalent  to  the  usual  MAC  procedure. 

4.  Order  of  Accuracy  of  the  Discrete  Laplaclan 

In  the  original  MAC  formulation,  the  pressure  Is  defined  at  the 
centers  of  cells,  and  the  horizontal  and  vertical  components  of  velocity 
are  defined  at  the  centers  of  vertical  and  horizontal  sides,  respectively. 
It  will  be  shown  below  that  some  of  the  terms  of  the  difference  equations 
are  not  accurate  to  first  order  for  arbitrary  grid  spacing  as  the  maximum 
grid  size  goes  to  zero.  However,  with  the  pressure  and  the  velocity 
components  defined  at  the  points  shown  In  Figure  3,  these  terms  become 
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accurate  to  first  order,  and  in  particular,  the  discrete  Lapladan  is  then 
first  order,  while  remaining  in  the  form  of  the  divergence  of  a  gradient, 
as  in  (2.21).  For  equal  mesh  spacing,  the  original  and  the  new  positions 
are  of  course  the  same.  As  in  Figure  3,  the  points  at  which  the  pressure 
is  defined  are  such  that  the  midpoint  of  the  line  connecting  two  adjacent 
points  is  on  a  cell  side,  and  a  radial  or  vertical  velocity  component,  as 
the  case  may  be,  is  defined  at  this  Intersection  point.  Such  a  mesh  is 
determined  uniquely  when  the  points  of  definition  of  the  pressure  are 
assigned. 

To  show  the  validity  of  this  modification,  we  consider  the  one- 
2  2 

dimensional  operator  9  $/3z  .  Its  first  order  Taylor  series  approximation 
is 


(2.36) 


*i,J+l "  *1.1 

4i.1  "  *i.-1“ll 

rsvi + J 

u3-h  J 

I  2 

To  satisfy  the  criterion  that  be  numerically  of  the  form  f— 

dz  Bz 

aa  in  (2.21),  the  usual  MAC  approximation  is 


(2.37) 


.M  [♦ 

ai.j  ♦  -  [" 


A  z, 


da 


j-% 


*] 


/  Az, 


Under  the  original  formulation,  where  the  pressure  is  defined  at  cell 
centers,  the  MAC  expression  (2.37)  is  related  to  the  Taylor  series 
expression  (2.36)  by 


The  quantity  in  brackets  is  unity  only  if 

(2.39)  A*j  -  A*o  +  (AZj  -  Ato/j, 

which  Includes  the  evenly  spaced  mash  as  a  special  case.  By  requiring 
instead  that 

(2.40)  A*j  ■  + 
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(2.36)  and  (2.37)  become  equal.  This  equation  together  with  a  similar 
equation  for  ,  defines  the  new  positioning  of  the  dependent  variables 
shown  In  Figure  3. 

Ue  note  that  the  expression  within  the  square  brackets  in  (2.38) 
remains  close  to  unity  when  the  mesh  size  varies  gradually  enough. 

5.  Solution  of  the  System  of  Linear  Algebraic  Equations 

The  system  (2.22)  is  solved  by  use  of  the  successive  overrelaxation 
(SOR)  method.  The  original  MACTL  code  used  the  five  point  form  of  the 
discrete  Lapladan  in  (2.21)  for  all  boundary  as  well  as  full  cells.  The 
boundary  conditions  were  satisfied  by  appending  the  linear  equations, 
involving  the  pressure  In  fictitious  cells,  consisting  of  (2.29)  together 
with  similar  equations  at  vertical  walls  and  the  axis  of  symmetry. 

Weber  [21]  showed,  and  we  verified  numerically,  that  when  the  SOR  method 
Is  used  to  solve  this  enlarged  system,  the  solution  may  diverge.  On  the 
other  hand,  he  demonstrated  that  the  system  (2.22)  to  (2.27),  or  the 
equivalent  set  exemplified  by  (2.32),  satisfies  sufficient  conditions  for 
convergence  of  the  SOR  method  (such  as  those  given  In  [22],  for  exsmple). 

In  the  underwater  explosion  bubble  calculations,  the  solution  of  the 
Poisson  equation  for  the  pressure  at  a  given  time  is  carried  out  by  using 
the  solution  at  the  preceding  time  as  an  Initial  guess.  When  M  radial  and 
N  vertical  grid  points  are  used,  we  find  that  the  number  of  Iterations 
required  for  a  root-mean-square  relative  error  of  10"^  Is  roughly  equal  to 
max(M,  N). 

6.  numerical  Treatment  of  the  Boundary  Conditions 
a.  The  boundary  region 

The  region  in  which  the  equations  are  solved  is  defined  by  four  fixed 
boundaries,  axis,  wall,  floor  and  celling,  and  by  the  free  surfaces.  A 
free  surface  Is  composed  of  a  sequence  of  massless  marker  particles. 

These  particles  are  introduced  at  known  locations  In  the  beginning,  and  are 
moved  at  each  time  step  according  to  the  local  velocities.  The  velocity 
components  at  each  particle  location  are  computed  by  Interpolation, 
assuming  that  the  velocity  components  vary  linearly  between  points  of 
definition  of  the  grid  velocities. 


It  Is  necessary  to  distinguish  between  empty,  surface,  and  full  cells 
in  the  calculation,  as  shown  schematically  in  Figure  1.  The  type  of  a 
given  cell  is  denoted  by  means  of  a  flag,  which  in  the  present  program  is 
a  signed  Integer  associated  with  the  cell.  The  cells  are  reflagged  at  each 
time  step  after  the  particles  have  been  moved. 

In  a  study  sponsored  by  the  Office  of  Naval  Research,  Berger  and 
Vender  Vorst  [23]  solved  the  Poisson  equation  (2.8)  using  the  finite 
element  method  with  linear  triangular  elements  constrained  to  lie  within 
the  finite  difference  mesh.  For  this  study  they  developed  a  procedure  to 
form  a  polygonal  approximation  to  the  surface  from  the  locations  of  the 
marker  particles.  This  polygonal  surface  consists  of  a  sequence  of 
connected  straight  line  segments  such  that,  as  shown  in  Figure  4a,  each 
surface  cell  contains  only  one  such  segment.  The  polygonal  surface  is 
utilized  in  the  present  code  for  the  calculation  of  surface  normals  and 
the  formation  of  the  irregular  stars  which  are  described  later  in  this 
section.  In  addition  it  is  used  to  calculate  the  bubble  volume  for  use  in 
che  equation  of  state.  This  polygonal  surface  la  used  for  two  reasons. 
First  and  most  Important,  since  the  polygonal  surface  has  only  one  segment 
per  cell,  it  is  computationally  more  efficient  to  describe  and  traverse 
than  the  marker  particle  surface.  Second,  if  the  arrangement  of  the 
particles  begomea  very  Irregular  we  can  use  the  polygonal  surface  to  smooth 
the  particle  surface  by  distributing  the  particles  onto  the  polygon, 
b.  Velocity  boundary  conditions 

In  order  to  satisfy  the  velocity  boundary  conditions  in  the  finite- 
difference  version  of  the  problem,  we  follow  the  usual  MAC  methodology  and 
Introduce  fictitious  cells  adjacent  to  the  rigid  boundaries  and  the  axis  of 
symmetry.  The  values  of  the  flow  quantities  at  points  of  these  fictitious 
cells  are  determined  so  that  both  the  finite  difference  equations  and  the 
finite  difference  forms  of  the  boundary  conditions  are  satisfied. 

For  simplicity,  we  do  not  use  special  backward  differences  near 
surfaces  to  evaluate  the  convection  and  damping  terms,  TZ  and  7T,  of  the 
discrete  momentus  equations,  (2.14)  and  (2.15);  instead,  we  extend  the 
velocity  field  across  the  computational  polygonal  surface  by  linear 
extrapolation  from  a  direction  normal  to  the  surface.  The  original 
MAC  [3]  as  well  as  the  later  SMAC  [7]  and  MACYL  [5]  codes  set  these 
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velocities  on  the  empty  feces  of  e  surfece  cell  so  that  the  discrete 
divergence  vanishes  as  if  the  cell  were  entirely  full.  Chan  end  Street 
[10],  on  the  other  hand,  Introduced  extrapolation  along  cell  llnea  to 
calculate  these  velocities.  They  found  that  linear  extrapolation  gave 
better  results  for  water  wave  problems  than  was  obtained  by  setting  Dm  ■  0 
in  surface  cells.  Share  and  Vender  Vorst  [15]  reached  the  same  conclusion 
by  using  a  version  of  the  SMAC  code,  which  they  had  modified  so  that  the 
velocity  field  is  extended  by  extrapolation,  to  compute  the  flow  produced 
when  a  large  mass  of  water  with  a  plane  surface  Impacts  on  a  vertical 
cylinder  with  large  velocity.  In  their  case,  when  the  velocity  field  was 
extended  by  forcing  sero  divergence  in  surface  cells,  large  nonphysical 
velocities  occurred  at  the  impact  of  the  water  mass  with  the  cylinder,  and 
the  calculation  could  not  be  continued.  He  waver,  when  the  velocity  field 
was  extended  by  linear  extrapolation,  the  resulting  flow  agreed  with  exper¬ 
iment.  For  the  underwater  explosion  bubble  problem,  we  find  that  extrapo¬ 
lation  in  a  direction  normal  to  the  surface  produces  slightly  better  results 
than  extrapolating  -’--.g  cell  lines  in  either  a  vertical  or  horizontal 
. Irectlon. 

c.  Pressure  boundary  conditions 

As  shown  earlier,  the  Neumann  boundary  conditions  for  the  pressure  on 
the  vertical  and  horizontal  rigid  boundaries  are  implicitly  satisfied  in 
the  set  of  linear  equations  (2.22)  to  (2.27).  However,  the  Dirlchlet 
condition,  4  "  constant,  on  free  surfaces  must  still  be  satisfied.  The 
SMAC  and  MACTL  codes  Implemented  this  condition  by  fixing  *  -  *  at  the 

1»J  * 

center  of  all  air-surface  cells,  and  j  "  ♦{,  at  the  centers  of  bubble 

surface.  The  discrete  Poisson  equation  (2.22)  is  then  enforced  only  cn 
full  cells,  that  is,  cells  whos*.  four  neighbors  are  either  surface  or  full. 
This  gives  an  effective  computational  surface  connecting  the  centers  of 
surface  cells,  as  shown  in  Figure  4b.  The  KACBUB  code  Implements  the  free 
surface  boundary  condition  by  using  the  Irregular  star  technique  to  dif¬ 
ference  (2.8)  near  the  polygonal  surface. 

The  "regular  star"  equation  (2.22)  applies  to  full  cells  such  that 
the  centers  of  all  four  neighbors  lie  in  the  fluid.  In  all  other 
cases  a  surface  segment  cuts  through  the  cell  or  a  neighboring  cell  e"ch 
that  the  center  of  one  or  more  of  the  four  adjacent  cells  is  outside 
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the  fluid.  Two  examples  of  this  are  shown  in  Figure  4.  Using  the 
nomenclature  established  in  Figure  4  for  these  irregular  cells,  we 
approximate  the  Poisson  equation  (2.9)  to  first  order  as  the  Irregular 
star  equation 


^  [*,  +  rj)  *— -  <rj  +  rj)  ^  /<«! 

\r 


+  fir2'  + 


We  have 

Ar^^  if  (ri_2>  *j)  is  inside  the  fluid 

m  rl  ~  Ta  otherwise, 

where  r  is  the  value  of  r  on  the  polygonal  boundary  for  z  -  z . ,  and 
8  3 

aJ-iilarly  for  6r2,  sad  Sz^.  Any  of  the  quantities  4i+1  4^ 

j_j,  and  j+1  are  equal  to  the  surface  pressure  where  applicable. 

We  see  that  (2.41)  reduces  ti>  (2.22)  in  the  case  of  a  regular  star.  In 
the  present  calculations,  R^  j  is  calculated  in  both  full  cells  and 
partially  filled  cells  by  the  same  procedure.  This  procedure  is  not 
accurate  in  the  case  of  partially  filled  cells,  and  may  contribute  to 
some  of  the  difficulties  found  at  the  bubble  surface.  A  more  accurate 
method  for  calculation  of  R.^  ^  in  partially  filled  cells  has  been  developed 
by  Vender  Vorst  and  Rogers  [24],  but  has  not  yet  been  used  in  bubble 
calculations. 

To  be  consistent,  the  irregular  star  procedure  also  requires  that  the 
pressure  gradient  approximation  (2.11)  and  (2.12)  to  and  be  rewritten 
for  the  Irregular  sides  of  the  star.  For  example  in  Figure  6a 


«r. 


(2.42) 


1,1*** 


Figure  5  gives  a  comparison  of  calculations  with  and  without  the  use 
of  irregular  stars.  Aasden  [8]  outlined  an  alternate  procedure  for 
implementing  the  Irregular  star  method  which  is  computationally  more 
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(») 
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FIG.  6  BUBBLE  PROFILES  RESULTING  FROM  DETONATION  OF  A  364  LB.  CHARGE  OF 
TNT  AT  A  DEPTH  OF  BC.8  FT.  (A)  PROFILES  USING  REGULAR  STARS  AND  VELOC¬ 
ITY  EXTRAPOLATION  ALONG  GRID  LINES.  (B)  PROFILES  USING  IRREGULAR 
STARS  AND  NORMAL  EXTRAPOLATION. 
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efficient  then  the  procedure  of  Chan  and  Street.  They  use  the  regular  star 
equation  In  all  cells  whose  center  Is  In  the  fluid;  however,  as  Illustrated 
In  Figure  4e,  at  the  beginning  of  each  SOR  sweep,  the  pressure  In  cells 
whose  centers  lie  just  outside  the  surface  are  set  by  a  linear  extrapolation 
In  the  vertical  direction  across  the  surface.  These  extrapolated  pressures 
are  used  as  the  boundary  values  In  the  subsequent  Iteration. 

Previous  to  this,  we  had  Independently  rejected  this  extension 
procedure  for  two  reasons.  First,  the  more  complicated  surface  geometry 
of  the  underwater  bubble  requires  that  the  pressure  extrapolation  be  done 
in  either  a  horizontal  or  vertical  direction.  In  some  such  cases,  as 
shown  in  Figure  4f,  an  extrapolated  pressure  may  be  doubly  defined,  say  from 
above  and  from  the  left.  Secondly,  an  analysis  similar  to  that  of  Weber 
[21]  predicts  that  unless  a  sufficiently  small  over-relaxation  factor  is 
used,  the  SOR  Iteration  may  diverge.  This  can  be  circumvented  by  using  a 
smaller  over-relaxation  factor  for  the  irregular  cells  than  for  the 
regular  cells,  but  this  adds  a  degree  of  complexity  back  into  the  algorithm. 

III.  THE  MACBUB  COMPUTER  PROGRAM 

To  run  a  problem  we  really  need  to  consider  four  distinct  computer 
programs:  MACED IT,  MACIN,  MACBUB,  and  MACPLT . 

MACEDIT  is  a  small  program  which  utilizes  an  editor  to  change  all  of 
the  FORTRAN  dimension  statements  in  the  other  three  programs  to  correspond 
to  the  desired  finite  difference  mesh  size  for  a  particular  problem. 

MACIN  creates  the  initial  data  as  cycle  0  on  a  magnetic  tape.  Input 
to  this  program  consists  of  all  the  parameters  necessary  to  describe  the 
initial  state  of  the  problem,  including  the  grid  dimensions,  grid  cell 
size,  bubble  location,  bubble  radius,  bubble  migration  rate,  bubble 
expansion  (or  contraction)  rate,  location  of  free  surface,  and  the  number 
and  locations  of  free  surface  and  interior  marker  particles. 

MACBUB  is  the  major  program;  it  carries  out  the  MAC  solution  as 
outlined  below  in  steps  0  through  12: 

0.  Read  in  running  parameters:  starting  cycle;  ending  cycle; 
smoothing  cycle/do  not  smooth;  overrelaxation  factor;  maximum 
number  of  iterations;  Courant  number;  print  frequency;  dump 
frequency;  SOR  accuracy  parameter.  Read  in  initial  data  at 
starting  cycle  from  magnetic  tape. 
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1.  Increment  cycle  counters. 

2.  Find  polygonal  free  surface  from  particles. 

3.  If  this  cycle  is  to  be  smoothed  put  particles  on  polygonal 
surface. 

4.  Calculate  pressure  coefficients  (2.37)  for  irregular  star 
cells  and  label  those  cells. 

5.  Calculate  auxiliary  velocities  from  (2.16)  and  (2.17). 

6.  Compute  inhomogeneous  Poisson  term,  R  (2.23). 

7.  To  find  pressure, iterate  on  (2.22)  and  (2.37)  by  SOR  method 
until  solution  is  within  desired  relative  accuracy  or  maximum 
number  of  iterations  have  been  completed. 

8.  Find  new  velocities  from  auxiliary  velocities  using  (2.18) 
and  (2.19). 

9.  Extend  velocities  by  normal  extrapolation. 

10.  Move  particles  by  local  fluid  velocity. 

11.  Dump  onto  magnetic  tape,  or  print  as  demanded  by  counters. 

12.  If  cycle  does  not  equal  ending  cycle,  go  to  step  1;  otherwise, 
stop. 

The  program  MACPLT  reads  the  magnetic  tape  produced  by  MACBUB  and 
produces  particle,  isobar,  and  vector  plots  on  an  electrostatic  plotter. 

IV.  THE  UNDERWATER  BUBBLE  CALCULATION 
1.  Computations 

The  problem  of  determining  the  fluid  flow  generated  by  an  underwater 
detonation  of  an  explosive  charge  has  been  addressed  experimentally, 
analytically,  and  numerically  in  the  literature.  A  compendium  of  reports 
selected  by  the  Office  of  Naval  Research  (25]  presents  the  major  historical 
results  to  1950.  Snay  and  coworkers  [26-28]  have  contributed  much  experi¬ 
mental  as  well  as  one-dimensional  and  quasi  two-dimensional  analysis. 

For  purely  radial  motion  in  incompressible  flow,  the  radius  of  the 
bubble  produced  by  an  underwater  explosion  satisfies  the  differential 
equation 

(4.1)  rr  +  \  r2  -  ~  [p(r)  -  P„]  -  0 

(Cole  [29],  page  273),  where  r(t)  is  the  radius  of  the  bubble  at  time  t, 
p(r)  is  the  pressure  inside  the  bubble,  and  p^  is  the  pressure  at  infinity. 
The  pressure  p(r)  Inside  the  bubble  can  be  calculated  when  the  equation  of 
state  of  the  explosion  products  is  known.  A  commonly  used  isentropic  form 
of  the  equation  of  state  is  p  ■  pq(p / Pq)y »  where  p0  and  PQ  are  the  pressure 
and  density  at  some  initial  time,  and  y  is  a  constant.  In  this  case, 
p(r)  ■  P0(r0/r)^Y,  where  rQ  is  the  initial  bubble  radius.  Given  the  values 
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of  r(0)  and  r(0),  the  equation  for  r  can  be  solved  numerically  [30].  Such 
a  solution  is  shown  in  Figure  6  corresponding  to  the  case  of  an  explosion 
bubble  produced  by  a  354  pound  charge  of  TNT  at  a  depth  of  81  feet,  where 
P„  is  taken  equal  to  the  hydrostatic  pressure  at  the  charge  depth.  The 
given  function  p(r)  is  taken  as  above,  with  pQ,  y,  and  r(0)  -  rQ  as  shown 
under  Figure  6,  and  with  r(0)  *  0. 

For  axisymmetric  flow  that  includes  the  effects  of  gravity  and  the 
water  surface,  calculations  have  been  carried  out  by  MACBUB  for  the  case  of 
an  explosion  bubble  produced  by  a  354  pound  charge  of  TNT  at  a  depth  of 
81  feet,  with  the  equation  of  state  of  the  explosion  products  of  the  form 
P  “  P0(p/p0)Y«  The  calculation  was  begun  at  the  first  bubble  maximum, 
using  a  value  of  y  and  initial  conditions  furnished  by  Snay  [31].  The 
parameters  used  are: 

y  -  1.25402 

Time  at  first  maximum  «*  0.296037  sec. 

Bubble  radius  «*  18.8943  ft. 

Bubble  pressure  «  2.08412  psi. 

Migration  velocity  *  11.8231  ft. /sec. 

The  initial  conditions  were  calculated  by  Snay  by  an  approximate  analytical 
method  in  which  the  bubble  is  assumed  to  remain  spherical.  Up  to  the  first 
maximum,  the  bubble  remains  nearly  spherical.  As  the  first  step  in 
the  MACBUB  calculation,  the  velocity  in  the  water  due  to  the  motion  of  a 
sphere  of  the  above  radius  translating  upward  with  the  given  migration 
velocity  was  calculated  at  grid  points  by  use  of  well-known  results  from 
potential  theory,  given  conveniently  in  [25] >  page  136,  for  example. 

The  pressures  near  the  first  minimum  are  such  that  the  water  should 
be  considered  slightly  compressible.  However,  the  present  calculation  was 
continued  through  the  first  minimum  as  incompressible,  and  energy  was  not 
subtracted  at  the  first  minimum  as  in  [5]  and  [6]. 

Figure  7  shows  a  sequence  of  photographs  of  a  scaled  explosion  of  a 
354  pound  charge  of  TNT  at  a  depth  of  81  feet.  Figures  8  and  9  show  the 
bubble  profiles  and  isobars  obtained  by  the  MACBUB  calculations  just 
described.  The  tic  marks  on  the  reference  lines  in  Figures  8  and  9 
represent  the  grid  spacing.  As  seen  in  Figure  8,  the  bubble  remains 
toroidal  during  its  second  expansion.  The  persistence  of  such  a  toroidal 
shape  when  the  gravity  effect  is  strong  enough  is  mentioned  by  Pritchett 
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EQUATION  OF  STATE:  PV7  =  C;T  *  1.254 
INITIAL  RADIUS:  R0»  18.894  FT. 

INITIAL  BUBBLE  PRESSURE:  P0  =  2.08412  PSI 
AMBIENT  PRESSURE:  50.7  PSI 


FIG.  6  PERIODIC  SPHERICAL  NON-MIGRATING  SOLUTION  FOR  A  354  LB  TNT 
CHARGE  AT  81  FEET. 
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FRAME  3  FRAME  4 


FRAME  1.  BUBBLE  MAXIMUM 
FRAME  2.  SHORTLY  BEFORE  MINIMUM 
FRAME  3.  SHORTLY  AFTER  MINIMUM 
FRAME  4.  SECOND  BUBBLE  MAXIMUM 


FIG.  7  GAS  BUB8LE  FORMED  BY  AN  UNDERWATER  EXPLOSION 
(SNAY,  GOERTNER,  and  PRICE  [27] ) 
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([32],  page  423).  This  toroidal  shape  appears  to  be  the  cause  of  the 
plume  of  debris  jetting  from  the  top  of  the  bubble  in  other  photographs  of 
this  experiment  in  [27].  During  the  second  contraction  in  Figure  8,  a 
secondary  ring-shaped  jet  forms  on  the  lover  side  of  the  bubble.  Before 
the  second  minimum  is  reached,  this  secondary  jet  folds  over  onto  the 
primary  jet,  forming  a  single  jet.  This  phenomenon  would  be  difficult  to 
observe  experimentally,  although  it  should  be  expected  for  the  same  reason 
that  a  jet  is  formed  during  the  first  contraction.  In  the  present  calcula¬ 
tion,  the  bubble  would  continue  to  pulsate  and  migrate  until  it  reaches 
the  surface.  We  stopped  our  sample  calculation  near  the  second  minimum 
only  because  the  bubble  had  migrated  into  a  region  in  which  the  finite 
difference  mesh  was  too  coarse  to  resolve  the  bubble  adequately. 

Comparison  of  computational  and  experimental  results  is  difficult 
because  of  several  circumstances.  First,  experimental  pressure  data  for 
the  scaled  tests  corresponding  to  our  calculations  were  not  taken  due  to 
lack  of  suitable  instrumentation.  Pressure  data  are  available  for  some 
full-scale  tests,  but  for  these,  no  photographs  were  taken.  In  addition, 
due  to  explosion  products  and  debris  the  bubble  is  opaque,  and  bubble 
profiles  are  therefore  difficult  to  interpret.  Finally,  the  experiment 
shown  in  Figure  7  was  performed  under  scaled  conditions,  while  the 
corresponding  computations  shown  in  Figures  8  and  9  are  for  a  full-scale 
charge.  Hence,  the  accuracy  of  the  scaling  laws  also  enters  into  the 
comparison.  A  comparison  of  the  experimental  profiles  in  Figure  7  with 
the  computational  profiles  in  Figure  8  shows  an  agreement  of  about  10 
percent. 

Perhaps  a  better  measure  of  the  accuracy  of  the  calculations  is  the 
comparison  between  the  numerical  solution  of  equation  (4.1)  and  the  two- 
dimensional  MACBUB  solution  of  the  same  problem,  in  which  the  acceleration 
due  to  gravity  is  set  equal  to  zero.  Some  time  ago,  using  a  less  accurate 
version  of  the  MACBUB  code,  such  a  calculation  was  carried  out  in  the  case 
of  a  one-dimensional  spherical  problem  corresponding  to  the  detonation  of 
a  blasting  cap  at  a  depth  of  15  feet  (Willis  [25],  page  13).  The  time  and 
bubble  radius  at  the  first  maximum  agreed  with  the  values  obtained  from  the 
solution  of  equation  (4.1)  to  within  10  percent. 


2.  Bubble  Inatabillt' 


The  principal  difficulty  which  ve  found  when  we  began  our  calculations 
was  an  instability  exhibited  by  the  bubble  during  the  contraction  phase. 

This  instability  became  evident  immediately  following  the  bubble  maximum, 
when  small  ripples  appeared  on  the  bubble  surface.  These  ripples  continued 
to  grow,  and  in  some  cases,  completely  dominated  the  solution  near  the 
bubble  minimum.  The  instability  near  the  maximum  is  not  a  manifestation  of 
Taylor  instability,  since  the  bubble  pressure  at  the  maximum  is  smaller  than 
the  ambient  pressure,  and  the  acceleration  is  radially  inward.  Furthermore, 
an  increase  in  the  value  of  the  numerical  viscosity  did  not  alter  the  nature 
of  the  instability  or  Improve  the  computation.  Blrkhoff  [33]  showed  that 
an  instability  which  is  not  a  Taylor  instability  also  occurs  during  the 
collapse  of  a  small  vapor  bubble. 

By  computing  the  flow  more  accurately  near  free  surfaces,  we  were  able 
to  reduce  these  disturbances  considerably  in  our  sample  problem  shown  in 
Figure  8.  The  most  significant  factor  in  gaining  this  accuracy  was  the 
addition  of  the  irregular  star  technique.  The  introduction  of  an  extrapola¬ 
tion  procedure  to  extend  the  velocity  field  from  within  the  fluid  instead  of 
requiring  zero  divergence  in  partially  filled  cells  was  also  an  important, 
although  less  significant,  addition  to  the  code. 

However,  in  the  calculation  of  the  solution  of  other  bubble  problems, 
we  have  observed  that  this  instability  still  persists  to  a  greater  extent 
than  in  the  present  example.  Two  possible  areas  of  future  investigation 
and  experimentation  in  connection  with  this  problem  are  the  use  of  more 
accurate  or  more  stable  finite  difference  approximations  to  the  momentum 
equations,  and  the  use  of  a  more  accurate  calculation  for  movement  of  the 
particles.  As  one  of  the  second  possibilities,  for  example,  we  can  use 
x^^  “  xn  +  T  ^un  +  Un+P  At  in8tead  of  xn+j_  “  xn  +  un^t  in  the  calculation 
of  the  new  particle  positions,  and  similarly  for  the  other  coordinates. 
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ABSTRACT 

A  numerical  method  is  presented  for  solving  two-dimensional  uniform 
flow  problems  with  a  linearized  free-surface  boundary  condition.  The 
boundary-value  problem  governed  by  Laplace’s  equation  is  replaced  by  a 
weak  formulation  (also  known  as  Galerkin’s  method)  with  certain  essential 
boundary  conditions.  The  infinite  domain  of  the  fluid  is  reduced  to  a 
finite  domain  by  utilizing  known  solution  spaces  in  certain  subdomains. 

The  bases  for  the  trial  and  test  functions  are  chosen  from  the  same  sub¬ 
space  of  the  polynomial  function  space  in  the  reduced  subdomain.  The 
essential  boundary  conditions  are  properly  taken  into  account  by  an 
unconventional  choice  of  the  basis  for  the  trial  functions,  which  is 
different  from  that  for  the  test  functions  in  other  subdomains.  This 
method  is  tested  for  the  two-dimensional  steady  flow  past  a  submerged 
circular  section.  The  method  is  also  applied  to  the  problem  of  a  surface 
pressure  distribution  and  to  a  bump  on  the  bottom. 

1.  Introduction 

A  uniform  flow  problem  in  an  inviscid,  incompressible  fluid  with  a  free  surface  is 
described  by  a  boundary-value  problem  governed  by  Laplace’s  equation.  In  the  past,  prob¬ 
lems  of  this  type  were  generally  solved  by  distributing  sources  (and/or  dipoles)  on  the  body 
boundary  and  using  Green’s  theorem  to  obtain  an  integral  equation  for  the  strength  ot  these 
boundary  singularities  or,  alternatively,  by  using  sources  and  higher  order  multipole  expansions 
at  an  interior  point  within  the  body,  the  strength  of  these  singularities  being  determined  so  as 
to  satisfy  the  body  boundary  condition.  In  all  cases,  it  is  conventional  to  utilize  the 
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singularities  which  are  solutions  of  the  boundary-value  problem  stated  above,  except  that  the 
body  boundary  condition  is  invoked  separately  to  determine  the  singularity  distribution.  For 
two-  and  three-dimensional  motions  with  a  fluid  of  infinite  depth,  or  of  finite  but  constant 
depth,  the  required  singularities  are  well-known,  although  of  rather  complicated  analytical 
form,  so  that  the  approach  described  above  corresponds  to  solving  a  Fredholm  integral 
equation  over  the  body  surface,  with  a  rather  complicated  kernel  function. 

In  this  paper,  a  numerical  method  based  on  Galerkin's  method  is  introduced  as  an 
alternative  approach  to  the  solution  of  the  problem.  A  similar  method,  which  employs 
variational  functionals,  has  been  used  for  time-harmonic  water-wave  problems  by  Bai  (1972, 
1975),  Berkhoff  (1972),  Bai  and  Yeung  (1974),  and  by  Chen  and  Mei  (1974).  The  fluid 
domain  is  divided  into  a  number  of  finite  elements,  and  the  potential  is  approximated  by  a 
set  of  polynomial  bases  for  both  the  trial  and  the  test  functions.  The  known  analytic 
solutions  in  certain  subdomains  are  also  utilized  to  reduce  the  size  of  the  fluid  domain.  We 
shall  call  this  numerical  method  a  localized  finite-element  method.  Thus,  in  effect,  an 
integral  equation  over  the  body  boundary  with  a  complicated  kernel  is  replaced  by  a  system 
of  equations  over  a  much  larger  fluid  domain,  but  a  much  simpler  kernel. 

Previously  the  finite-element  method  has  been  applied  only  to  time-harmonic  water- 
waves  problems  which  can  in  general  be  reduced  to  symmetric  matrix  equations.  For  time- 
harmonic  problems,  all  the  boundary  conditions  are  usually  taken  into  account  in  the 
functional  form,  or  Galerkin  form,  as  natural  boundary  conditions.  This  enables  one  to 
choose  symmetrical  (identical)  bases  for  the  trial  and  test  functions  for  the  approximate 
solution.  The  major  difference  between  the  uniform-flow  problems  and  the  time-harmonic 
problems  is  that  in  the  uniform-flow  case  the  upstream  and  downstream  conditions  are  not 
symmetric.  In  this  paper  we  will  concentrate  on  establishing  the  validity  of  this  new  finite- 
element  method  by  comparing  results  obtained  by  this  method  to  known  results. 

Due  to  the  limit  on  the  length  of  this  paper,  several  steps,  particularly  in  the  numerical 
procedures,  are  left  out.  A  paper  which  includes  more  detail  about  the  procedure  and  more 
results  is  in  preparation. 

2.  Formulation  tht  Uniform  Flow  Problem 

We  consider  here  steady  uniform  flow  past  a  fixed  two-dimensional  body  submerged  in 
a  fluid  or  past  a  specified  pressure  distribution  on  a  finite  segment  on  the  free  surface.  The 
coordinate  system  is  right-handed  and  rectangular.  The  y-axis  is  directed  oppositely  to  the 
force  of  gravity,  and  the  x-axis  coincides  with  the  undisturbed  free  surface.  We  neglect 
surface  tension  and  assume  that  the  fluid  is  inviscid,  incompressible,  and  that  the  motions 
are  irrotational. 
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(2.1) 


The  steady  two-dimensional  flow  is  described  by  a  total  velocity  potential 

<l>(x,y)  =  Ux  +  $(x,y) 

where  0  is  the  perturbation  potential,  which  must  satisfy 


V2*(x,y)  =  0 


(2.2) 


in  the  fluid  domain  D  shown  in  Figure  1.  It  will  be  assumed  that  the  free-surface  disturbances 
are  all  small  so  that  the  linearized  free-surface  boundary  condition 


can  be  applied. 


U20 


xx  +  *^y 


on  Sp 
on  Sp 


(2.3) 


The  body  boundary  condition  is 

=  Vn  <2.4) 

to  be  satisfied  on  the  body  surface,  SQ.  Here  the  normal  velocity  Vn  is  given  as 

Vn  =  -  Unj  (2.5) 

where  n  =  (nf ,  n2)  is  outward  normal  vector.  The  bottom  condition  for  finite  depth,  H  is 

$n  =  0,  at  y  =  - H.  (2.6) 

As  the  radiation  condition  we  require  that  no  disturbances  exist  far  upstream,  i.e., 

lim  |V*|  =  0  (2.7) 


and  that  the  potential  0  is  bounded  far  downstream 

lim  0  < 00  (2.8) 

x— *  +  » 

The  solution  of  equations  (2.2)  through  (2.8)  is  unique  to  within  an  arbitrary  additive  constant. 
To  eliminate  the  abritrary  constant  in  the  solution,  we  require  a  Dirichlet-type  boundary 
condition  at  any  one  point  in  the  fluid  domain  or  on  its  boundary.  For  this  purpose,  we 
simply  require,  without  loss  of  generality 

0<x.y>  lx  =  0  =  0.  (2.9) 

y=0 

Now  the  solution  of  equations  (2.2)  through  (2.9)  can  be  determined  uniquely.  It  is  of 
interest  to  note  that  in  the  analytical  approach,  the  upstream  condition  is  given  as 

lim  0  =  0.  (2.10) 

x  — *  -  00 

which  replaces  (2.7)  and  (2.9).  In  the  present  numerical  scheme,  these  equivalent  upstream 
conditions  were  tested.  The  results  were  the  same  in  both  cases  except  for  an  additive 
constant. 

3.  Localized  Finite  Element  Method 

When  we  reduce  our  problem  to  an  operational  form  by  introducing  finite  elements  in 
the  fluid  domain,  we  obtain  a  set  of  linear  algebraic  equations.  The  size  of  the  matrix 
equation  is  mainly  dependent  on  the  size  of  the  fluid  domain.  In  order  to  reduce  the  fluid 
domain  where  the  finite-element  method  is  applied,  the  known  solution  space  will  be  used 
in  certain  subdomains,  which  will  be  defined  later,  and  an  appropriate  condition  will  be 
specified  along  the  interface  between  adjacent  subdomains.  This  modification  has  been 
applied  to  the  steady-oscillatory  water-wave  problem  by  Bai  and  Yeung  (1974)  and  Chen  and 
Mei  (1974).  The  same  procedure  is  applied  here  to  the  uniform  flow  problem. 

Let  us  draw  two  imaginary  lines  Jj  and  which  separate  the  fluid  into  the  three 
regions:  D0,  Dj,  and  D2,  shown  in  Figure  2.  We  assume  that  D0  includes  the  submerged 
body  or  the  pressure  distribution  on  the  free  surface  Sp.  The  boundaries  of  DQ,  D( .  and 
D2  are  denoted  respectively  by 

3D0  =  SF  +  Sp+J,+J2  +  SB+S0  (31) 

9Dj  =  SFi  +  SRi  +  SBi  +  Jj,  i=  1,2. 

In  Figure  2,  the  points  P|(Xj,0),  Pj^.O),  p3(x3,0),  and  p4(x4,0)  are,  respectively,  the 
intersection  points  of  J  j ,  Sgj,  J2,  and  SB2  with  the  free  surface. 


212 


'2 


3 


JF2 


- - ' 

' - ' 

HSH 

SR1  J1 

UM 

J2  SR2 

So 

SB, 

SB 

SB2 

Figure  2  —  Boundary  Configuration  of  the  Three  Subdomains 


Let  <t>o,  <pi  and  <t>2  denote  the  perturbation  potentials  defined  in  the  subdomains  DQ,  D, 
and  D2  and  on  the  boundaries,  3DQ,  3D|,  and  3Dj,  respectively.  Then  we  have,  from 
equations  (2.2)  through  (2.9),  that  <>0  must  satisfy 

V2<t>  =0 


in  D„ 


r.  ▼'(1 


on  Sf 


roy 


i£ . 
g 


I-  ^*OXX~^PX’  on  SP 


(3.2 


=  0 


on  Sc 


*on  ="Unl 

0o(O,O)  =  0 

and  that  i  =  1,2,  must  satisfy 

V2<t>{  =  0 


on  S„ 


►  =  -”%. 
'iy  g  mxx 

=  0 


on  Spj 


(3.3 


on  SBi 


with  the  upstream  condition 


and  with  the  downstream  condition 


lim  |  1  =  0 

x— »  -« 


lim  0  <  <». 

X— »  +  oo 

In  addition,  we  have  the  matching  conditions 

0O  =  0j  and  0on  +  0in  =  0,  on  Jjt  i  =  1,2  (3.4) 

where  the  normal  vector  n  is  taken  outwards  from  the  fluid  region,  i.e., 

0ln=0Ix-  ^on  =  -^ox  on  J1  (3 

*2n  =  ”*2x’  *on  =  ^ox  on  J2 

It  is  easy  to  show,  by  use  of  Green’s  theorem,  that  the  solutions,  0O,  0] ,  and  02  of  the 
above  coupled  problems  (3.2)  through  (3.4)  are  identical  in  each  corresponding  subdomain  to 
the  solution  0  of  (2.2)  through  (2.9). 

As  the  basis  of  the  present  numerical  procedure,  Galerkin’s  method  will  be  used.  One 
important  step  in  this  procedure  is  the  introduction  of  the  weak  formulation.  The  three 
coupled  functionals  will  be  defined  later.  From  these  functional  equations  a  set  of  linear 
algebraic  equations  will  be  obtained.  More  details  on  this  procedure  will  appear  in  a  future 
paper.  We  will  consider  (3.2)  through  (3.4)  by  using  the  following  weak  form  (Strang  and 
Fix,  1973): 


i)  0 j  dxdy  =  0,  (i  =  0, 1,2) 


for  all  in  some  test  space.  Integrating  by  parts,  (3.6)  reduces  to 


(3.6) 


70o  dxdy  - 


3D„ 


0 

ro 


dS  =  0,  for  all  0O, 


£ (0j0in  "  0jn0j)dS  =  °> 

aDi 


(3.7) 


(3.8) 


for  all  0j,  i  =  1,2.  Here  0j,  0j,  i  =  1,2,  are  solutions  of  Laplace’s  equation. 

Let  0Q,  0 j ,  and  0 2  denote  the  trial  functions  in  the  subspace  of  the  solution  space  in 
the  subdomains  DQ,  D, ,  and  D2,  respectively  and  let  0O,  0]  and  02  denote  the  test 
functions  in  the  subspace  of  the  test  space  in  DQ,  Dj,  and  D2,  respectively.  We  define  the 
functionals  F0,  Fj ,  and  F2  in  D0,  Dj ,  and  D2,  respectively,  as  follows 
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Fo  (♦„•  *1  •  *2  '  )  =ff *K  dxdy  "  7_/\x  dS  +  M  A  dS 

D°  SF  +  Sp  Sp 

+  u/n1^odS+y'0lx?odS-^  liuJ0lpi  <3.^1 

So  J1 

-fhx+o  dS  +  7  I^2x^o>p3 
•'<2 

=  A^»  dS"  ^  fru^P,  +  ^  ‘  M.lp, 

J1 

(3.101 

-f  <*,x*t  -  *,x*,)dS  +  ^-  l^o^lx'p,  '  Ao^lxdS 

SR1  J1 

=  -/ 02x52  dS  +  7  l^2x  ^2Jp3  +  J^2^2~  *2x*2)dS 

J2  SR2 

2  2  r  (3II) 

-7  (?2x^2  -^2x^2!p4  -7  tio+2^p3y*o+2xdS 

h 


Finally  we  obtain  the  following  functional  equations  with  certain  essential  boundary 
conditions: 


Fo(*o-*l'*2;^o)  =  0- 

for  all  ip0 

(3.12) 

with  the  condition 

0O  (0,0)  -  0 

Fl{*l-V*l )  =  °- 

for  all 

(3.13) 

with  the  condition 

lim  |  Vf,  |  =  0  , 

X  — ►  “  00 

and 

F2^2^o^2)  =°  ■ 

for  all  ip 2 

(3.14) 

with  the  condition  tha:  02  is  bounded  as  x  —*■ ». 

In  the  coupled  functional  equations  (3.12)  through  (3.14),  all  the  boundary  conditions 

are  properly  taken  into  account  as  natural  boundary  conditions  except  the  essential 

conditions  specified  in  the  above  functional  equations.  The  essential  conditions  play  the  role 

F,  0,.0O;*, 


F2  1^2- *2) 


2 


of  an  additional  condition  to  the  functional  equations  given  in  (3.12)  through 
(3.14)  and  have  to  be  properly  taken  into  account  in  constructing  the  trial  functions. 

In  the  localized  finite-element  region  D0,  the  basis  for  the  trial  and  test  functions  are 
chosen  from  a  polynomial  basis.  Specifically,  8-node  isoparametric  quadrilateral  elements 
were  used  in  the  present  numerical  procedures.  We  will  omit  the  description  of  this  proce¬ 
dure  and  of  the  computation  of  (3.9).  One  can  find  this  in  Bai  (1972,  1975). 

As  mentioned  earlier,  the  trial  and  test  functions  in  Dj  and  D2  will  be  chosen  from  a 
subspace  of  the  solution  space  which  satisfies  the  Laplace  equation  with  the  free-surface 
condition  and  the  bottom  condition.  The  eigenfunctions  or  the  Green  functions  of  the 
above  problem  can  represent  the  solution  space.  We  will  choose  the  eigenfunction  space  in 
this  paper  for  its  simplicity.  F(  and  F2  can  be  given  in  simple  analytic  forms  except  for  the 
integrals  along  the  juncture  boundaries,  i.e.,  J|  and  J2.  Therefore,  the  integral  expressions 
for  the  functionals  are  involved  only  with  subdomain  DQ,  which  we  shall  call  the  localized- 
finite-element  domain.  If  one  takes  the  localized  finite-element  domain  to  be  small,  then  the 
domain  over  which  the  integrals  have  to  be  computed  will  also  be  small.  On  the  other  hand, 
one  has  to  take  many  terms  (eigenfunctions)  to  represent  the  trial  and  test  functions  tor 
and  or  02  and  tf<2  'n  computation  of  the  approximate  solutions,  and  vice  versa. 

The  coupled  Galerkin  equations  (3.12)  through  (3.14)  go  into  operational  form  in  the 
following  way.  Let  qj( , '  "  ,  qjM  ,  (i  =  0,  1, 2)  be  the  basis  for  the  M; -dimensional  subspace 
of  the  solution  space  and  let 

^il  ’  ^i2’  "  ’  ^iNj’  <'  ~  2) 

be  the  basis  for  the  N-dimensional  subspace  of  the  test  space  defined  in  the  subdomains  Dj, 
i  =  0,  1,2.  Then  the  solution  is  assumed  to  be 

Mi 

0i  =  23^ijqij  in  Di’  i  =  0.  >.2.  (3.15) 

j=l 

where  <py  are  coefficients  to  be  determined.  By  substituting  (3.15),  the  coupled  functional 
equations,  (3.12)  through  (3.14),  finally  reduce  to  the  following  sets  of  linear  algebraic 
equations: 

M0  Mj 

Y2  *°j  Fo  (v  °'°;  ^okj +  Y2  *ij  Fo  (°'qij’°;  *ok) 
j  =  L2 

+  E^o{0,°,q2i;Kk)=0,  (k  =  1,  •  •  • ,  NQ) 
j  =  l 
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•“TV-' 


with  the  condition 


0  <0, 0)  =  0. 


1 


M1  Mq 

J2  ^jF‘  (q>j'0:^lk)+  JF>  |°’qoj;*lk)=0>(k  =  ’  Nl>  <317> 

j=l  j=l 

with  the  condition  !im  |  Vq  j  i  I  =  0  for  all  j 

X-*  -oo 

m2  m0 

*2j  F2  {q2j’0;  ^2k)  +  ^°i  F2  {0,q°j;  ^2k}  =  0>  <k  :  *•  N2>  (318) 

j=l  j=l 

with  the  condition  lim  I  q2;  I  <  00  for  all  j.  It  should  be  noted  that  the  last  two  expressions 

X— *o° 

in  (3.16)  and  the  second  term  in  (3.17)  and  (3.18)  are  the  coupling  terms  due  l->  the  matching 
conditions  along  Jj  and  J2. 

The  eigenfunctions  which  satisfy  the  Laplace’s  equation  with  the  free-surface  and  bottom 
conditions,  are  given  for  subcritical  flow  as 


cosh  mQ(y  +  H) 


x,  l,cosmnx 

°  coshm0H 


cosh  m0(y  +  H)  ± 

7 - Z — -e  1  cosm.fy  +  H),  •• 

cosh  m„H  1 


where 


(3.19) 


U l 

g 


=  tanh  maH 


(3.20) 


—  nt:  =  tan  mfH  ,  i  =  1,2,  (3.21) 

g  1  1 

From  the  complete  set  of  eigenfunctions,  the  basis  for  the  trial  functions  is  chosen  so 
that  all  the  trial  functions  satisfy  the  essential  boundary  conditions.  In  the  choice  of  the 
basis  for  the  test  functions,  we  eliminate  the  terms  which  result  in  a  trivial  zero  row  vector, 
a  row  vector  linearly  related  to  another  row  vector,  or  an  unbounded  integral. 

The  bases  are  chosen  as 


q21’"’q2M2  = 


cosh  mQ(y  +  H) 

1,  cos  m_x - - - — 

0  cosh  m.  H 


cosh  m0(y  +  H) 

,  sin  m  x - - - - —  , 

0  coshm„H 


"m)X  cos  m|(y  +  H), 1  •  - ,  e'^Lx  Cos  mL(y  +  H) 


(3.22) 


with 


M2  =  L  +  3, 


i 

1 
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d 


with 


with 


(*21-"'*2N2)  =  (x>sir 


cosh  mQ(y  +  H) 
m  x  .  ■  *  > 

0  cosh  mQH 

e'mLX  cos  mL(y +  H)J 


e'm,x  cos  mt(y  +  H) , 


(3.23) 


N, 


M, 


L  +  2, 


q,  j ,  •  •  • ,  q)M  ^  J  =  j  1,  em'x  cos  mj(y  +  H),  •  •  • ,  emLX  cos  m^(y  +  H)  (3.24) 


|<Mi 

=  L  +  1 


and 


■'IN,  =  x-sir 


cosh  m0(y  +H) 
cosh  mQH 


■ ,  emLX  cos  mL(y  +  H)  J 


emiX  cos  mj(y  +  H) , 


(3.25) 


with  Nj  =  L  +  2.  Here  the  integer  index  L  of  in  (3.22)  and  (3.23)  is  not  necessarily  fhe 
same  as  that  in  (3.24)  and  (3.25).  In  a  similar  procedure  the  bases  for  the  trial  and  test 
functions  for  supercritical  flow  are  obtained.  Once  the  bases  for  the  trial  and  test  functions 
are  constructed,  then  the  computations  of  (3.16),  (3.17),  and  (3.18)  are  straightforward. 

Finally,  the  essential  condition  in  (3.16)  is  treated  simply  by  substituting  the  nodal  value 
of  zero  for  <t>  (0,  0)  in  the  solution  vector,  since  we  require  the  potential  0  at  (0,0)  to  be  zero 
in  equation  (2.9).  After  assembling  all  the  equations  obtained  from  (3.16)  through  (3.18),  we 
have  to  solve  (MQ  +  Mj  +  M2)  linear  algebraic  equations.  Unfortunately,  the  Final  coefficient 
matrix  is  not  symmetric  because  of  the  non-symmetry  of  the  infinity  conditions.  However, 
the  matrix  does  have  the  desirable  property  of  being  banded,  if  the  nodes  are  properly 
numbered. 


4.  Results  and  Discussions 

After  the  velocity  potential  has  been  obtained,  the  pressure  can  be  computed  by 
Bernoulli’s  equation 

P  =  -PU0X  -^(0x2  +  flSy2)  (4-1) 

where  the  static  pressure  has  been  neglected.  The  free-surface  elevation  r?  is  given  by 

tj(x)  =  —  -  <Mx,o)  (4.2) 

g  x 

and  the  far  downstream  elevation  is 
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lim  r?(x)  =  tj0  sin(m0x  +  9) 


where  0  is  a  phase  angle,  mQ  is  the  wave  number  defined  by  (3.20)  and  i)Q  is  the  asymptotic 
wave  amplitude  which  can  be  expressed  by  (3.1$)  and  (3.22)  as 

^r(*2  (4-4) 


The  force  and  moment  acting  on  a  submerged  body  S.  are,  respectively. 


=  /  p(rxn) 

«/c 


F  =  (X,  Y);  ?  =  (x,  y)  is  the  position  vector;  and  n  =  (nj ,  n2)  is  the  normal  vector  into  the 
body.  The  resistance  X  can  also  be  expressed  in  terms  of  wave  amplitude  rj0  as 


1  ,  (  2m  H  \ 


where  m0  is  defined  by  (3.20). 

It  is  of  interest  to  note  that  for  finite  depth  water  the  mean  potentials  far  upstream  and 
far  downstream  are  different.  This  mean-potential  jump  between  the  two  infinities  defines 
the  so-called  blockage  parameter  which  is  discussed  by  Newman  (1969)  in  connection  with 
channel  flow.  The  potential  jump  is  defined  by  the  difference  in  the  two  constants  at  both 
infinities 

C  =  ip2]  -  ‘fin  (4.8) 

where  ipjj  and  are  defined  in  (3.15). 

In  presenting  the  results,  we  will  make  use  of  the  depth  Froude  number  defined  as 

fh  =  yp  <4-9> 

and  the  submergence  Froude  number  defined  as 

F„  ■  ^  («■"» 

In  the  following  three  subsections,  three  specific  types  of  disturbances  are  considered. 


4.1  Submerged  Body 

A  submerged  cylinder  with  a  circular  cross  section  will  be  used  to  test  the  present 
numerical  method  since  there  exist  several  other  solutions  for  this  simple  geometry.  Let  a 
circular  section  of  radius  a  be  submerged  at  a  depth  h  below  the  free  surface  in  water  of 
finite  depth  H  as  shown  in  Figure  3. 


The  wave  resistance  and  lift  force  are  computed  for  h/a  =  2  and  for  a  large  depth, 

H  =  20h  in  such  a  range  of  Froude  numbers  that  the  effect  of  the  finite  depth  is  negligible. 
Havelock  (1938)  considered  this  problem  for  infinite  depth  with  a  linearized  free  surface 
condition  and  presented  two  sets  of  results:  One,  obtained  by  satisfying  an  approximate  body 
boundary  condition;  the  other,  satisfying  the  exact  body  boundary  condition.  In  Figure  4 
our  results  are  compared  with  those  of  Havelock  and  they  agree  well  with  his  exact  body- 
boundary-condition  results. 

Computations  were  also  made  for  the  finite-depth  case  of  h/a  =  2,  H/h  =  5,  for  both  sub- 
and  super-critical  Froude  numbers.  The  potential  and  the  free-surface  elevation  are  shown  in 
Figure  S  and  6  for  depth  Froude  numbers  0.8  and  1.2,  respectively.  The  wave  resistance  and 
lift  force  are  shown  in  Figure  7.  The  result  of  Haskind  (1945)  shown  in  Figure  7  was 
obtained  by  using  a  first-order  approximation  to  the  body  boundary  condition,  while  our 
numerical  results  satisfy  the  body  boundary  condition  exactly.  The  relative  wave  resistance 
show  the  same  general  trend  as  the  two  wave  resistances  of  Havelock  shown  in  Figure  4.  The 
lift  force  shown  in  Figure  7  becomes  negative  at  around  FH  =  0.37  and  its  magnitude 
increases  monotonically  as  increases  with  a  discontinuity  occurring  at  the  critical  Froude 
number  of  unity. 
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The  mean  potential  jump  is  shown  in  Figure  8.  The  magnitude  of  the  blockage  para- 

2 

meter  C  increases  indefinitely  as  the  Froude  number  approaches  unity  whereas  C(1  -FH  )/UH 
stays  nearly  constant  for  all  Froude  numbers  with  a  slight  discontinuity  at  the  critical  Froude 
number. 


UA/flb 

Figure  4  —  Comparisons  of  the  Wave  Resistance  and  Lift  Force 
with  the  Results  of  Havelock 

- resistance  with  exact  body  condition 

- resistance  with  approximate  body  condition 

- —lift  force  with  exact  body  condition,  all  by  Havelock 

O  resistance  □  lift  force  by  the  present  method 


Figure  5  -  Potential  and  Wave  Elevation  on  the  Free 
Surface  for  a  Submerged  Circular  Section 
UA/ifT  =  0.8,  H/h  =  5,  h/a  =  2 


Btf/A  *ztJtBd/x 


Figure  6  —  Potential  and  Wave  Elevation  on  the  Free  Surface 
for  a  Submerged  Circular  Section 

U/gH  =  1.2,  H/h  =  5,  h/a  =  2 


o  o.2  o.4  ae  o.8  1.0  1.2  1.4 

uv  flH 


Figure  7  -  Wave  Resistance  and  Lift  Force  of  a 
Circular  Section  in  Water  of  Finite  Depth 
H/h  =  5,  and  h/a  =  2 

- present  method 

- Haskind,  both  are  X/pgira2 

— - Y/pgira2,  present  method 
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Figure  8  -  Blockage  Parameter  of  a  Circular  Section 


4.2  Bottom  Obstruction 

A  sinusoidal  bump  on  the  bottom  as  shown  in  Figure  9  is  considered.  The  bottom 
shape  is  given  by 

{-  H  +  3  ^1  +  cos  for  |  x  |  <  a  ^ 

-  H  ,  for  |  x  I  >  a 


Figure  9  -  Bottom  Geometry 


Computations  were  made  for  h/a  =  0.05  and  a/H  =  1.  The  computed  potential  and  free- 
surface  elevation  are  shown  in  Figures  10  and  1 1,  respectively,  for  FH  =  0.6  and  1.2  and  the 
potential  jumps  are  well  illustrated  in  these  figures. 


-3-2-10  1  2  3  4 


x/H 

Figure  10  —  Potential  and  Wave  Profile  on  the  Free  Surface 

h/a  =  0.05,  a/H  =  1,  FH  =  0.6 


5  -4  -3  -2  -1  0  1  2  3  4  6 


x/H 


Figure  1 1  -  Potential  and  Wave  Profile  on  the  Free  Surface 
FH  *  1.2,  h/a  =  0.05,  a/H  =  1 
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In  order  to  test  the  present  numerical  method,  computations  were  also  made  with  a 
linearized  body  boundary  condition  since  the  analytical  solution  for  the  asymptotic  wave 
amplitude  rj0  can  be  obtained  easily  by  using  the  far  downstream  wave  term  in  the  Green 
function  given  in  Wehausen  and  Laitone  (1960,  p.  490).  The  analytical  solution  can  be 
expressed  as 

2trfhU2  sin  m  a  cosh  m  H 

9o  =  — ; — 7-1 - -  (4.12) 

g(tr2  -  a2  m2 l(vH  -  cosh2  m0H) 

g 

where  v  =  75  and  mQ  is  as  defined  earlier. 

It  is  of  interest  to  note  that  the  wave  amplitude  becomes  zero  for  mQa  =  nir.  n  =  2, 3, . . . 

The  wave  amplitude  ijQ  and  wave  resistance  X  obtained  by  the  present  numerical  method  are 
compared  in  Figure  12  with  the  analytical  solutions.  Our  results  agree  with  the  analytical 
solution  within  three  significant  digits.  It  is  of  interest  to  remark  that  C(1  -F^  )/UH  =  0.05 
for  all  Froude  numbers.  This  shows  that  C(1  -  FH  )/UH  is  constant  for  all  Froude  numbers 
when  the  disturbance  is  given  only  on  the  bottom,  y  =  -  H,  or  y  =  0.  We  will  show  an 
example  of  the  latter  case  in  the  next  subsection. 


4.3  Pressure  Distribution  on  the  Free  Surface 

In  this  example,  the  pressure  on  the  free  surface  is  given  by 


fpo  (  trx\ 

=  {  2  V  a  / 

10 


—  )  ,  for  I  x  |  <  a 


for  |  x  I  >  a 


Figures  13  and  14  show  the  computed  potential  and  wave  elevation  on  the  free  surface, 

together  with  the  potential  jump,  for  — 2.  =  1,  JL  =1,  at  Froude  numbers  Fu  =  0.6  and  1.2, 

.  .  2pga  H 

respectively. 

For  this  pressure  problem  one  can  readily  obtain  an  analytical  solution  for  the  asymptotic 
wave  amplitude  by  using  Green’s  function.  The  analytical  solution  of  rj0  for  the  pressure 
distribution  given  by  (4.13)  can  be  expressed  as 

2tr2  i>U2  p  sin  m.a  cosh2  mnH 

„o  =  ___ - — - - -  (4.14) 

p g2  (tr2  -  a2  m0“)(i>H  -  cosh2  m0H) 

*Po 

where  v  and  m0  are  as  defined  earlier.  Computations  were  made  for  a/H  =  0.25  and  ~  ' 
and  the  numerical  and  the  analytical  results  are  compared  in  Figure  15.  Our  numerical  results 
were  identical  to  the  analytical  solution  to  within  three  significant  figures. 
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Figure  12  -  Wave  Amplitude  and  Resistance  with  the 
Linearized  Body  Boundary  Condition 

h/a  =  0.05.  a/H  =  I 


J - 1 - 1 - L 


-3-2-1  0  1  2  3  4 

x/H 


Figure  13  —  Potential  and  Wave  Profile  on  the  Free  Surface 
Fh  =  0.6,  a/H  =  I ,  irp0/2pga  =  I 


Figure  14  —  Potential  and  Wave  Profile  on  the  Free  Surface 

irp  /2pga  =  I.  a/H  =  1,  FH  =  1.2 


Figure  IS  -  Wave  Amplitude  and  Resistance  for  the 
Pressure  Distribution  on  the  Free  Surface 
trp0/2pga  =  I 


As  mentioned  at  tile  end  of  the  previous  subsection,  the  potential  jump  C(  1  -F^'i/UH 
was  0.039977  over  the  entire  range  of  Froude  numbers,  for  both  sub-  or  super-critical  flow's. 
However,  when  a  body  is  present.  C(  1  —  F|_J"  >/Lfli  is  no  longer  a  constant  independent  of 
Froude  numbers.  The  value  is  in  general  a  function  of  Froude  number  with  a  discontinuity 
at  the  critical  Froude  number.  It  is  of  interest  to  note  that  when  the  flow  is  supercritical 
the  wave  profiles  are  symmetric  with  respect  to  the  y-axis  for  each  of  the  three  disturbances 
discussed. 

5.  Concluding  Remarks 

In  the  previous  section  the  numerical  results  for  several  problems  were  shown  to  agree 
well  with  known  analytical  solutions.  The  main  advantage  of  the  present  method  is  that  any 
complex  body  (or  bodies!  geometry  can  be  easily  accommodated  with  a  reasonable  computa¬ 
tion  time.  In  all  the  problems  treated  here,  for  example,  on  an  IBM  370  computer  for  each 
Froude  number,  the  central  processor  unit  time  was  between  0.5  and  6.0  seconds  depending 
on  the  specific  problem. 

The  present  method  can  be  extended  to  the  wave-resistance  problem  for  a  general  three- 
dimensional  body  in  restricted  water  if  it  is  assumed  that  the  cross  section  of  the  canal  is 
uniform.  The  complete  set  of  eigenfunctions  can  then  be  easily  obtained.  This  method  can 
also  be  extended  to  solve  the  problem  of  two-dimensional  uniform  flow'  past  a  step  (i.e..  both 
infinities  have  different  constant  depths)  and  the  problem  of  a  body  oscillating  in  a  uniform 
stream.  Finally,  the  method  may  be  used  to  obtain  non-linear  effects  by  formulating  the 
problem  in  terms  of  a  higher-order  perturbation  scheme. 

6.  Acknowledgments 

The  author  is  grateful  to  Professor  J.N.  Newman  for  suggesting  this  topic  and  to 
Mr.  Yoonho  Kim  for  his  assistance.  He  owes  thanks  to  Professor  C.C.  Mei  and  Dr.  H.S.  Chen 
for  useful  discussions. 

This  research  was  supported  by  the  David  W.  Taylor  Naval  Ship  Research  and  Develop¬ 
ment  Center,  Contract  N00014-67-A-0204-0081,  by  the  Office  of  Nava)  Research.  Contract 
N00014-67-A-0204-0023,  NR  062-41 1.  and  by  the  National  Science  Foundation.  Grant 
GK  43886X.  This  research  was  also  supported  partially  by  the  Numerical  Naval  Hydrody¬ 
namics  Program  at  the  David  W.  Taylor  Naval  Ship  Research  and  Development  Center. 


228 


References 


Bai,  K.J..  1972,  "A  Variational  Method  in  Potential  Flows  with  a  Free  Surface,”  PhD. 
Dissertation,  Department  of  Naval  Architecture,  University  of  California.  Berkeley. 

Bai.  K.J..  1975,  “Diffraction  of  Oblique  Waves  by  an  Infinite  Cylinder,”  Journal  of  Fluid 

Mechanics.  68,  513-535. 


Bai,  K.J.  and  Yeung,  R.W.,  1974,  "Numerical  Solutions  to  Free-Surface  Flow  Problems.” 

The  Tenth  Symposium  on  Naval  Hydrodynamics,  Office  of  Naval  Research,  held  at 
Massachusetts  Institute  of  Technology. 

Berkhoff.  J.C.W..  1972,  “Computation  of  Combined  Refraction-Diffraction.”  Proc.  13th 
Coastal  Eng.  Conference,  2,  ASCE,  471  -490. 

Chen.  H.S.  and  Mei,  C.C.,  “Oscillations  and  Wave  Forces  in  a  Man-Made  Harbor  in  the  Open 
Sea.”  Tlie  Tenth  Symposium  on  Naval  Hydrodynamics,  Office  of  Naval  Research,  held  at 
Massachusetts  Institute  of  Technology. 

Haskind.  M.D.,  1945,  "Translational  Motion  of  Bodies  under  the  Free  Surface  of  a  Heavy 
Fluid  of  Finite  Depth,”  Translation  (  1952).  NACA  TM  1345,  pp.  20. 

Havelock.  T.H.,  F.R.S.,  1938.  “The  Forces  on  a  Circular  Cylinder  Submerged  in  a  Uniform 
Stream,”  The  Collected  Papers  of  Sir  Thomas  Havelock  on  Hydrodynamics.  Office  of  Naval 
Research,  Department  of  the  Navy,  ONR/ACR-103. 

Newman.  J.N.,  1969,  “Lateral  Motion  of  Slender  Body  Between  Two  Parallel  Walls,”  Journal 
of  Fluid  Mechanics,  39,  pp.  97-115. 

Strang,  G.  and  Fix.  G.,  “An  Analysis  of  the  Finite  Element  Method.”  Prentice-Hall.  1973, 
pp.  360. 

Wehausen,  J.V.  and  Laitone,  E.V.,  “Surface  Waves,”  Handbuch  der  Physik,  9,  pp.  446-778, 
Springer-Verlag,  Berlin,  1960. 


A  COMPARISON  OF  NUMERICAL  METHODS  FOR 
SOLVING  WAVE  EQUATIONS 


Vassilios  A.  Dougalis  and  Garrett  Birkhoff 

Mathematic*  Department  Harvard  University 
Cambridge.  Massachusetts  02138  U.S.A. 


ABSTRACT 

Many  numerical  methods  have  been  proposed  In  the  literature  for  solving 
linear  and  nonlinear  wave  equations.  Analytical  and  numerical  comparisons 
are  given  below  of  some  of  the  most  attractive  methods  for  solving  linear, 
constant-coefficient  wave  equations  in  one  and  two  dimensions.  Thus,  com¬ 
parisons  are  made  between  two-step  schemes  for  solving  second-order  equations 
and  one-step  schemes  for  solving  first-order  systems,  and  between  difference 
and  finite  element  methods.  Finally,  a  brief  discussion  Is  given  of  methods 
for  solving  numerically  the  initial  value  problem  for  "plane  waves  of 
finite  amplitude." 

1 .  Introduction 

A  basic  problem  of  numerical  fluid  mechanics  is  to  develop  good  computer 
programs  for  solving  initial  value  problems  involving  the  linear,  constant- 
coefficient  wave  equation 

2  2  2  t<  2  2 

(1.1)  u.f  =  c^Tu,  v  u  =  I  sVax/  , 

tt  k=1  K 

and  its  nonlinear  and  variable  coefficient  analogues.  Vie  have  been  trying  to 

determine  the  best  algorithms  for  solving  such  problems,  with  reference  to  their 

accuracy  and  economy,  for  the  past  18  months;  we  present  here  some  of  our  most 

Interesting  conclusions  to  date.  Not  all  of  these  conclusions  are  new; 

however,  we  hope  their  systematic  presentation  will  be  of  Interest.  Moreover 

since  the  cases  m  =  1  and  2  of  (1.1)  correspond  to  the  usual  linearization 

of  shallow  water  waves,  they  are  relevant  to  this  Conference. 

Computationally,  the  case  m  *  1  of  the  one-dimensional  wave  equation 
2 

utt  *  c  uxx  is  of  purely  academic  Interest,  because  it  has  the  exact  solution 
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on  any  rectangular  mesh  with  ax  =  cAt.  However,  even  in  this  case  the  con¬ 
version  of  the  usual  initial  condi ti ons 


(1.2*)  u(x,0)  =  f(x),  ut(x,0)  =  g(x) 

and  general  boundary  conditions  such  as 

(1.2")  cos  a  u(a,t)  +  sin  a  ux(a,t)  =  f(t), 

into  conditions  at  mesh-points  Is  non-trivlal. 

The  m-dimensional  analogue  of  (1.2)  is  the  (2m  +2)-point  formula 

e-3)  ■  ;r<>h  “1  -  i']  ■ 

on  a  square  mesh  of  side  h  in  planes  t  «  nk  and  u^  is  the  sum  of  the 
values  of  u^  at  mesh-points  adjacent  to  This  was  proposed  in  1928  by 
Courant,  Friedrichs  and  Lewy  in  their  celebrated  1928  paper  [4,  esp.  pp.  62-67]; 
it  has  0(h2)  accuracy  for  m  >  1 .  It  Is  obtained  by  central  difference 
approximation  from  (1.1),  and  has  the  largest  stable  time-step  At  =  rh/c 
that  is  compatible  with  the  standard  (2m  +  4)-point  explicit  discretization 
of  (1.1),  namely 

(1.4)  u£+1  =  2u£  -  uj"1  ♦  r2vhV). 

We  have  not  yet  found  any  other  algorithm  that  seems  preferable  to  (1.3), 
which  Is  just  the  spf.lal  case  r2  =  1/m  of  (1.4). 

One  of  our  ultimate  objectives  is  to  construct  portable,  optimal  mdes 
for  solving  the  two-  and  three-dimensional  wave  equations  In  general  domains, 
and  to  find  out  In  particular  what  kinds  of  problems  can  be  handled  with  how 
much  accuracy  In  different  price  ranges  such  as  50$,  $5,  $50,  and  $500.  The 
other  objective  Is  to  construct  similar  codes  for  solving  the  Rlemann 
problem  for  plane  waves  of  finite  amplitude,  with  and  without  shocks. 
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There  is  a  large  literature  concerning  both  kinds  of  hyperbolic  differ¬ 
ential  equations,  ror  the  linear,  constant-coefficient  wave  equation  (1.1) 

In  m  >  1  dimensions,  most  of  this  Is  analytical;  we  do  not  know  of  any 
computer  programs  that  have  been  extensively  used  on  a  wide  variety  of  prob¬ 
lems,  and  would  be  glad  to  test  such  programs.  In  this  spirit,  we  have  just 
begun  to  adapt  to  the  M. I. T. -Harvard  computing  system  a  program  based  on 
[3]  kindly  supplied  to  us  by  Dr.  Leventhal  of  the  U.S.  Naval  Surface 
Weapons  Center. 

As  regards  the  Rlemann  problem,  we  have  only  made  preliminary  tests  of  an 
extract  from  Professor  Morettl's  codes  for  solving  more  general  problems; 
this  already  uses  1300  cards!  We  have  not  yet  tested  programs  developed  at 
the  Courant  Institute,  based  on  the  Lax-Wendroff  formula  to  be  described  be¬ 
low.  Neither  have  we  consulted  R.D.  Rlchtmyer  to  find  out  what  he  now  thinks 
Is  the  best  code,  although  we  have  studies  carefully  his  discussion  of  the 
problem  in  [11]. 

2.  Difference  Methods:  m  »  1. 

This  section  and  the  next  will  be  concerned  with  difference  algorithms 
for  solving  utt  a  uxx.  Though  of  no  practical  interest,  they  illustrate 
Important  Ideas.  Most  noteworthy  are  the  standard  5-polnt  explicit  scheme 

(2.1)  6t2u"  -  r2«x2u"  •  r  *  ck/h  ,  h  -  ax,  k  ■  At, 
and  the  more  general  9-polnt  Implicit  scheme  of  von  Neumann 

(2.2)  «t2uJ  -  r2[a«x2uj+1  +  (1  -  2a)«xZUj  +  a«x2uj_1]  . 

We  recall  from  [11,  Ch.  10]  that  (2.1)  is  only  stable  for  r  s  1, 
whereas  (2.2)  is  stable  for  all  r  If  «  £  1/4  (for  r  £  1//T  -  4a  If 
a  <  1/4).  This  stability  Is  the  attraction  of  (2.2):  for  a  £  1/4,  It 
permits  one  to  take  arbitrarily  large  time  steps. 

To  the  above  two  schemes,  we  would  add  the  following,  apparently  new  pre¬ 
dictor-corrector  modification  of  (2.2): 
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Predictor:  Uj*'  “  2uj  "  uj  1  +  r2|Sx  uj  * 

Corrector:  «t2uJ  ■  r2ta6x2«$+1  +  (1_2a)sx2uj  + 

Like  (2.1)  when  r  *  1,  this  scheme  Is  exact  for  a  =  1/16  ,  r  ■  2 ; 1 1 ke  both 
(2.1 )  and  (2.2),  it  has  0(h2  +  k2)  accuracy  in  general. 

Finally,  if  a  2  1/16,  it  is  stable  for  all  r  s  1/2/a. 

Semi -discretization.  Note  that  as  r+Q,  the  approximation  (2.1)  tends 
to  the  semi -discretization 

(2.3)  u"(t)  »  (c2/h2)ax2uJ 

O 

of  utt  31  c  uxx'  Th1s  sen,^-cl1scre<:izat1on  corresponds  to  the  celebrated 
"beads  on  a  string"  mechanical  model  of  a  vibrating  string  invented  by  Daniel 
Bernoulli  In  1753.  Generalizations  of  this  model  were  studied  in  depth  by 
Cauchy,  Bom,  and  others  as  molecular  models  for  crystals;  see  L.  Brillouin, 
Wave  Propagation  in  Periodic  Structures,  McGraw-Hill  ,  1946. 

More  relevant  for  us  Is  the  fact  that  if  we  rewrite  (2.3)  as  a  second- 
order  vector  ordinary  DE  of  the  form 

(2.4)  u"(t)  =  L[uJ, 

we  can  recognize  the  difference  equations  (2.1)  and  (2.2)  as  straightforward 
extensions  of  well-known  algorithms  for  solving  DE's  of  the  form  (2.4)  — 
such  as  «tz[i£]«  k2L[</1]  and  st2[un]=  k2{aL[un+1]  +  (l-2cx)L[un]  +  aL[un-1]> 

Dispersion.  We  shall  discuss  here  only  linear  constant -coef f i c i en t 
approximations  to  wave  equations,  and  indeed  only  models  in  which  the  wave 
velocity  approaches  c  as  the  dimensionless  molecular  spacing  h/x+0.  For 
such  approximations,  since  the  schemes  are  conservative  (i.e.,  non-dissi- 
pative),  the  dispersion  (I.e.,  variation  in  the  wave  velocity  c^  with  the 
dimensionless  wave-length  x/h  [15,  pp.  46-52])  Is  a  good  measure  of  the  error 
This  Is  because  multivariate  Fourier  analysis  resolves  any  local  disturbance 
Into  simply  harmonic  waves  of  the  form 

(2.5)  **h(x,t)  -  exp  i(kx  -  u^t)  , 
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and  these  travel  without  change  of  form  with  wave  velocity  c^  =  mh/k  =  u^x/2ir 
Hence  errors  are  due  to  deviations  In  the  wave  velocities  ch  of  solutions 
(2.5)  from  the  wave  velocity  of  the  model.  Moreover,  the  exact  wave  equation 
(1.1)  Is  non -dispersive:  the  propagation  velocity  Is  exactly  c  for  all 
wave-lengths  A  >  2h  and  In  all  directions.  (For  wave  lengths  a  <  2h  ,  see 
58.) 

The  variation  in  wave  velocity  c^  with  wave  length  A  in  discretizations 
(i.e.,the  dispersion  [15,  46-52])  Is  easily  computed  by  substituting  a  general 
complex  periodic  solution  w^  =  exp  1(kx-(uht)  of  (2.5)  into  the  relevant 
formulas.  The  formulas  for  the  dispersion  become  simplest  when  put  into 
dimensionless  form  --  i.e.,  by  considering  y^  =  c^/c  as  a  function  of 
a  s  nh/A .  For  the  discretizations  (2.1)  and  (2.2),  we  then  have  the  following 
relations: 

(2.T)  s1n(rayh)  =  r  sin  a 

(2.2')  s1n(raTh)  =  -r--si-n 

Vl +4ar2sin2a 

The  relation  Is  s1n(r<JYh)  =  r  sin  a  yf\  -4ar2sin2cr  for  our  predictor- corrector 
scheme.  In  the  limiting  case  r+0  of  (2.3),  y^,  s  (sina)/o. 

Figure  1  shows  the  dispersion  of  various  discretizations  and  seml-discre- 
2 

tlzatlons  of  utt  *  c  uxx  by  plotting  Yh  =  ch/c  as  a  ^unct^on  h/A.  Note 
that  the  finite  difference  approximations  that  we  have  discussed  so  far  always 
give  c^  i  c. 

3.  Associated  first-order  systems. 

o 

It  Is  very  well-known  that  utt  =  c  uxx  is  essentially  equivalent  to  the 
first-order  hyperbolic  system 


*u 

’0  c' 

3U 

3u 

m 

3X 

9V 

3V 

_3t_ 

c  0 

3X 

Moreover,  as  Is  pointed  out  In  [11,  p.  262],  the  standard  5-polnt  explicit 
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scheme  (2.1)  Is  equivalent  to  a  very  simple  discretization  of  the  system 
on  a  staggered  mesh.  Namely,  setting  r  *  cAt/Ax  and 


u3”1/2  =  (wj  '  *"‘1)/At  and  vj-l/2  =  c(wj  "  w3_i^x. 


(3.1) 


we  obtain 


f 3  2)  un+1/2  -  un_1/2  =■  r(vn  -  vn  ) 

U.2J  Uj  Uj  r'Vj+l/2  Vj-l/2> 


(3  2‘ )  vn+1  -  vn  =  r/un+1/2  -  un+1/2) 
U.Z  )  vj+1/2  -  v^1/2  r(uj+1  Uj  )  , 


Like  (1.2),  this  system  Is  stable  for  rs  1,  exact  for  r  =  1,  and  has  second- 
order  accuracy  (“consistency")  for  all  r. 

In  this  section,  we  shall  review  other  schemes  for  integrating  (3.1) 
numerically.  Indeed,  many  authors  advocate  replacing  second-order  DE's  like 
utt  =  c2uxx  systematically  by  their  first-order  equivalents,  partly  with  the  aim 
of  covering  all  hyperbolic  problems  by  a  unified  theory.  Actually,  one  of 
us  has  already  reviewed  in  [1,  pp.  293-4]  five  other  schemes  for  integrating 
numerically  a  slight  generalization  of  (3.1)  (i.e.,  the  first-order  system 

equivalent  to  the  telegraph  equation).  In  discussing  them,  it  Is  convenient 
to  first  diagonalize  (3.1)  by  the  substitution  U  »  u+v,  V  =  u  -  v,  to  get 
the  equivalent  system 


Only  two  of  these  five  schems  have  second-order  accuracy,  and  we  shall  confine 
our  discussion  to  them. 

Lax-Wendroff  method.  The  first  of  these  Is  a  variant  of  the  widely 
used  Lax-Wendroff  method  (see  [7]  and  [11,  Sec.  12.7]).  For  the  diagonalized 
system  (3.3),  this  Is 

(3.4)  uj+1  -  \(r2  +  r)uj+,  +  (1  -  r2)l/J  +  Jfr2  -  rjuj., 

(3.4')  vf'  -  '  r>Vj+T  +  0  -  r2)Vj  +  +  rjvj,, 
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i 

As  is  shown  in  [11,  pp.  303-4],  the  preceding  scheme  is  second-order 
accurate  for  all  r,  and  stable  if  and  only  if  r  s  1.  Moreover  for  r  =  1 
It  reproduces  exact  solutions  of  the  equation  at  mesh.-points.  8ut  for 
r  <  1  it  is  not  only  dispersive  but  dissipative  as  well!  More  precisely,  it  is 
dissipative  Of  order  four  in  the  sense  of  Kreiss  [1,  p.  53].  The  dispersion 
(variation  In  a  ch/c  with  a  *  irh/A)  is  given  by 

(3.5)  s1n(2rhro)  =  r  sin  2cr//|-4rZ(1-rZ)sin4a 

For  these  reasons,  it  seems  Inappropriate  for  our  problem 

Box  Scheme.' The  second  scheme  having  0(hZ)  accuracy  discussed  In 
[l,pp.  293-4]  was  the  following  Imp! icit  Box  Scheme 

(3.6)  ■  “j"  *  <oj., .  vf1  .  ,v«!  ■ ,«/  • 

where  t  *  (l-r)/(l+r),  with  r  =*  cAt/h  as  usual.  This  scheme  was  apparently 
first  proposed  by  H.A.  Thomas  In  his  1937  Ph.O.  Thesis.  It  is  also  second- 
order  accurate,  neutrally  stable  (energy-conserving)  for  all_  r>0  and 
exact  for  r  *  1.  The  dispersion  satisfies 


(3.7)  s1n(2yhro)  -  -  - w- 

cos  a  +  r  sin  o 


hence  there  Is  no  dispersion  for  r  *  1.  In  series  form,  (3.7)  gives: 


(3.7')  ch/c  =  1  +  5(1  -  rZ)oZ  +  0(o4) 

4.  Plane  Analogs. 

Me  next  consider  some  plane  analogs  of  the  schemes  described  In  SS2-3 . 
The  natural  plane  analog  of  Daniel  Bernoulli's  "beads  on  a  string"  model  Is 
the  "beads  on  a  square  mesh"  semi-discretization 

(4.1)  u"(t)  =  c\2u  ,  vhZ  -  6XZ  +  «y2. 


+1.*.,  Its  amplification  matrix  Is  not  similar  to  a  unitary  matrix  —  whereas 
central  difference  approximations  to  u  a  c2  have  a  basis  of  solutions  of 
the  form  expCKkx-^t)].  u  xx 
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where  u  is  the  vector  of  nodal  values  u^  =  u(jh.  4h).  This  Is  a  conservative 

(l.e.  non-dissipative)  Lagranglan  dynamical  system  that  approximates  the 

continuum  "vibrating  membrane"  model  with  Q(h  )  accuracy.  Moreover  central 

difference  approximations  to  (4.1)  are  conservative,  so  that  for  them,  the 

dispersion  (usually  anisotropic)  is  the  only  error). 

To  each  scheme  for  integrating  systems  of  second-order  ordinary  DE"s  of 

the  form  u"  =  F(u)  or  *  F(u_,  t),  there  corresponds  a  full  discretization 

of  (4.1).  For  example,  the  second  central  difference  approximation 
2  2 

6t  u  *  k  F(u)  gives  the  explicit  standard  7-polnt  difference  approximation: 

(4.2)  u£'  ■  (2-4r2)llj(  -  .  r2Oujt 

where  r  =  cat/Ax  Is  the  stability  ratio  (the  Courant  number)  as  before  and 

°ujt  *  UJ+1,* +  uj,s+i +  uj-i,t +  uj ,4-1  •  Th1s  1s  obvious1y  the  Plane 

analog  of  the  standard  5-polnt  approximation  (2.1)  of  utt  *  c  uxx  ,  and  also 
has  0(h2)  accuracy  for  any  fixed  r.  However,  It  Is  not  exact  for  r*l,  and 
Is  only  stable  for  r  s  1//F.  The  best  choice  is  r  *  1//2"  ;  it  gives  the 
6-polnt  discretization  (1.4)  of  [4]: 

(4.2')  Ujj1  =  -  Ujj1  i  which  we  recommend  most  highly  among  0(h2) 

methods . 

Similar  considerations  lead  to  the  following  15-point  plane  analog  of 
von  Neumann's  5-polnt  Implicit  scheme  (2.2): 

(4.3)  at2U;A  =  r2  [avh2  *  (l-2°)vh2u3*  +  ^]. 

This  also  has  0(h)  accuracy  for  any  fixed  r>0.  For  azl/4  It  is  uncondition¬ 
ally  stable;  for  a  <  1/4,  It  is  stable  when  r  s  l//2(l-4a). 

As  In  the  one-dimensional  case,  there  also  exists  an  explicit  predictor- 
corrector  version  of  (4.3)  having  0(h2)  accuracy.  If  a  z  1/16,  this  Is  stable 
for  r  s  1/  V8a 

Dispersion.  To  find  the  dispersion  of  the  semi -discrete  model  (4.1), 
simply  substitute  the  trial  function  Ujt  ■  exp[1  (pjh  +  gth  -  u>t)]  Into 
(4.1)  and  set  p  *  k  cos  e,  q  ■  k  sin  9,  where  k  *  p  +  q  *  2ir/X» 
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x  being  the  wave  length. 

For  each  real  (p,  q)«  mesh-length  h,  and  Courant  number,  every 
central  difference  approximation  determines  a  real  ^  *  u(p,q  ;  h)  as  before. 
Hence  such  models  are  conservative,  with  easily  computable  wave  speed 
ch  *  uih/k.  The  dispersion  .measured  by  the  variation  In  vh  *  ch/c  *  yh{o,e) 

Is  therefore  again  a  good  measure  of  the  error. 

For  the  semi-discretization  (4.1),  this  dispersion  Is 

(4.1’)  vh  *  ch/c  *  i  / s1n^(o  cos  e)  +  sin^(o  sin  e) 

For  the  7-polnt  explicit  scheme  (4.2),  a  similar  procedure  gives  the 
Implicit  equation 

(4.2')  s1n2(ro>h)  *  r2[s1n2  (c  cos  e)  *  sin2  (o  sin  e)]. 

This  has,  for  r<l /✓?,  the  following  series  expansion: 

(4.2")  Yh  -  1  -  a2(cos4e  +  sin4  e  -  rZ)/6  +  0(c4). 

The  corresponding  relations  for  the  Implicit  15-point  approximation  (4.3)  are 
(4.3*)  s1n(r<jYh)  * t/a/ ( 1  +4  aA)  ,  A  =  s1n2(o  cos  e)  +  sin 2(a  sin  e). 
and 

(4*3")  Yh  *  1  -  O2[cos40  +  s1n4e  +  r2(12o  -1)]  +  0 (o4), 

which  evidently  reduce  to  (4.2")  when  a  *  0. 

Mote  that  in  the  plane,  the  dimensionless  dispersion  c^/c  ■  ^(o.e)  is 
a  function  of  the  direction  a  as  well  as  the  dimensionless  node  spacing 
a  •  irh/x.  In  other  words,  the  disturbance  Is  anisotropic;  see  Figure  2. 


i 

i 


i 
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5.  First-order  Schemes. 

Because  the  general  theory  of  first-order  hyperbolic  systems  and  their 
numerical  solution  is  attractive,  we  tried  to  apply  it  to  u^  =  c2(uxx  +  uyy)* 
For  doing  this,  the  best  procedure  seems  to  be  to  adopt  the  usual  physical  model 
for  sound  propagation  [6,  Art.  285],  namely 


(5.1) 


Pt  =  <Uux  +  v  ). 


ut  =  cPx  *  *t  "ry 

We  adopted  this  model,  but  discovered  that  (5.1)  is  not  equivalent  to 

u..  *  c2(u  +  u  ).  What  Is  true  Is  that  the  subspace  of  irrotational  sound 
h  xx  yy 

vibrations  with  uy  ■  vx  ,  or  equivalently  (u,v)  =  7*  the  gradient  of  a  velocity 
potential  $  ,  is  invariant  under  (5.1).  In  this  subspace,  (5.1)  is  equivalent 


=  cp„ 


to  * 


tt 


O 

c  (*  +  *  ' 

v*xx  vy> 


We  next  semi -discretized  the  system  (5.2),  using  a  square  mesh  with  mesh- 
length  h  as  in  §4,  but  staggered  mesh-points: 


(5.2) 


T.e 


y  •  5  + 


i 


i*  =  i  + 


i 


The  discrete  analog  of  irrotational ity  can  then  be  taken  as  the  condition 


(5.3) 


uj  1 


+  Vi.f 


UJV+1 


'j,*'  -  o 


for  all  j,  t.  The  semi -discretization  of  (5.1)  can  be  taken  as  the  system 


(5.4) 


"J.l 


(t) 


h  Cuj',i  "  “j'-l.i  +  VJ,t' 


^Pj+l,t  '  PH 


J. 


■  F  tKj,Jt+i  r3,iJ 
Observe  that  the  discrete  ’Irrotational ity’  condition  (5.3)  is  conserved  by 
(5.4),  since  the  sum  of  the  time-derivatives  Is  the  sum  of  the  pressure 
differences  around  a  square: 


CP| 


vj,*’-l] 
-Pi  J- 


+  vj+i,i‘  “  uj’,t+i  ■  vj,i,)  =  0 

To  discretize  (5.4),  we  applied  the  trapezoidal  method.  This  gives 
the  10-point  discretization 
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laUlt 


% 


n+1  r  /..n+1 
Pi  .  '  7  (ui>.  i 


,.n+l  \  r  .  n+1  n+1  v 

pj ,i  ~  7  vuj i  2  (vja‘  '  vj,i'-l) 

n.r/fi  n  .  ^r  ,  n  n  > 

=  pj*  +  2(V.*‘V-i,*)  +  T(vj,*' 

re  ..n+1  r  r~n+l  nn  \  -  ,.n  ,  r  fn  n  . 

fS.5  )  uj',t  *  7  (Pj+1,4  "  pj,i^  ‘  uj',i  +  I  ^Pj+l,i  '  Pj.iJ 

fe  c»\  „n+l  r/„n+l  r,n+1\  -  «n  j.  r  /„n  x 

(5’5  vj,*'  "  rpj,*+l  -  pj,^  ‘  vj.*'  7  p  j , £+1  "  Pj,*) 

This  scheme  also  conserves  the  discrete  Irrotationallty  condition  (5.3)1. 
Moreover  it  has  0(h)  accuracy,  and  is  conditionally  stable.  Its  biggest 
drawback  is* that  It  is  implicit  (see  5  6  ). 

Lax-Wendroff  scheme.  As  an  alternative,  we  tried  to  apply  a  Lax- 
Wendroff  scheme  to  (5.1).  We  rewrote  it  for  this  purpose  in  the  vector  form 

(5.6)  Zt  =  AZx  +  BZy 


(5.6* ) 


0  1  0 
A  =  c  1  0  0 


0  0  1 
B  *  C  C  0  0 
1  0  0 


L  v J  L°  0  °J  U  0 

We  then  applied  to  (5.6)  -  (5. 6')  the  Lax-Wendroff  scheme 

2 

Z(t  +At)  =  [I  +  J  (A 6X  +  B5y)  +  jp  (A25xx  +  \  (AB  +  BA)6x6y  +  B2Syy]  Z(t), 
where  A  and  B  are  as  above,  and  «xuj)t  =  uj+1>£  ~  •  6xx  =  uj+l,t 

-  2u.  +  u.  .  .  ,  and  similarly  for  6u  and  6  .  This  scheme  is  stable  for 

j**  y  yy 

r  s  1/^f;  but,  it  is  dissipative  and  falls  to  preserve  irrotationallty. 

Though  we  are  hopeful  that  a  different  staggered  mesh  analog  (5.2)  of  this 

scheme  will  conserve  irrotationallty,  we  have  not  derived  such  a  scheme. 

Dispersion.  Instead,  we  have  computed  the  dispersions  of  the  schemes 

(5.4)  and  (5.5),  based  on  staggered  mesh-points.  For  the  semi -discretization 

(5.4) ,  the  dispersion  is 

7 - -m - - ‘ - - J - 

(5.8)  Yh  =  o  /sin  (a  cos  e)  +  sin  (a  sin  e). 


?  This  Is  true  because  If  u*  *  L[uJ  Is  a  linear  system  of  ordinary  differential 
equations,  S  Is  a  linear  subspace  Invariant  under  L,  and  un+l  =  R(L)[un] 
Is  a  discretization  of  the  system  with  R  a  rational  function-,  then  a 
solution  initially  in  S  stays  in  S. 
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the  same  as  for  the  "beads  on  a  mesh"  model.  Likewise,  those  for  the  trape¬ 
zoidal  scheme  (5.5)  are  the  same  as  for  von  Neumann’s  implicit  scheme  for 

p 

solving  utt  =  c  (uxx  +  u  )  with  a  =  1/4.  It  may  therefore  be  presumed 
that,  for  irrotational  motions  the  pairs  of  schemes  referred  to  are  in  some 
sense  equivalent. 

6.  Fourth-order  methods. 

To  summarize,  our  very  thorough  exploration  failed  to  bring  to  light 

o 

any  difference  method  for  solving  utt  =  c  (uxx  +  uyy)  with  second-order 
accuracy  that  was  superior  to  the  standard  7-point  difference  method  with 
r  =  l//2“.  Me  shall  next  give  a  brief  progress  report  on  our  search  for 
difference  methods  having  fourth-order  accuracy,  and  afterwards  discuss  some 
finite  element  methods  for  solving  the  same  equation. 

Methods  for  solving  u^t  =  c2(uxx  +  uyy)  with  O(h^)  ("fourth-order") 
accuracy  have  been  Collatz  [8,  pp.  52-56]  and  Fairweather  and  Mitchell  [5], 

The  method  proposed  in  [5]  has  been  extended  to  (linear)  wave  equations  having 
variable  coefficients  by  Ciment  and  Leventhal  [3],  and  programmed  at 
the  U.S.  Naval  Ordnance  Laboratory.  We  have  just  begun  testing  this  program, 
in  consultation  with  the  authors/  In  this  brief  sunmary,  we  shall  only  review 
very  briefly  the  Ideas  underlying  the  construction  of  O(h^)  approximations, 
the  formulas  to  which  they  lead,  and  their  stability. 

For  the  one-dimensional  wave  equation,  one  can  achieve  0(h4)  accuracy 
for  an£  r>0  by  using  the  Implicit  formula 

(6.1)  (5  +  r2)fit2u^  -  (1  +  5r2)5x2u1  -  (1  -  r2)  DuJ 

where  Du"  =  u!?"]  +  u|j*}  +  u/|  +  u^]  -  4u!J  .  This  is  stable  if  and  only 

If  r  s  STH  (the  staDilny  limit  seems  to  be  new). 

The  formulas  of  Collatz  Involve  a  free  parameter;  they  are  all  linear 
combinations  of  two  special  19-point  formulas  that  Involve  only  five  unknowns 
at  the  advanced  time  step  (and,  by  syimetry,  five  known  values  from  the  earliest 
time  step).  The  stencils  Involved  are  displayad  below  for  the  special  cases  of 
maximum  stable  Courant  numbers  r  =  cAt/Ax  equal  to  1/vTand  1//3-  respectively. 

+  The  authors  have  warned  us  that  the  paper  by  McKee  cited  in  [3]  contains  many 
misprints. 
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Scheme  I  Scheme  II 


Collatz  himself  proposed  using  a  Gauss-Seidel  iterative  method  to 
solve  the  resulting  implicit  system 

(6.1)  Cun+1  =  2Eu"  -  Cu""1 

for  the  u"+|  as  unknowns,  at  each  time  step,  remarking  that  this  should 
converge  rapidly  because  C  is  so  heavily  diagonally  dominant.  Although  we 
have  not  yet  tried  the  method,  this  proposal  seems  very  reasonable.  The 
standard  7-point  explicit  method  could  be  used  as  a  "predictor"  to  find  a  good 
first  approximation. 

7.  Finite  Element  Methods. 

In  numerical  solid  mechanics,  new  finite  element  methods  have  almost 
entirely  replaced  difference  methods  during  the  past  decade.  This  naturally 
suggests  the  idea  that  the  same  change  would  be  advantageous  in  fluid  mechanics. 
We  doubt  that  this  is  the  case  for  the  wave  equation  (1.1),  which  is  of  hyper- 
bol ic  type,  noting  that  the  problems  in  solid  mechanics  solved  so  successfully 
by  finite  element  methods  are  typically  elliptic  (even  if  they  involve  incre¬ 
mental  loads).  Nevertheless,  we  have  made  a  careful  theoretical  analysis  of  the 
possibilities.  The  following  paragraphs  summarize  our  theoretical  conclusions; 
we  hope  to  test  them  soon  by  numerical  experiments. 

We  will  begin  with  the  general  observation  that  for  small  oscillations 
of  (conservative)  Lagrangian  systems  like  those  to  which  the  wave  equation  (1.1), 
applies,  finite  element  methods  lead  naturally  to  implicit  semi -discretizations 
of  the  form 

(7.1)  Bg  =  Ag  , 

where  B  is  an  Inertial  and  A  a  stiffness  matrix,  and  the  q^  are  (generalized) 
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coordinates.  Specifically,  to  restrict  semi -discretizations  to  lie  in  a  (linear) 

"approximating  subspace"  is  equivalent  to  imposing  a  set  of  "workless 

constraints",  replacing  an  infinite-dimensional  model  from  theoretical  continuum 

mechanics  by  a  finite-dimensional  Lagrangian  system. 

In  particular,  by  constraining  u(x,t)  to  be  piecewise  linear  for  fixed  t 

and  u  (x,y,t)  to  be  piecewise  bilinear,  we  get  a  semi -discretization  of  the 

form  (7.1)  having  second-order  accuracy.  By  constraining  them  to  be  piecewise 

cubic  and  bicubic,  respectively,  with  additional  smoothness  constraints  (of 
1  2 

being  C  or  C  ),  we  get  Hermlte  and  spline  semi-discretizations  having 
fourth-order  accuracy.  These  approximations  are  discussed  in  Strang  and  Fix 
[14],  where  equations  of  the  form  (7.1)  are  obtained  by  the  Galerkin  method.  The 
approach  described  in  the  preceding  paragraph  is  closer  to  Rayleigh's  ideas. 

For  simplicity  we  consider  first  the  one-dimensional  case.  A  complex 
normal  mode  is  given  by: 

(7.2)  u  *  eH*  wh(x) 

where  w.  is  a  piecewise  linear,  cubic  spline,  or  cubic  Hermite  function  that 
n  ikx 

interpol ates  to  w  =  e  at  the  nodes  Xj  =  jh.  From  the  principle  of  inter¬ 
change  of  energy  between  the  kinetic  and  the  potential  phases  of  the  standing 
wave  (7.2),  we  have: 

(7.3)  <»h2/c2  H  ~  J lw^  dx  | wh^xM  dx- 

Here  Rh  is  the  Rayleigh  quotient  of  the  finite  element  approximation.  We 
can  calculate  R^  easily  by  self=similarity.  Using  (7.3),  we  conclude  that 
Yh  =  ch/c  =  X^yW2x  . 

Straightforward  computations  give  the  following  formulas  for  yh: 

(7.4)  y  a  {Jz  Sin  o  )/ a/l+2cos“cr  =  1  +  a2/6  -  c^/120  +  0  (a8) 

h 

for  piecewise  linear  elements,  and 

(7.5)  Yh  ■  1  +  o6/94S  +  Q(a8) 

for  piecewise  cubic  Hermite  and  spline  elements.  Note  that  the  finite  element 
approximations  tend  to  stiffen  the  system  (i.e.,  ch  >  c),  whereas  finite 
differences  tend  to  soften  it  (ch  <  c);  see  Fig.  1.  This  tendency  can  be 
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rationalized  as  follows. 

THEOREM.  For  any  given  wave-length  X,  the  wave  velocity  Is  Increased  by 
any  workless  constraint. 

ikx 

Proof-  In  (7-3),  Rh  Is  minimized  by  the  complex  wave  profile  w(x)  «  e 
with  respect  to  all  waves  with  wave-length  x  or  less.  Hence  a  constraint 
can  only  Increase  R^  and  a  x/R^(kP/2t, 

Although  quadratic  functions  might  provide  a  desirable  compromise 
between  the  linear  and  cubic  approximations  described  above,  we  have  seen 
no  reason  for  preferring  other  finite  elements.  We  have  also  tentatively 
decided  to  use  spline  rather  than  Hermlte  approximations  In  numerical 
experiments,  because  of  the  practical  difficulty  of  matching  closely  the 
Initial  values  of  uxt,  etc. 

In  the  plane,  a  basis  for  the  finite  element  subspace  consists  of 
products  of  their  one-dimensional  counterparts,  and: 

(7.6)  Rh(p,q)  =  Rh(p)  +  Rh(q)  . 

The  dispersion  therefore  satisfies 

(7.4')  yh  =  1  +  c^(cos4e  +  Sln40)/6  +  0(  a4) 

for  piecewise  bilinear  elements,  and 

(7.5')  vh  =  1  +  o6(cos8o  +  s1n8e)/945  +  0(o8) 

for  bicubic  Hermlte  and  spline  elements. 

The  matrices  B  and  A  In  (7.1)  depend  on  the  choice  of  basis  In 
the  approximating  finite  element  subspace  [14,  pp.  252-4].  With  "tent" 
functions  as  a  basis,  the  qj  are  just  the  nodal  values  Xj(t)  of  the 
solution.  Eq.  (7.1)  simplifies  with  this  choice  of  basis  to 

(7.7)  ^*j-l  *  4^j  *  ^j+1  =  [bj_i  ~  2bj  +  bj+i 3/h 

By  noting  the  resemblance  of  (7.7)  with  the  3-point  semi discretization 

p 

(2.2),  and  especially  the  fact  that  the  0( a  )  terms  In  the  asymptotic 
formula  for  the  dispersion  of  (7.7)  and  (2.2),  are  equal  In  magnitude  but 
opposite  In  sign,  we  average  to: 

(7.8)  Ijtbj.,  -  bj  *  bj+)]  -  c2[bj.,  -  Zbj  *  b^l/b2  . 
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whose  dispersion  is  indeed  smaller: 

(7.81 )  yh  -  1  -  o4/30  +  0(o6} 

To  obtain  full  discretizations  in  time,  one  can  approximate  second-order 
time  derivatives  by  central  difference  quotients  in  (7.7),  getting  a  3-level 
tridiagonal  implicit  scheme  tfiat  is  stable  for  r<l/J.  For  (7.8),  by  apply¬ 
ing  the  4-th  order  accurate  St^rmer-Numerov  formula  in  time,  we  recapture  the 
9-point  O(h^)  approximation  (6.1).  In  the  plane,  one  can  use  tensor  products 
of  these  formulas;  see  (7.6). 

Note  that  cubic  and  bicubic  finite  element  semi -discretizations  re¬ 
produce  wave  velocities  with  sixth-order  accuracy,  but  wave  profiles  with 
only  fourth-order  accuracy.  The  sixth-order  accuracy  is  achieved  only  at  mesh- 
points,  as  is  customary  with  superconvergence. 

The  greatest  defect  of  finite  element  methods  for  solving 
utt  =  c2(uxx  +  uyy)  is  the  difficulty  of  integrating  efficiently  the  Implicit 
systems  of  DE's  of  the  form  (7.1)  to  which  they  lead.  Me  have  not  yet  decided 
on  the  best  way  to  resolve  this  difficulty.  Milton  Lees  has  suggested  using  ADI 
methods  (J.  SIAM  10  (1962),  610-16);  see  also  [5].  We  plan  to  try  following 
a  standard  6-polnt  explicit  predictor  by  an  explicit  corrector  based  on 
Scheme  I,  possibly  iterated  once. 

8.  The  Riemann  Problem 

We  conclude  with  a  few  remards  on  the  numerical  solution  of  the 
initial  value  problem  for  "plane  waves  of  finite  amplitude,"  which  Riemann 
tried  to  solve  analytically  In  a  famous  paper  written  in  1860.  Von  Neumann 
tried  to  solve  this  in  1944  by  a  straightforward  generalization  of  Daniel 
Bernoulli's  "beads  on  a  string”  model.  He  did  this  by  using  Lagrangian 
coordinates  in  which  h  is  a  mass -Increment.  Setting  £j  =  x^/h,  where 
Xj  Is  the  position  of  the  j-th  particle,  the  simplest  3-point  central 
difference  approximation  then  gives  a  system  of  3-polnt  non-linear  ordinary 
DE's  of  the  form 

(8.1)  (t)  =  [F(5j+1  ~  £j)  ~  F(£j  ”  ^j-1^^  * 

where  F  Is  the  adiabatic  pressure  as  a  function  of  scaled  density.  These 

he  discretized  to 


247 


(8.2)  =  2«J  -  ej-1  +  r2[F(cJ+1  -  cj  )  -  F(tJ  -  cj.-,)]  . 

Until  a  shock  forms  and  destroys  the  entropy  conservation,  this  seems  to  us 
as  effective  as  any  other  method  having  only  second-order  accuracy. 

Since  1944,  many  other  schemes  have  been  proposed  for  handling  the 
general  case  In  which  shocks  occur.  Most  notable  among  these  are  probably 
the  von  Neumann-Rlchtnjyer  method  of  1950,  and  various  Lax-Wendroff  methods. 

An  excellent  and  authoritative  review  of  these  methods  is  given  in  [11, 

Chap.  12].  Nevertheless,  Morettl  [9]  could  ask  in  1971:  "is  a  computer 
program  available  [for  solving  one-dimensional  compressible  flow  problems, 
which  is]  easy  to  use,  general,  safe,  accurate  and  fast?. ..the  answer  seems 
to  be  negative."  One  of  us  made  a  similar  observation  at  the  ONR  Workshop 
on  Numerical  Hydrodynamics  held  in  1974t,  Prof.  Morettl  responded  by  supply¬ 
ing  us  with  a  deck  of  about  1300  cards  to  do  the  job. 

We  have  made  a  few  simple,  quite  successful  experiments  with  this 
deck  (following  some  minor  modificaitons).  However,  we  think  that  a  good 
deal  more  work  will  be  required  to  make  it  truly  "easy  to  use,  general,  safe, 
accurate  and  fast";  see  §9.  We  plan  to  do  this  work,  testing  at  the  same 
time  other  codes  based  on  Lax-Wendroff  methods  that  have  been  developed  at 
the  Courant  Institute  by  S.  Biurstein. 

Treatment  of  Shocks.  After  shocks  form,  one  must  introduce  the 
entropy  as  an  additional,  third  dependent  variable.  All  existing  codes  treat 
the  resulting  model  as  a  system  of  three  first-order  hyperbolic  equations. 
However,  where  most  authors  use  an  "artificial  viscosity"  to  smear  out  the 
shock,  "capturing"  it  in  a  band  a  few  mesh-lengths  thick,  Moretti  adopts  a 
"shocklocating"  technique  that  assigns  to  shocks  a  negligible  width.  We 
plan  to  find  out  also  whether,  for  flows  containing  only  a  few  shocks,  a 
similar  "shocklocating"  technique  could  be  incorporated  into  the  scheme 
(8.1)  -  (8.2),  modifying  FUj+1  -  5")  to  allow  for  a  change  in  the  entropy 
of  the  j-th  Interval  each  time  that  a  shock  passes. 

Gibbs  phenomenon.  Von  Neumann's  original  numerical  experiments,  and 
most  later  ones  based  on  "shock-capturing"  techniques,  tend  to  produce 
spurious  oscillations  or  "  wiggles"  behind  shocks.  See  [12,  p.  161  and 
Sec.  V  -  C].  However,  whereas  these  oscillations  are  commonly  attributed  to 

t  See  the  Proceedings  of  this  Workshop,  published  by  the  U.S.  National  Academy 
of  Sciences,  1975,  pp.  140,  158. 
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Iterative  Instability,  nonlinearities,  or  spatially  varying  coefficients, 
thalr  presence  is  really  just  a  "Gibbs  phenomenon"  associated  with  analytical 
treatments  of  jumps.  Thus  they  arise  also  in  the  (linear)  acoustic  approxi¬ 
mation  to  steady  flow  across  jumps  [12,  p.  161],  and  even  with  Interpolation 
through  discontinuities.  Specifically,  If  one  discretizes  the  step-function 
sgn(x)  through  its  values  on  a  uniform  mesh,  and  then  reconstructs  it  by 
Whittaker's  cardinal  Interpolation  formula,  one  gets  spurious  oscillations 
near  the  discontinuity;  see  Fig.  3. 

9.  WAVPAK 

We  are  glad  to  report  that  the  algorithms  described  In  s §2-4  have 
been  Incorporated,  together  with  some  others,  Into  a  versatile  package  of 
Fortran  programs  called  WAVPAK,  designed  and  Implemented  at  Harvard  by 
Surender  Gulati.  Using  this  package,  one  can  for  example  trace  the  evolution 
of  a  wave  generated  at  one  comer  of  a  square,  on  a  40  x  40  mesh,  for  200 
time  steps,  at  a  cost  of  about  $3  per  case  plus  $3  for  the  job  run  (compiling, 
listing,  printing,  etc.)  This  Is  long  enough  for  the  wave  to  travel  from 
one  corner  along  the  diagonal  diameter  to  the  opposite  comer,  all  the  way 
back,  and  half-way  across  again. 

Mr.  Gulati  plans  to  incorporate  into  WAVPAK  the  best  of  the  other 
algorithms  discussed  in  the  body  of  this  paper,  as  well  as  treating  more 
general  domains  and  boundary  conditions.  When  documented,  this  package 
might  serve  as  a  pilot  model  for  a  standard  package  of  computer  programs  for 
solving  simple  hyperbolic  problems  at  modest  cost. 

We  realize  that  such  programs  cannot  compete  with  the  far  more 
sophisticated  programs  developed  at  Los  Alamos  and  other  major  government 
laboratories  for  solving  practical  problems.  However,  such  sophisticated 
programs  are  best  run  at  the  laboratories  that  designed  them.  We  hope  that 
the  simplicity,  economy,  ease  of  use,  and  portability  of  WAVPAK  will  make 
It  generally  useful  as  an  Introduction  to  the  subject.  Mr.  Gulati  plans  to 
describe  Its  design  and  capabilities  In  another  publication. 
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I.  Introduction 

In  this  paper  we  discuss  numerical  methods  for  calculating  multi¬ 
dimensional,  transient,  free  surface  flows  interacting  with  general  curved 
boundaries.  To  effectively  model  a  free  surface,  three  problems  must  be 
resolved:  the  surface  must  be  numerically  defined,  a  prescription  must  be 
provided  to  advance  it  in  time,  and  appropriate  boundary  conditions  must 
be  applied  at  the  location  of  the  surface.  The  schemes  chosen  to  meet 
these  conditions  must  be  compatible. 

Before  discussing  methods  that  model  free  surfaces,  we  first  review 
the  basic  notions  of  Lagrangian  and  Eulerlan  finite  difference  representa¬ 
tions.  In  each  representation  the  fluid  region  is  subdivided  into  a  finite 
grid,  or  mesh,  of  computing  cells.  Associated  with  each  cell  are  local 
values  of  the  appropriate  field  variables.  The  Lagrangian  viewpoint  uti¬ 
lizes  a  mesh  of  grid  points  embedded  in  the  fluid  and  moving  with  it. 

Thus,  a  free  boundary  will  always  be  coincident  with  a  mesh  boundary,  which 
simplifies  the  application  of  boundary  conditions.  The  Eulerian  viewpoint 
treats  the  mesh  as  a  fixed  reference  frame  through  which  the  fluid  moves. 

In  this  case,  some  additional  means  must  be  supplied  to  locate  a  free  boun¬ 
dary  within  the  mesh.  Furthermore,  since  the  boundary  is  not  likely  to  be 
coincident  with  the  mesh  lines,  application  of  boundary  conditions  requires 
some  lnterpolative  subcell  resolution  scheme.  For  low  amplitude  free  sur¬ 
face  configurations,  various  methods  are  available  that  work  more  or  less 
equally  well.  For  example,  several  Lagrangian  techniques  have  been  develop¬ 
ed  to  calculate  incompressible  flows  with  a  free  surface;  see  Hirt,  et  al. 
(1970),  Brennen  and  Whitney  (1970),  and  Chan  (1975).  These  techniques, 
however,  are  not  applicable  to  highly  contorting  or  shearing  free  surface 
flows  in  which  the  Lagrangian  meshes  would  be  distorted  so  severely  as  to 
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produce  serious  questions  of  accuracy. 

Eulerian  schemes  are  more  frequently  used  for  calculating  free  sur¬ 
face  flows  because  they  do  not  necessarily  have  the  low  amplitude  re¬ 
striction.  For  example,  the  Marker-and-Cell  (MAC)  method  developed  by 
Harlow  and  Welch  (1965)  is  an  Eulerian  technique  that  has  been  extensively 
used  to  calculate  multi-dimensional  free  surface  phenomena.  The  basic 
technique  has  been  improved  by  various  users.  In  the  original  formulation 
the  fluid  is  represented  by  marker  particles,  which  are  moved  by  the  local 
fluid  velocity.  The  fluid  surface  is  defined  by  the  location  of  these 
particles.  The  free  surface  boundary  conditions  are  applied  at  the  center 
of  cells  containing  the  interface.  No  attempt  la  made  to  determine  the 
exact  location  of  the  surface  within  a  calculational  cell.  This  free  sur¬ 
face  treatment  was  improved  by  Chan  and  Street  (1970) .  For  low  amplitude 
surface  deformations,  they  defined  the  free  surface  by  its  height  above 
the  horizontal  axis,  which  eliminated  the  need  for  marker  particles.  How¬ 
ever,  they  also  developed  an  alternative  scheme  that  used  marker  particles 
only  on  the  free  surface.  More  importantly,  in  both  schemes,  they  applied 
free  surface  boundary  conditions  at  the  actual  location  of  the  free  sur¬ 
face.  This  practice  eliminated  small  scale  surface  irregularities  present 
in  the  original  MAC  formulation.  Viecelli  (1969)  further  extended  the 
Marker-and-Cell  method  to  include  impenetrable,  curved  boundaries.  He 
treats  these  boundaries  analogous  to  a  free  surface,  but  applies  a  pres¬ 
sure  at  the  boundary  in  such  a  way  that  the  velocity  of  the  fluid  normal 
to  the  boundary  vanishes.  Thus,  the  difference  between  the  treatment  of 
cells  containing  free  surfaces  and  those  containing  the  impenetrable  boun¬ 
daries  is  that  the  cell  pressures  are  computed  from  a  Neumann  (specified 
derivative)  rather  than  a  Dirichlet  (specified  value)  condition.  This 
technique  was  later  extended  by  Viecelli  (1971)  to  calculate  flexible 
curved  walls.  Nichols  and  Hirt  (1971)  adapted  and  extended  Chan's  surface 
marker  particle  scheme  to  calculate  highly  contorted,  multi-valued,  free 
surfaces  and  applied  better  approximations  for  the  normal  and  tangential 
stress  conditions. 

The  assimilation  of  all  these  improvements  into  one  general  technique 
could  result  in  a  useful  but  very  complicated  technique.  Realizing  the 
need  for  these  capabilities  to  be  generally  available  in  an  easily  used 
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fora,  we  have  developed  an  Eulerian  code,  SOLA-SURF,  which  Is  capable  of 
handling  free  and  curved  rigid  surfaces  that  are  single  valued  functions 
of  height.  The  original  SOLA  code  is  based  on  the  Marker-and-Cell  method, 
but  is  written  in  a  simplified  form  to  facilitate  its  use  by  persons  with 
little  or  no  experience  in  numerical  fluid  dynamics.  Because  of  its  sim¬ 
plicity  it  is  easy  to  add  special  boundary  conditions  to  calculate,  for  ex¬ 
ample,  flow  past  fixed  or  moving  prismatic  structures.  In  the  SOLA-SURF 
version,  which  has  the  free  surface  capability,  these  structures  may  be 
completely  submerged  or  may  penetrate  the  free  surface.  The  SOLA  and  SOLA- 
SURF  codes  are  available  from  the  Argonne  Code  Center  and  the  basic  algo¬ 
rithm  and  free  surface  scheme  are  described  in  a  report  by  Hirt,  et  al. 
(1975). 

Numerical  techniques  for  calculating  free  surface  flows  in  three  space 
dimensions  pose  the  same  problems  as  the  two-dimensional  techniques  dis¬ 
cussed  above,  except  they  have  the  added  requirement  of  making  efficient 
use  of  computer  time  and  storage.  Nichols  and  Hirt  (1973)  developed  a  nu¬ 
merical  technique  for  three-dimensional  free  surface  flows.  The  technique 
is  based  on  the  Chan  and  Street  version  of  the  Marker-and-Cell  method  in 
which  the  free  surface  is  defined  by  its  height  at  the  center  of  each  ver¬ 
tical  column  of  cells  in  the  mesh.  Because  the  surface  must  remain  single 
valued  and  because  of  the  manner  in  which  boundary  conditions  are  applied, 
the  maximum  surface  slope  must  be  less  than  that  of  a  diagonal  on  the  ver¬ 
tical  face  of  any  cell.  While  this  does  limit  the  amplitude  of  surface 
distortions,  flow  over  and  around  some  structures  is  possible  in  this  tech¬ 
nique. 

Nichols  (1973)  has  also  employed  marker  particles  for  defining  three- 
dimensional  free  surfaces.  In  this  case,  logic  was  established  that  per¬ 
mitted  surface  boundary  conditions  to  be  applied  with  arbitrary  surface  de¬ 
formations.  Although  more  general,  there  are  problems  associated  with  the 
use  of  marker  particles  for  surface  definition.  The  essential  difficulty 
is  associated  with  the  lack  of  a  suitable  scheme  to  add  additional  surface 
markers  in  regions  of  surface  expansion,  for  example,  near  the  corner  of 
obstacles  that  penetrate  the  surface. 

Because  of  the  difficulties  associated  with  previous  schemes,  two 
new  techniques  are  being  developed.  In  one,  surfaces  are  defined  by  a 
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volume-fraction  function  that  specifies  the  fractional  fluid  filled  ’'olume 
per  unit  volume.  Surfaces  are  moved  by  fluxing  the  volume  fraction  from 
cell  to  cell.  This  eliminates  the  explicit  setting  and  moving  of  a  dis¬ 
cretely  defined  free  surface.  The  direction  of  maximum  gradient  of  the 
volume-fraction  function  defines  a  surface  normal  direction,  and  this  to¬ 
gether  with  the  volume-fraction  values  can  be  used  to  reconstruct  an  aver¬ 
age  Interface  location  in  each  surface  cell. 

In  the  second  alternative,  a  variable  density  fluid  is  assumed.  The 
fluid  has  density  normalized  to  unity,  while  in  the  void  there  is  a  very 
small  density  (for  example,  10  **) .  No  special  boundary  conditions  are  used 
in  this  method.  For  efficiency,  these  latter  techniques  are  being  develop¬ 
ed  initially  for  only  two  space  dimensions. 

All  of  the  free  surface  schemes  discussed  in  the  following  sections  of 
this  paper  are  couched  in  one  basic  solution  algorithm,  which  is  a  direct 
extension  of  the  Marker-and-Cell  method.  This  algorithm  is  briefly  de¬ 
scribed  in  section  II.  Following  this  a  more  detailed  description,  includ¬ 
ing  the  advantages  and  disadvantages,  is  given  of  free  surface  computation¬ 
al  schemes  that  make  use  of  the  surface  height  function  (section  III),  sur¬ 
face  marker  particles  (section  V) ,  and  the  volume  fraction  and  variable 
density  schemes  (section  VI) . 

Before  making  a  critical  comparison  of  these  different  techniques, 
however,  we  illustrate  how  even  the  simplest  method  can  be  used  to  compute 
reliable  and  useful  results.  In  section  IV,  following  a  description  of  the 
surface  height  function  scheme,  a  study  is  presented  of  the  added  mass  and 
damping  coefficients  computed  for  rectangular  cylinders  undergoing  forced 
oscillation.  These  results  are  compared  with  the  experimental  data  of 
Vugts  (1968).  An  interpretation  is  also  given  of  some  nonlinear  effects. 

II.  The  Basic  Solution  Algorithm 

The  finite  difference  solution  of  the  Navier-Stokes  equations  is  a- 
chieved  by  a  direct  extension  of  the  Marker-and-Cell  method.  A  stationary 
network  of  rectangular  cells  is  used  to  divide  the  calculational  region  in¬ 
to  a  finite  number  of  elements  with  which  the  fluid  variables  are  associ¬ 
ated.  The  primary  field  variables  are  the  velocity  components  and  the 


pressure.  Each  of  the  velocity  components  is  specified  at  the  center  of 
the  cell  face  to  which  it  is  normal  and  the  pressure  is  specified  at  the 
cell  center. 

In  several  of  the  free  surface  schemes  it  is  expedient  to  flag  each 
mesh  cell  to  denote  whether  it  is  an  empty  cell  containing  no  fluid;  a  sur¬ 
face  cell,  which  contains  fluid  but  is  not  adjacent  to  an  empty  cell;  or  an 
obstacle  cell,  which  is  impervious  to  fluid  flow.  All  remaining  cells  are 
interior  fluid  cells.  Additional  flags  can  be  used  to  designate  the  rigid 
boundary  cells.  Including  interior  obstacles,  as  either  free-slip,  which 
require  zero  normal  velocity  and  '  ro  shear  stress,  or  no-slip,  which  re¬ 
quire  zero  normal  and  zero  tangential  velocity  at  the  boundary.  Input  and 
contlnuatlve  outflow  boundaries  are  also  possible. 

The  fluid  motion  is  numerically  determined  by  advancing  the  fluid  con¬ 
figuration  through  a  series  of  small  time  increments.  During  each  time 
step  the  solution  to  the  momentum  equation  is  obtained  in  two  phases. 

First,  the  known  velocities  and  pressures  from  the  previous  time  step  are 
used  to  determine  the  fluid  velocities  in  each  cell,  with  the  initial  con¬ 
ditions  used  for  the  first  time  step.  This  explicit  calculation  does  not 
necessarily  ensure  incompressiblity ;  therefore,  in  the  second  phase  the 
tentative  velocity  field  is  adjusted  through  changes  in  the  pressure  field. 
This  was  accomplished  in  the  original  Marker-and-Cell  method  by  solving  a 
Poisson  equation  derived  from  the  constraint  that  the  velocity  divergence 
be  zero  in  each  cell  at  the  end  of  the  time  step.  The  basic  idea  of  the 
present  algorithm  is  to  adjust  the  pressure  in  each  mesh  cell  to  drive  the 
velocity  divergence  in  that  cell  to  zero.  The  pressure  and  velocity  dis¬ 
tributions  must  be  obtained  by  iteratively  adjusting  these  velocities  in 
each  cell  in  the  mesh  (see,  for  example,  Hirt,  et  al.  1975). 

III.  Free  Surface  Definition  by  a  Surface  Height  Function 

The  surface  height  function  is  generally  more  efficient  and  logically 
simpler  than  surface  treatments  involving  marker  particles.  For  this  rea¬ 
son,  this  was  the  first  method  used  to  define  the  free  surface  in  a  three- 
dimensional  technique;  see  Nichols  and  Hirt  (1973). 

The  fluid  surface  is  single  valued  and  is  initially  defined  by  speci¬ 
fying  the  surface  height  above  the  bottom  of  the  mesh  at  the  center  of  each 
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vertical  column  of  cells.  The  change  in  the  surface  elevation  is  deter¬ 
mined  by  the  local  fluid  velocity,  that  is,  by  the  vertical  component  of 
the  fluid  motion  plus  the  horizontal  convection  of  the  surface  elevation 
from  adjacent  cell  columns. 

The  free  surface  boundary  conditions  require  that  the  normal  and 
tangential  velocities  immediately  outside  the  surface  be  chosen  to  ensure 
a  zero  transfer  of  momentum  through  the  surface.  Velocities  normal  to  the 
surface  are  set  to  satisfy  the  incompressibility  condition  in  the  surface 
cells  where  the  free  surface  is  located.  The  tangential  velocities  in  the 
cells  immediately  outside  the  fluid  are  set  equal  to  the  adjacent  interior 
velocities.  This  is  consistent  with  zero  shear  stress  at  the  surface  for 
an  inviscid  fluid.  The  pressure  in  surface  cells  is  determined  by  a  linear 
interpolation  or  extrapolation  between  the  pressure  in  the  fluid  cell  im¬ 
mediately  below  the  surface  cell  and  a  specified  pressure  at  the  surface. 

A  new  three-dimensional  version  of  this  free  surface  technique,  SOLA- 
3D,  has  been  developed  recently  by  Stein  and  Hirt  (1975).  The  solution 
technique  and  the  capabilities  of  the  code  are  similar  to  the  one  described 
above,  except  that  it  has  a  variable  mesh  and  the  code  has  been  written  in 
a  simpler,  more  versatile,  and  efficient  manner.  The  following  examples, 
however,  have  been  computed  using  the  original  three-dimensional  code. 

All  examples  have  been  run  on  a  CDC-7600  computer.  A  fast  core  memo¬ 
ry  of  64,000  words  is  available  and  a  large  core  memory  makes  an  addition¬ 
al  400,000  words  accessible,  although  the  large  core  is  not  a  direct  access 
core  and  does  slow  the  calculation  speed  somewhat.  The  grind  time,  that 
is,  calculation  time  per  cycle  per  cell,  for  typical  calculations  varies 
from  0.8  to  1.6  ms/cycle/cell .  We  have  chosen  two  examples  to  illustrate 
the  three-dimensional  free  surface  features  of  this  method.  In  Fig.  1,  we 
show  the  perspective  view  of  the  free  surface  configuration  resulting  from 
flow  over  a  rectangular  structure.  (Rigid  bodies  may  be  created  in  the 
fluid  region  by  designating  any  number  or  configuration  of  cells  as  ob¬ 
stacle  cells.)  A  3x3x3  cell  structure  is  located  in  a  15x15x7  cell 
mesh.  The  leftmost  boundary  is  a  fluid  input  boundary.  The  opposite  end 
of  the  mesh  is  an  outflow  boundary.  All  other  rigid  boundaries  are  free- 
slip  walls,  that  is,  walls  where  the  fluid  is  subjected  to  a  zero  normal 
velocity  and  a  zero  shear  stress.  The  fluid  is  initially  3.5  cells  deep 
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Perspective  views  of  the  free  surface  configuration  re¬ 
resulting  from  flow  over  a  submerged  structure  as  seen 
from  (a)  the  side,  with  input  from  the  left,  and  (b) 
downstream. 


and  the  Froude  number  is  2.0,  based  on  initial  depth  and  input  velocity. 

The  plots  shown  are  at  a  nondimens ional  time  of  2.0,  after  20  calculational 
cycles.  Perspective  views  from  two  separate  viewing  positions  are  shown. 
The  plot  on  the  left  shows  the  fluid  flowing  through  the  mesh  from  left  to 
right.  The  rightmost  plot  views  the  flow  from  a  centered,  downstream  posi¬ 
tion. 

Figure  2  shows  two  views  of  the  free  surface  configuration  resulting 
from  fluid  flowing  from  left  to  right  past  a  partially  submerged  blunt  body 
with  a  length  to  width  ratio  of  2.0,  a  width  to  draft  ratio  of  1.5,  and  a 
draft  Froude  number  (based  on  the  body  draft  and  the  input  velocity)  of 
2.0.  No  frictional  drag  forces  are  assumed  in  the  calculation.  The  wall 
boundary  conditions  are  the  same  as  in  the  previous  example.  At  the  calcu¬ 
lation  time  of  3.5  (35  cycles)  that  is  shown,  the  flow  has  reached  steady 
state. 

These  examples  are  typical  of  the  kinds  of  calculations  possible  using 
three-dimensional  techniques  with  the  free  surface  defined  by  a  surface 
height  function.  The  free  surface  is  easily  defined  initially  and  the  sur¬ 
face  movement  is  straightforward.  The  free  surface  boundary  conditions  are 
easy  to  apply,  even  when  adjacent  to  interior  obstacles.  The  computer 
storage  requirement  for  the  free  surface  definition  is  minimal,  since  only 
two  height  values  for  each  vertical  column  of  cells  are  required,  one  old 
and  one  new  time  value.  This  free  surface  scheme  can  be  used  tc  ^  lculate 
meaningful  results  in  a  low  amplitude  free  surface  environment,  as  demon¬ 
strated  with  the  two-dimensional  SOLA-SURF  calculations  presented  in  the 
following  section.  The  only  major  disadvantage  of  this  scheme  is  that  it 
is  restricted  to  a  single  valued  free  surface  and,  thus,  to  relatively  low 
amplitude  surface  distortions. 

IV.  Experimental  Verification 

To  illustrate  the  utility  of  finite  difference  techniques  we  present 
a  study  performed  to  obtain  the  hydrodynamic  coefficients  of  a  rectangular 
cylinder.  Added  mass  and  damping  coefficients  are  determined  by  computing 
the  dynamic  pressure  force  on  the  cylinder  during  forced  heave.  These  cal¬ 
culations  are  compared  with  the  experimental  data  of  Vugts  (1968) . 
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The  two-dimensional  SOLA  code,  SOLA-SURF,  which  defines  the  free  sur¬ 
face  by  a  surface  height  function,  was  used  for  these  calculations.  The 
mesh  size  for  the  calculations  varied  from  100  to  250  cells  in  the  hori¬ 
zontal  direction,  depending  on  the  period  of  the  forced  motion,  and  there 
were  22  cells  in  the  vertical  direction.  The  mesh  cells  were  of  uniform 
size,  6x«0.1  and  6y«0.2.  Five  cells  were  used  to  resolve  the  half  width 
of  the  cylinder,  which  was  located  at  a  plane  of  symmetry  at  the  left  mesh 
boundary.  To  model  the  harmonic  motion  of  the  cylinder,  special  boundary 
conditions  were  added  to  the  SOLA  code.  At  the  rigid  boundary  of  the  cy¬ 
linder  bottom,  the  cell  pressure  is  derived  from  the  constraint  that  the 
normal  fluid  velocity  be  equal  to  that  of  the  body.  The  SOLA-SURF  boundary 
conditions  restrict  the  surface  slope  to  be  less  than  that  of  a  cell  diago¬ 
nal.  We  eliminated  this  restraint  at  the  vertical  side  of  the  cylinder, 
however,  by  aligning  the  side  with  a  cell  boundary  line  and  adding  boundary 
conditions  that  set  to  zero  all  velocities  on  and  normal  to  the  side  of  the 
cylinder . 

The  vertical  displacement  of  the  rectangular  cylinder  from  its  mean 
position  is  given  by 

a  =  a  sinu>t  . 

The  linearized  equation  of  motion  for  the  cylinder  in  forced  heave  is, 
see  for  example  Wehausen  (1971), 

(m  +  P22)  «2  +  122  a2  +  c22  a2  =  Z 

where 

m  -  mass  of  the  cylinder, 

v22  m  hydrodynamic  or  "added"  mass  in  heave, 

X22  -  damping  coefficient  against  vertical  motion, 
c22  “  hydrostatic  restoring  coefficient  against  vertical  displace-  • 
ment, 

Z  ”  external  driving  force, 

and  the  raised  dot  notation  indicates  differentiation  with  time.  The 
total  hydrodynamic  force,  that  is,  total  force  minus  static  force,  F.  , 

D 

acting  on  the  body  in  the  vertical  direction  is 
Ffe(t)  -  -  u22  S(t)  -  X22  a(t)  . 
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Assuming  this  hydrodynamic  force  Is  a  harmonic  function  in  time  and  can  be 
written  as 


\ 


Ffe(t)  »  y  sin  (ait  -  B)  , 

the  hydrodynamic  coefficients  are  obtained  by  equating  these  two  expres¬ 
sions  for  F,  , 
o 


u 


22 


and 


Y  cos  6 
2 
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^  _  Y  sin  6 

22  oj  a 


The  amplitude  Y  and  phase  shift  B  were  obtained  by  comparing  plots  of  the 

displacement  and  dynamic  pressure  force  F.  acting  on  the  cylinder  as  func- 

b 

tions  of  t.  'me  and  measuring  the  shift  in  phase. 

The  calculated  coefficients  are  compared  with  experimental  data  in 

Fig.  3.  The  coefficients  are  normalized  by  pA  and  ,  where  p  is  the 

fluid  density,  A  is  the  mean  submerged  area,  B  is  the  cylinder  beam,  and  g 
is  the  acceleration  of  gravity.  The  calculations  were  for  B/T=2.0,  where 
T  is  the  cylinder  draft  at  its  mean  location.  The  amplitude  of  motion  nor¬ 
malized  by  B  was  0.025  and  0.05.  Vugts'  experiments  were  conducted  in 
fluid  depths,  normalized  by  B,  varying  from  4.50  to  5.625.  The  normalized 
depth  was  4.0  for  the  calculated  results.  The  calculated  data  generally 
agrees  very  well  with  the  experimental  data  as  shown  in  Fig.  3. 

The  discrepancy  in  the  calculated  damping  coefficient  at  the  normal¬ 
ized  frequency  of  1.25  is  probably  due  to  an  error  in  determining  the 
phase  shift  B,  since  it  is  very  small  at  this  beam  width  and  frequency. 

To  check  this,  another  calculation  was  made,  which  is  not  shown  in  Fig.  3, 

for  B/T  -  8  and  io\^-  »  1.25.  In  this  case  the  phase  shift  is  much  larger, 
2g 

and  the  added  mass  coefficient  agrees  closely  with  the  experimental  data. 
The  calculated  damping  coefficient  in  this  case  is  slightly  lower  than  the 
experimental  data,  but  is  higher  than  the  linear  theory. 

There  is  a  discrepancy  between  the  experimental  data  and  linear  theo¬ 
ry  for  the  added  mass  coefficient  at  normalized  frequencies  below  0.5. 


Vugts  explains  this  as  being  caused  by  experimental  inaccuracies.  With  a 
normalized  fluid  depth  of  4.0,  the  calculated  coefficient  at  a  frequency 
of  0.25  is  slightly  higher  than  the  experiments.  (This  is  the  middle  point 
marked  (2)  in  Fig.  3  at  this  frequency.)  However,  calculations  with  a  fluid 
depth  of  2.0,  marked  (1),  and  a  fluid  depth  of  8.0,  marked  (3),  show  clearly 
that  the  finite  depth  is  the  cause  of  the  disagreement  with  linear  theory. 
The  added  mass  coefficient  for  the  shallower  fluid  depth  is  slightly  less 
than  the  experimental  data,  but  with  the  normalized  depth  of  8.0  the  calcu¬ 
lated  coefficient  agrees  with  the  linear  theory,  which  assumes  an  infinite 
depth. 

These  calculations  were  done  using  a  relatively  coarse  convergence 
criterion  for  solving  the  implicit  pressure  equation.  Calculation  times 
required  from  3  to  15  minutes  of  CDC-7600  time,  depending  on  the  period  of 

oscillation.  At  the  low  frequency,  that  Is,  U) “  0.25,  we  observed  a 

low  amplitude,  short  wavelength  disturbance  superimposed  on  the  hydrody¬ 
namic  force.  The  disturbance  appeared  only  on  the  positive  increasing  side 
of  the  force  versus  time  curve,  and  can  be  eliminated  by  tightening  the  con¬ 
vergence  criterion  to  Increase  the  number  of  iterations  per  time  cycle  from 
12  to  approximately  60.  The  average  magnitude  and  period  of  the  force  plots 
were  not  significantly  changed  by  this,  however,  indicating  that  the  coarser 
criterion  is  sufficient. 

We  observed  some  nonlinear  effects  in  these  calculations.  As  the  rec¬ 
tangular  cylinder  is  moving  upward,  a  "wake"  eddy  forms  near  the  bottom 
edge.  On  the  downward  motion  this  eddy  dissipates  somewhat  as  it  is  pushed 
from  beneath  the  cylinder,  but  reforms  as  the  cylinder  velocity  decreases, 
as  seen  in  the  velocity  vector  plot  in  Fig.  4.  The  development  of  this 
secondary  flow  is  expected  to  increase  the  damping  coefficient  somewhat. 
According  to  Fig.  3,  the  calculated  results  are,  in  fact,  higher  than 
either  linear  theory  or  the  experimental  data.  The  experimental  data  at 
higher  frequencies  show  significantly  larger  damping  coefficients  than  pre¬ 
dicted  by  the  irrotational  theory,  but  significantly  smaller  than  the  cal¬ 
culated  results.  We  believe  the  calculated  results  are  qualitatively  cor¬ 
rect,  but  are  too  large  because  they  over-emphasize  the  secondary  flow  ef¬ 
fects  through  numerical  diffusion  errors. 
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Velocity  vectors  of  the  fluid  (top)  in  which  a  rectangular 
cylinder  is  in  forced  heave  at  the  left  mesh  boundary 
(vectors  have  their  bases  aligned  on  horizontal  lines). 
This  velocity  field  and  the  free  surface  configuration 
(bottom),  which  has  a  vertical  magnification  of  2.0,  are 
after  2. S3  periods. 


Displacement 


Another  kind  of  nonlinear  effect  is  responsible  for  asymmetries  ob¬ 
served  in  the  force  versus  time  plot  in  Fig.  5.  This  calculation  was  at 
a  normalized  frequency  of  1.25,  with  an  amplitude  of  motion  normalized  by 
B  of  0.095.  At  this  larger  amplitude,  the  damping  coefficient  is  larger 
than  the  value  calculated  with  an  amplitude  of  0.05,  but  the  added  mass 
coefficient  is  about  the  same.  It  is  seen  in  Fig.  5  that  the  magnitude 
of  the  hydrodynamic  force  experienced  by  the  cylinder  at  its  maximum  eleva¬ 
tion  is  less  than  the  force  magnitude  it  experiences  at  its  minimum  eleva¬ 
tion.  Because  the  added  mass  coefficient  is  principally  a  reflection  of 
the  force  amplitude,  we  can  interpret  this  result  as  predicting  a  reduced 
added  mass  when  the  cylinder  is  at  its  crest  and  an  enhanced  added  mass 
when  at  its  trough.  This  result  is  reasonable  as  there  is  less  fluid  sur¬ 
rounding  the  body  when  it  is  raised,  hence  less  that  needs  to  be  accel¬ 
erated,  and  more  when  the  body  is  at  its  low  point.  Linear  theory  does 
not  predict  this  asymmetry  because  it  applies  free  surface  boundary  condi¬ 
tions  at  the  initial  undisturbed  boundary  location. 

V.  Free  Surface  Definition  bv  Surface  Marker  Particles 

We  now  consider  a  scheme  to  remove  the  low  amplitude  restriction  in 
surface  deformations.  The  original  Marker-and-Cell  method  could  be  direct¬ 
ly  extended  into  three  dimensions.  However,  the  use  of  marker  particles 
throughout  the  fluid  volume  would  be  costly  and,  as  already  mentioned,  the 
application  of  boundary  conditions  at  surface  cell  centers  is  sufficiently 
crude  that  bothersome  fluctuations  are  generated.  With  these  limitations 
in  mind,  Nichols  (1973)  replaced  the  surface  height  function  technique  de¬ 
scribed  in  section  III  with  a  free  surface  defined  by  marker  particles. 
That  is,  particles  are  only  used  on  the  surface  and  boundary  conditions  are 
applied  by  Interpolation  at  the  surface  position.  The  fluid  motion  is  gov¬ 
erned  by  conservative  equations  numerically  solved  with  the  solution  algo¬ 
rithm  described  in  section  II. 

Marker  particles  defining  a  free  surface  can  initially  be  placed  in 
any  configuration  within  the  three-dimensional  mesh  and  are  set  in  a  stag¬ 
gered  pattern  for  better  surface  coverage.  For  calculations  involving  in¬ 
flow  and  outflow  boundaries,  particles  are  input  as  necessary  to  maintain 
coverage  of  new  surface  area  flowing  into  the  calculational  region  and  are 
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deleted  as  they  flow  from  the  calculational  region. 

A  volume  weighting  scheme  analogous  to  the  area  weighting  scheme  de¬ 
scribed  by  Welch,  et  al.  (1966)  is  used  to  obtain  interpolated  cell  veloci¬ 
ties  to  move  the  surface  marker  particles.  This  is  straightforward  except 
in  the  vicinity  of  obstacles.  For  each  of  the  three  components  of  velocity, 
the  volume  weighting  scheme  must  Interpolate  between  eight  neighboring  ve¬ 
locities.  Cells  contiguous  to  these  eight  velocities  are  tested  to  deter¬ 
mine  if  any  are  obstacle  cells.  If  such  is  the  case,  the  component  of  par¬ 
ticle  velocity  parallel  to  the  obstacle  boundary  must  be  determined  as  if 
the  obstacle  cell  did  not  exist.  If  the  component  of  particle  velocity  is 
normal  to  the  obstacle  boundary,  the  velocities  used  in  the  interpolation 
must  not  allow  the  particle  to  move  into  the  obstacle  cell. 

In  regions  of  large  velocity  gradients  or  expanding  surface  areas 
particles  must  be  added  to  ensure  uniform  surface  coverage.  To  add  surface 
marker  particles,  an  approximate  surface  plane  in  each  surface  cell  is  de¬ 
termined  by  first  locating  the  approximate  normal  to  the  surface  by  consid¬ 
ering  the  empty- full  cell  configuration  about  the  surface  cell.  This  sur¬ 
face  plane  is  then  projected  onto  the  horizontal  or  vertical  plane  of  the 
cell  whose  normal  vector  is  closest  in  angle  to  the  normal  vector  of  the 
surface  plane.  This  projected  surface  plane  is  then  divided  into  4  equal 
parts  by  the  rectangular  coordinate  axes  lying  in  that  plane.  One  parti¬ 
cle  near  the  surface  cell  boundary  is  chosen  from  each  of  the  three  quad¬ 
rants  containing  the  most  particles .  The  location  of  these  particles  is 
used  to  define  the  approximate  plane  of  the  free  surface.  Particles  are 
added  in  this  plane  if  the  total  number  of  particles  in  the  cell  becomes 
less  than  some  prescribed  number,  such  as  half  of  the  number  used  initial¬ 
ly.  This  scheme  functions  very  well,  except  in  the  regions  downstream  of 
obstacles  and  in  flow  around  sharp  corners.  Without  surface  marker  parti¬ 
cles  flowing  into  the  cells  in  these  areas,  it  is  difficult  to  keep  enough 
particles  in  the  cells  to  accurately  define  the  surface. 

The  free  surface  boundary  conditions  are  imposed  by  setting  the  nor¬ 
mal  velocities  to  satisfy  the  incompressibility  condition  in  the  surface 
cells  and  the  tangential  velocities  immediately  outside  the  fluid  to  en¬ 
sure  zero  shear  stress.  These  are  the  same  conditions  used  in  the  low  am¬ 
plitude  technique  described  above  and  are  appropriate  for  inviscid  flow. 
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In  the  general  case,  however,  there  are  64  possible  empty-full  cell  confi¬ 
gurations  about  a  surface  cell,  compared  to  16  possibilities  In  the  single 
valued  surface  case. 

To  prooftest  this  technique,  we  made  a  variety  of  calculations,  each 
of  which  tested  a  feature  of  the  method.  We  have  chosen  two  of  these  to 
present  here.  The  grind  time  for  the  calculations  varied  from  2  to  8  ms/ 
cycle/cell.  Adequate  free  surface  definition  required  from  16  to  36  parti¬ 
cles  per  cell,  which  is  3600  to  8100  particles  for  a  mesh  with  15  x 15  cells 
in  a  horizontal  plane. 

The  surface  configuration  resulting  from  flow  over  and  around  a  sub¬ 
merged  obstacle  is  shown  in  Fig.  6.  The  calculational  mesh  is  composed  of 

15  x  15  x  8  cells  and  the  obstacle  size  is  3x3x3  cells  with  the  initial 
fluid  depth  equivalent  to  4  cells.  A  fluid  input  boundary  is  at  the  left 
and  an  output  boundary  is  at  the  right.  All  other  mesh  boundaries  are 
rigid  and  free-slip.  The  Froude  number,  based  on  the  input  velocity  and 
initial  fluid  depth,  is  2.0.  The  surface  plane  in  each  cell  is  initially 
defined  by  36  marker  particles.  The  plots  are  at  nondimensional  times  of 
0.0,  0.5,  and  1.0,  and  the  calculational  time  step  is  0.1.  At  each  of 
these  times,  two  perspective-view  plots  are  shown,  which  are  viewed  from 
the  same  horizontal  eye  position  but  different  vertical  positions.  In  the 
plot  on  the  right,  the  surface  observed  below  the  initial  height  shows  the 
underside  of  the  surface,  while  the  surface  above  the  initial  height  is 
the  top  side  of  the  surface.  The  free  surface  and  obstacles  are  transpar¬ 
ent  in  these  plots.  The  deformation  of  the  free  surface  is  caused  by  the 
initial  impulse  of  flow  past  the  obstacle  and  is  completely  formed  by  a 
time  of  1.0.  This  surface  deformation  agrees  qualitatively  with  the  low 
amplitude  calculation  of  a  similar  problem  shown  in  Fig.  1. 

We  calculated  flow  past  a  partially  submerged  blunt  body  to  test  the 
free  surface  and  particle  movement  boundary  conditions  near  obstacles  that 
penetrate  the  free  surface.  The  calculational  mesh  is  composed  of 

16  x 10  x 12  cells  and  the  obstacle  size  is  10  x  2  x  8  cells  located  at  a  plane 
of  symmetry.  The  draft  is  initially  2  cells.  The  fluid  input  boundary  is 
at  the  left;  the  output  boundary  is  at  the  right.  All  other  boundaries  are 
rigid,  free-slip.  Free  surface  configurations  resulting  from  this  flow  are 
shown  in  Fig.  7.  The  plots  are  at  nondimensional  times  0.0,  1.5,  3.0,  and 


Fig.  6.  Perspective  views  of  the  free  surface  configuration  re¬ 
sulting  from  flow,  input  from  the  left,  over  a  submerged 
structure.  The  right  column  of  plots  corresponds  in  time 
to  those  on  the  left  but  is  viewed  from  a  lower  vertical 
position  and  shows  both  the  top  side  and  underside  of  the 
surface. 
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4.5,  reading  from  left  to  right.  The  calculational  time  step  is  0.1. 

The  draft  Froude  number,  based  on  the  input  velocity  and  obstacle  draft,  is 
2.0.  At  a  time  of  1.5,  the  fluid  has  reached  its  maximum  height  on  the  ob¬ 
stacle  front  and  has  begun  to  fall  back.  At  a  time  of  4.5,  the  fluid  is  be¬ 
ginning  to  fold  onto  the  incoming  fluid  below. 

In  contrast  to  the  surface  height  function,  this  technique  is  more  com¬ 
plicated  and  less  efficient,  but  does  calculate  multivalued  free  surface 
flows.  The  free  surface  is  easily  defined  initially  and  the  surface  move¬ 
ment  is  straightforward,  except  near  interior  obstacles.  More  testing  is 
involved  in  setting  the  free  surface  boundary  conditions,  because  the  free 
surface  configuration  can  be  more  contorted  than  the  low  amplitude  method. 

As  described  above,  the  major  problem  with  the  technique  is  in  keeping  the 
surface  adequately  defined  in  regions  of  highly  contorted  flow,  especially 
on  the  downstream  side  of  obstacle  boundaries.  This  is  a  useful  scheme  for 
some  multivalued  free  surface  flows,  but  in  its  present  form  is  not  suitable 
in  general. 

VI .  Volume-Fraction  Function 

Realizing  the  limitation  of  the  surface  height  function  method  and 
finding  the  surface  marker  particle  scheme  not  totally  satisfactory,  we  at¬ 
tempted  a  method  of  defining  the  free  surface  through  a  volume-fraction 
function.  This  method  has  the  simplicity  needed  in  three-dimensional  cal¬ 
culations  and  does  handle  highly  contorted  surfaces.  This  free  surface 
scheme  is  used  with  the  solution  algorithm  described  in  section  II,  ex¬ 
cept  for  the  flagging  scheme. 

The  cell  centered  volume-fraction  function  F  is  the  ratio  of  fluid 
volume  in  each  Eulerian  cell  to  the  cell  volume,  that  is,  F-l  in  cells 
full  of  fluid,  F » 0  in  empty  cells,  and  F  has  intermediate  values  in  sur¬ 
face  cells.  The  surface  is  located  at  F“l/2.  The  basic  equation  solved 
is  the  convection  equation  written  in  conservative  form  for  two  space  di¬ 
mensions 
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The  F  function  is  fluxed  out  of  the  positive  face  of  each  cell.  For  exam¬ 
ple,  the  F  function  is  fluxed  through  the  positive  x-coordinate  face  of  a 


where  6t  is  the  time  increment  of  the  calculation,  u  is  the  velocity  speci¬ 
fied  normal  to  the  cell  face,  in  the  x-direction,  and  6x  is  the  cell  di¬ 
mension  along  this  axis.  The  sign  of  defines  the  donor  and  acceptor 
cells  (that  is,  the  cells  losing  and  gaining  fluid  volume,  respectively). 
The  amount  of  F  fluxed  out  of  this  cell  face  each  time  step  is 

F  =  MIN  {FAD  I  Vx  I  +  ^  1(1,0  ~FAD)lVxl  "  (1*°"  V’  0*01  '  Fd}  * 

where  the  subscripts  A  and  D  denote  the  acceptor  and  donor  cells  and  AD  is 
either  A  or  D,  depending  upon  the  orientation  of  the  interface,  as  explain¬ 
ed  below.  The  "MIN"  feature  negates  fluxing  more  fluid  than  is  available, 
while  the  "MAX"  feature  assures  the  fluxing  of  material  from  a  partially 
filled  cell.  The  amount  of  F  fluxed  is  added  to  the  acceptor  cell  and  sub¬ 
tracted  from  the  donor  cell.  Whether  the  acceptor  or  donor  cell  is  used 
to  determine  the  volume  fluxed  is  dependent  upon  the  orientation  of  the 
surface.  The  acceptor  cell  is  used  when  the  interface  is  convected  normal 
to  itself,  and  the  donor  cell  is  used  when  the  interface  is  translating 
parallel  with  the  interface  orientation.  However,  if  the  acceptor  is  an 
empty  cell,  it  is  used  to  determine  the  flux,  regardless  of  the  orienta¬ 
tion  of  the  interface,  thus  allowing  the  donor  cell  to  fill  before  any 
fluid  is  fluxed  into  this  adjacent,  downstream  cell. 

The  values  of  the  function  F  assigned  to  p ach  cell  serve  as  a  flag, 
which  is  used  in  setting  the  free  aurface  boundary  conditions.  The  normal 
velocities  are  set  to  satisfy  the  incompressibility  condition  in  surface 
cells.  The  tangential  velocities  immediately  outside  the  fluid  are  speci¬ 
fied  to  ensure  zero  shear  stress  at  the  surface.  These  are  the  same  con¬ 
ditions  set  for  the  techniques  described  in  sections  III  and  V. 

A  useful  calculation  for  testing  this  scheme,  which  was  written  as  a 
two-dimensional  code  with  plane  or  cylindrical  coordinates  and  variable 
cell  dimension  capabilities,  was  one  in  which  a  cylindrical  volume  of  fluid 
splashed  into  a  quiescent  pool.  We  defined  the  problem  in  cylindrical  co¬ 
ordinates  with  the  Initial  fluid  volumes  set  by  specifying  values  for  the 
F  function  in  appropriate  cells.  The  cylindrical  drop  of  fluid  was  com- 


posed  of  7  vertical  cells  with  a  radius  equivalent  to  5  cells  and  the  pool 
was  10  cells  deep.  There  were  40x25  cells  in  the  calculatlonal  mesh.  A 
grind  time  of  2.6  ms/cycle/cell  was  required  for  this  calculation.  Many 
aspects  of  the  code  were  tested  with  this  problem.  First,  the  calcula¬ 
tion  demonstrated  its  ability  to  calculate  a  body  of  fluid  falling  through 
space,  while  maintaining  integrity  of  the  body  shape.  Then,  the  free  sur¬ 
face  boundary  condition  logic  and  the  volume-fraction  function  flux  equa¬ 
tions  were  given  a  severe  test  as  the  bottom  surface  of  the  cylindrical 
drop  approached  and  collided  with  the  free  surface  of  the  pool.  Finally, 
momentum  from  the  falling  cylinder  of  fluid  was  imparted  to  the  fluid  in 
the  pool  as  they  coalesced,  causing  a  contorted  free  surface,  thus  testing 
the  codes'  ability  to  handle  these  conditions.  Figure  8  shows  a  sequence 
of  free  surface  configuration  plots  for  this  calculation.  Data  is  not 
available  for  direct  comparison,  but  this  calculation  is  in  good  qualita¬ 
tive  agreement  with  a  previous  numerical  calculation  of  a  spherical  drop 
of  equal  mass  splashing  into  a  shallow  pool. 

Because  the  free  surface  is  defined  by  a  cell  quantity,  this  method 
is  inherently  less  accurate  than  the  other  methods  discussed.  For  very 
contorted  free  surfaces,  setting  the  surface  boundary  conditions  or  select¬ 
ing  the  correct  F  function  to  convect  can  become  complex.  This  scheme  is 
much  simpler,  however,  than  the  surface  marker  particle  treatment. 

Attempting  to  further  simplify  the  free  surface  treatment,  we  modi¬ 
fied  the  equations  of  motion  to  treat  a  variable  density  fluid.  The  fluid 
density  is  normalized  to  unity,  while  in  the  void  a  very  small  density  (for 
example,  10  )  is  assumed.  The  donor-acceptor  flux  scheme  is  used  to  con¬ 

vect  density  in  order  to  maintain  sharp  density  interfaces.  This  scheme  is 
presently  being  developed  and  does  show  definite  promise.  This  scheme,  if 
successful,  will  eliminate  the  explicit  setting  of  the  free  surface  boundary 
conditions,  and  will  be  useful  for  two  fluid  problems  as  well.  A  similar 
scheme  has  recently  been  developed  by  Spalding  (1975). 
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ABSTRACT 

Numerical  solutions  of  the  nonlinear  problem  of  steady  potential 
flow  past  a  submerged  two-dimensional  body  are  obtained  by  an  iterative 
numerical  procedure.  The  Laplace  equation  is  solved  by  finite  differences 
in  a  field  bounded  by  an  assumed  free-surface  shape  which  is  systematic¬ 
ally  corrected  until  it  satisfies  the  nonlinear  free-surface  boundary 
conditions.  Free-surface  profiles  and  wave  resistances  computed  by  the 
numerical  method  are  compared  with  experimental  results.  Fairly  good 
agreement  is  found,  but  some  discrepancies  exist  which  may  be  related 
to  the  Kutta  condition. 
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1.  Introduction 


In  this  paper  a  direct  numerical  method  for  solving  two-dimensional  nonlinear  water- 
wave  problems  is  used  to  solve  the  problem  of  the  flow  past  a  submerged  foil  and  comparison 
of  these  solutions  is  made  with  experimental  results.  This  numerical  method  which  models 
the  exact  nonlinear  problem  of  the  irrotational  flow  past  a  disturbance  was  first  used  by 
von  Kerczek  and  Salvesent'l  [Q  solve  the  problems  of  the  flow  past  a  submerged  vortex  and 
past  a  free-surface  pressure  distribution.  For  the  cases  solved  in  [  1  ] ,  the  steepness  of  the 
waves  is  so  small  that  the  nonlinear  effects  are  of  little  significance.  In  fact,  the  wave  steep¬ 
nesses  are  all  less  than  one  third  the  steepness  shown  in  the  experiments  by  Salvesenl2!  to  be 
on  the  verge  of  breaking. 

In  a  continuation  of  their  work,  Salvesen  and  von  Kerczek were  able  to  obtain  solu¬ 
tions  for  cases  with  very  steep  waves.  They  obtained  results  where  the  maximum  H/X  =  0. 1 2 
which  is  about  15  percent  less  than  the  theoretical  upper  limit  and  very  close  to  the  maximum 
experimental  value  for  non-breaking  waves.  For  free  waves,  the  maximum  theoretical  H/X  in 
potential  flow  has  been  computed  by  various  authors  to  be  between  0.141  and  0- 1 45 131  and 
in  Salvesen’s  experiments^2! ,  the  steepest  non-breaking  waves  have  H/X  <  0.11. 

Figure  I  shows  the  steepest  wave  obtained  in  [3],  by  the  numerical  method,  for  uniform 
flow  past  a  vortex,  at  submergence  depth  b,  and  with  positive  circulation  strength,  r  (counter¬ 
clockwise  circulation).  Free-surface  elevations  predicted  by  first-,  second-,  and  third-order 
theories  are  also  given  in  Figure  1.  It  is  seen  that  fairly  food  agreement  is  obtained  between 
third-order  theory  and  the  numerical  results  even  for  these  very  steep  waves:  there  is  consider¬ 
able  discrepancy  between  the  numerical  results  and  the  results  given  by  both  first-  and  second- 
order  theory. 

Figure  2,  which  is  also  taken  from  reference  [3]  shows  the  wave  resistance  as  a  function 
of  both  positive  and  negative  circulation  for  fixed  values  of  uniform  stream  velocity,  stream 
depth,  and  submergence  depth  of  a  vortex.  It  is  seen  in  Figure  2  that  the  nonlinear  effects 
are  much  larger  than  had  generally  been  recognized  previously,  particularly  for  the  case  of 
negative  circulation  (clockwise  circulation  or  downward  lift  force). 

For  the  positive  circulation  cases,  good  agreement  exists  between  the  numerical  and  the 
third-order  results  in  the  entire  range,  whereas  the  first-order  and  second-order  theories 
predict  wave  resistances  which  are,  respectively,  up  to  30  percent  smaller  and  up  to  50 
percent  larger  than  those  given  by  the  numerical  method.  For  the  negative  circulation  cases 
shown  in  Figure  2,  good  agreement  is  obtained  between  the  numerical  and  perturbation 
predictions  of  resistance  only  for  very  weak  vortices.  For  the  stronger  negative  circulation 
vortices,  large  discrepancies  exist  between  the  numerical  and  the  third-order  as  well  as  the 


Figure  1  —  Wave  Elevations  Generated  by  Submerged  Vortex  (b  =  4.5  ft) 
in  Uniform  Stream  (U  =  10  ft/sec) 

(Depth  is  9.5  ft  for  numerical  results  and  infinite  for  analytical  results.) 


±0.8  ±1.2  ±1.6  ±2.0  ±2.4  ±2.8  ±3.2 

VORTEX  STRENGTH,  r/2*.  FTl/SEC 

Figure  2  -  Wave  Resistance  as  a  Function  of  Vortex  Strength 
(Uniform  stream  velocity  is  10  ft/sec,  vortex  submergence  is  4.5  ft  and 
depth  is  9.5  ft  for  numerical  and  infinite  for  analytical  results.) 
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first-  and  second-order  results.  If  it  is  assumed  that  the  numerical  predictions  are  correct, 
these  results  seem  to  indicate  that  the  perturbation  method  may  not  converge  at  all  for  a 
vortex  with  large  negative  circulation. 

From  these  results,  the  following  overall  conclusions  are  drawn  in  reference  [3J: 

“The  adequacy  of  perturbation  theory  for  flow  past  an  obstruction  depends  not  only  on  its 
strength  and  the  resulting  height  of  the  waves  left  behind,  but  also  <.  n  the  type  of  obstruc¬ 
tion.  The  quality  of  the  third-order  perturbation  theory  for  the  submerged  vortex  is  very 
different  for  positive  and  negative  circulation.  Most  practical  applications  involving 
obstructions  in  a  steady-stream  would  probably  behave  at  least  in  the  far  downstream  effects 
like  a  vortex  with  positive  circulation  and  hence  we  might  expect  that  third-order  perturbation 
theory  is  an  adequate  approximation  for  such  problems.” 

In  this  paper,  the  application  of  the  numerical  method  to  the  flow  past  a  submerged 
foil  is  discussed.  It  is  shown  that  the  computed  results  agree  fairly  well  with  experimental 
results,  but  there  are  some  discrepancies  which  may  be  due  to  the  Kutta  condition  as  used 
in  the  potential  flow. 


2.  Mathematical  Formulation 

An  infinitely  long  cylinder  is  moving  at  constant  velocity  U  in  a  direction  perpendicular 
to  its  axis  in  water  with  uniform  depth  D  and  at  a  fixed  distance  b  below  the  undisturbed 
free  surface.  The  problem  is  to  determine  the  surface  waves  and  the  wave  resistance,  as  well 
as  to  obtain  a  description  of  the  complete  flow  field. 

The  flow  is  treated  as  steady  in  a  coordinate  system  moving  with  the  body.  A  two- 
dimensional  coordinate  system  with  the  y-axis  pointing  upward  and  the  x-axis  located  in  the 
undisturbed  free  surface  with  x  positive  in  the  direction  of  motion  of  the  cylinder  is  shown 
in  Figure  3.  It  is  assumed  that  the  fluid  is  inviscid,  incompressible  and  without  surface 
tension,  and  that  the  flow  is  irrotational. 


i 


Figure  3  -  Coordinate  System  and  Body  Orientation 


282 


r 


This  two-dimensional  steady-state  potential-flow  problem  is  formulated  in  terms  of  a 
stream  function  J/(x,  y)  which  satisfies  the  Laplace  equation 


v2*  =  *x*  +  *  yy  =  0  <2.1 ) 

everywhere  in  the  fluid  domain.  The  stream  function  must  also  satisfy  the  following 
boundary  conditions:  On  the  unknown  free  surface,  y  =  tj(x),  the  kinematic  condition  is 


and  the  dynamic  condition  is 


*  =  0 


(2.2) 


(2.3) 


where  g  is  the  acceleration  of  gravity.  On  the  cylinder  surface,  the  condition  is 

=  constant  (2.4) 

where  the  constant  must  be  chosen  so  that  the  Kutta  condition  is  satisfied  at  the  trailing 
edge  of  the  cylinder.  The  Kutta  condition  specifies  that  the  trailing  edge  is  a  stagnation 
point. 

Far  upstream  the  flow  is  assumed  to  be  uniform  with  no  waves  so  that 

limit  kxV\l/=-uT  (2.5) 

X— *oo 

where  i  is  the  unit  vector  in  the  positive  x-direction  k  =  i  x  j  and  j  is  the  unit  vector  in  the 
positive  y-direction.  Far  downstream  it  is  assumed  that  there  is  a  train  of  periodic  waves 
with  as  yet  unknown  wave  length  X;  hence, 

tKx,y)  =  \[/(x  +  A,y)  as  x-*-»  (2.6) 

The  bottom  condition  for  finite  uniform  depth  D  is 

*  =  -UD  (2.7) 


3.  Numerical  Method 

The  problem  for  4>  as  stated  in  Section  2  is  approximated  by  a  finite  difference  problem 
obtained  for  a  rectangular  grid  system  overlaying  the  fluid  domain  as  shown  in  Figure  4.  In 
the  outer  region,  the  grid  spacing  is  approximately  one-twentieth  of  the  wave  length  while  a 
finer  grid  system  with  half  the  spacing  is  used  in  the  region  close  to  the  body.  Laplace’s 
equation  is  approximated  by  a  five-point  finite  difference  equation  obtained  by  approximating 
the  second  derivatives  by  second-order  central  difference  formulae.  The  flow-field  grid  is  not 
uniform  in  the  vicinity  of  both  the  free  surface,  and  the  cylinder  surface.  The  kinematic 
free-surface  condition  (2.2),  the  body  condition  (2.4),  and  the  bottom  condition  (2.7)  are 
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Figure  4  —  Finite  Difference  Grid  System 


incorporated  into  the  difference  method  at  the  points  where  the  grid  intersects  the  boundary. 

It  is  an  easy  matter  to  satisfy  the  body  boundary  condition  (2.4)  if  the  value  of  the 
constant  required  to  satisfy  the  Kutta  condition  is  known.  Since  it  is  not  known,  it  is  found 
iteratively  as  follows.  The  finite  difference  field  equations  are  solved  iteratively  by  successive 
overrelaxation.  In  the  initial  relaxation  pass  through  the  finite  difference  field,  the  value  of 
the  stream  function  4/  at  the  body  grid  points,  i//g,  marked  B  in  Figure  5,  is  given  an  arbitrary 
constant  value.  At  the  completion  of  the  relaxation  pass,  the  value  of  the  stream  function  \p 
at  point  K,  is  evaluated  using  the  finite  difference  form  of  Laplace's  equation  and  the 
values  of  4/  at  neighboring  points.  Then  is  set  equal  to  i//K  and  the  next  relaxation  pass 
is  begun.  Upon  convergence,  the  body  streamline  leaves  the  body  tangent  to  the  trailing  edge 
(thin  plate  in  Figure  5)  and  thus  satisfies  the  Kutta  condition. 

The  upstream  infinity  condition  (2.5)  is  applied  at  a  distance  of  about  one  wave  length 
(X,  =  2irU2/g)*  in  front  of  the  body  by  requiring  that  the  flow  be  uniform  with  velocity 
-U  i  and  have  a  horizontal  free  surface  there.  The  downstream  closure  condition  is  somewhat 
more  difficult  since  X  is  unknown  and  hence  the  periodicity  condition  (2.6)  cannot  be  applied 
directly.  Because  the  problem  is  steady  and  because  the  upstream  boundary  condition  does 
not  admit  waves  propagating  upstream,  it  would  appear  that  all  that  is  necessary  is  that  the 
downstream  boundary  condition  assures  the  proper  mass  flux  out  of  the  region. 


•Note  that  the  actual  wave  length  is  unknown  so  that  the  wave  length  used  here 
is  the  wave  length  given  by  first-order  theory  for  infinite  depth. 


284 


Figure  5  —  The  Grid  System  at  the  Trailing  Edge 


It  has  been  assumed,  therefore,  that  the  field  can  be  truncated  at  a  finite  distance  down¬ 
stream  of  the  disturbance  and  that  closure  of  the  finite  difference  equations  can  be  achieved 
by  setting  the  value  of  the  stream  function  on  the  last  column  of  grid  points,  equal  to 
extrapolated  values  of  i//  using  gnd  points  immediately  upstream.  A  three-point  Lagrange 
extrapolation  formula  is  used.  This  downstream  closure  condition  seems  to  work  well  and 
it  has  been  found  to  affect  the  accuracy  of  the  computations  up  to  a  distance  of  less  than 
half  a  wave  length  in  front  of  the  section  where  it  is  applied.  Computations  have  shown  that 
the  downstream  condition  can  be  applied  as  close  as  only  one  and  one-half  wave  lengths 
behind  the  body  with  no  discernable  effect  on  the  computed  forces. 

Starting  with  an  assumed  free-surface  elevation,  the  field  equations  are  solved  by 
sucessive  overrelaxation  with  an  overreiaxation  factor  of  4/3  on  the  uniform  part  of  the 
finite  difference  grid.  After  the  field  equations  have  been  solved,  selected  test  points  on  the 
assumed  free  surface  are  checked  to  see  if  the  dynamic  free-surface  condition  (2.3)  is 
satisfied  there.  In  (2.3),  the  gradient  V i//  is  approximated  by  approximating  dtplby  with  a 
five-point  forward  difference  formula  and  the  slope  of  the  free-surface  by  a  five-point 
central  difference  formula.  The  assumed  free-surface  elevation  is  systematically  changed  by 
an  iteration  scheme  until  condition  (2.3)  is  satisfied  at  all  of  the  free-surface  grid  points. 


The  problem  is  then  essentially  completed.  For  a  detailed  description  of  this  procedure,  the 
reader  is  referred  to  references  [  1  ]  and  13) . 

The  final  step  in  the  numerical  procedure  is  the  determination  of  the  wave  resistance  of 
the  body.  This  can  be  obtained  in  a  variety  of  ways.  The  two  most  convenient  ways,  which 
also  serve  as  a  consistency  check  if  they  agree,  are  use  of  the  downstream  stream  function  to 
compute  the  change  of  momentum  of  the  fluid  as  it  passes  the  body  and  the  use  of  Blasius’ 
theorem  integrating  along  any  path  enclosing  the  body. 


4,  Model  Experiment* 

For  the  purpose  of  evaluating  the  present  numerical  method,  we  first  considered  using 
the  results  from  the  experiments  conducted  by  Salvesenf2!  at  The  University  of  Michigan. 

An  I  I-foot-span  asymmetric  foil  with  cross-sectional  dimensions  twice  those  given  in  Figure  6 
was  used  in  those  experiments.  The  foil  was  equipped  with  endplates  which  were  attached  to 
a  carriage,  and  the  tank  was  20  feet  wide.  The  ends  of  the  foil  and  the  endplates  introduced 
disturbances  so  that  the  waves  were  two-dimensional  for  only  a  relatively  short  distance 
behind  the  body.  Furthermore,  the  foil  tested  at  The  University  of  Michigan  had  a  finite- 
angle  wedge-shaped  trailing  edge.  It  was  felt  that  the  Kutta  condition  used  in  potential  theory 
and  discussed  in  the  previous  section  could  be  more  precisely  modeled  in  a  real  fluid  if  the 
model  were  equipped  with  a  plate  at  the  'railing  edge  (see  Figure  5)  to  better  simulate  poten¬ 
tial  flow  about  the  trailing  edge.  Be  no  precise  record  of  the  measured  wave  elevation 
from  the  Michigan  experiments  was  preserved,  it  was  decided  to  conduct  a  new  set  of  experi¬ 
ments  at  the  David  W.  Taylor  Naval  Ship  Research  and  Development  Center  (DTNSRDC) 
using  a  two-foot  strut  with  cross-sectional  dimensions  as  shown  in  Figure  6.  The  major 
purpose  of  this  new  set  of  experiments  was  to  make  a  detailed  investigation  of  wave  breaking 


Figure  6  -  Cross -Section  of  Body  (dimensions  in  feet) 


ill  deep  water  and  ol  nonlinear  cites  Is  in  shallow  water.  Iuhu-ut.  these  aspcs  ts  of  tlio 
experiments  will  not  Ik  discussed  Ik- re. 

Hie  DIVSKDC  experiments  were  conducted  in  .1  40-loot  tank  with  a  two-ln-two  loot 
cross-section.  I  lie  toil  spun  is  I1- 11  ?  le.r.  mg  only  .1  I  In-inch  clearance  between  tne 

tank  side  walls  and  end  ol  tire  toils,  rite  toil  is  supported  on  eaeh  side  by  steel  beams  which 
are  welded  to  the  sides  of  the  tank  at  a  distance  of  1 .20  feel  above  the  bottom.  In  order  to 
minimi/e  the  Iree-surtaee  disturbances  generated  by  the  lowing  system,  the  foil  was  towed  bv 
a  submerged  wire  running  the  entire  length  of  the  tank.  It  was  found  that  this  configuration 
generates  waves  which  are  fairly  uniform  across  the  width  ot  the  tank  as  shown  in  figure 


Figure  7  -  Actual  Test  Case  with  I  =  3.48  Ft  See  and  b  =  5.50  Inches 

The  free-surface  elevations  were  measured  by  both  a  sonic  transducer  and  a  resistance 
wire  probe.  Fnfortimately.  the  sonic  transducer  failed  to  measure  waves  steeper  <han  about 
1 1  deg  and  lienee,  most  of  the  data  used  in  this  report  were  measured  only  by  the  resistance 
probe.  However,  the  sonic  transducer  was  extremely  useful  in  calibrating  and  checking  the 
accuracy  of  the  resistance  probe.  In  these  experiments,  the  wave  resistance  and  the  lilt  Issue 
were  not  measured.  A  more  detailed  description  of  these  experiments  and  the  results  will 
appear  in  a  forthcoming  report. 

5.  Comparison  of  Numerical  and  Experimental  Results 

Comparisons  of  numerical  and  experimental  results  are  presented  here  tor  two  toil 
speeds.  (  -  3.  IS  ft  see  and  3.85  ft  see.  In  both  eases,  the  foil  submergence  b  -  '.Ml  inches, 
and  the  water  depth,  I)  =  1.825  feet,  were  the  same.  I  he  lirsl-order  infinite-depth  wave 
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length,  X,  for  the  case  with  U  =  3.18  ft/sec  is  1.97  feet  and  for  U  =  3,85  ft/sec  is  2.89  feet, 
which  gives  a  depth-wave-length  ratio,  D/X,  of  0.93  and  0.64,  respectively.  These  are  suffi¬ 
ciently  deep  so  that  they  may  be  considered  comparable  to  infinite  depth. 

Wave  elevation  curves  obtained  by  the  present  numerical  method  and  as  measured  in  the 
DTNSRDC  experiments  are  shown  in  Figure  8  for  the  case  of  U  =  3. 1 8  ft/sec.  Results 
obtained  by  linear  theory  following  reference  [4J  are  also  shown.  It  is  seen  that  the  agree¬ 
ment  between  the  numerical  and  the  experimental  results  is  good  with  only  a  small  discre¬ 
pancy  in  free-surface  elevation  at  the  first  small  hump  above  the  body.  We  have  no 
explanation  for  this  particular  discrepancy.  Further  downstream  it  is  seen  that  the  agreement 
is  very  good.  Although  not  reported  here,  both  the  computed  and  the  measured  far  down¬ 
stream  wave  elevations  are  extremely  close  to  the  results  shown  for  the  last  wave  length  in 


Figure  8  —  Wave -Elevation  Curves  for  U  =  3.18  Ft/Sec  and  b  =  7.50  Inches 

Comparing  the  wave  lengths  tabulated  in  Figure  8,  it  is  seen  that  the  lengths  obtained 
by  the  numerical  method  and  the  experiment  agree  well  and  that  they  are  somewhat  shorter 
than  given  by  the  linear  theory.  The  third-order  theory  for  Stokes  waves  predicts  the  wave 
length 

X3  =  X,(l  -  v2a2)  (5.1) 


where  Xj  =  2U 2/g  is  the  first  order  wave  length  and  a  is  the  first-order  wave  amplitude. 
Applying  (5.1)  to  the  case  presented  in  Figure  8,  we  have  that  X3  =  1.87  feet  which  can  be 
seen  from  the  tabulated  values  in  Figure  8  to  be  in  good  agreement  with  both  the  numerical 
and  experimental  wave  lengths. 

Table  1  gives  the  far  downstream  wave  heights  obtained  by  the  present  numerical 
method,  the  DTNSRDC  experiments,  the  University  of  Michigan  experiments,  and  second- 
order  theory  for  both  foil  speeds,  U  =  3.18  ft/sec  and  U  =  3.85  ft/sec.  It  is  seen  that  there 
is  only  an  0.5  percent  difference  in  wave  height  between  the  numerical  and  the  DTNSRDC 
experiment  for  the  case  of  U  =  3. 1 8  ft/sec,  while  the  difference  is  about  5  percent  for 
the  higher  speed  case,  U  =  3.85  ft/sec.  This  large  difference  in  the  discrepancy  for  these  two 
speeds  is  surprising.  One  possible  explanation  may  be  that  according  to  reference  [4] ,  there 
is  very  little  lift  and  cross  flow  at  the  lower  speed,  while  there  is  considerably  more  lift  and 
cross  flow  at  the  higher  speed.  The  Kutta  condition  as  used  in  the  potential  flow  model 
requires  that  the  stagnation  streamline  leaves  the  body  tangent  to  the  trailing  edge.  Available 
data  shows  that  because  of  viscous  effects,  the  lift  computed  by  imposing  this  Kutta 
condition  can  be  in  error  by  as  much  as  20  percent  at  large  (unstalled)  angles  of  attack. 

Thus,  when  a  free  surface  is  present,  one  can  expect  some  error  in  the  prediction  of  wave 
drag  when  applying  the  Kutta  condition  in  potential  flow.  This  may  not  be  the  only  reason 
for  the  larger  discrepancy  between  the  numerical  and  experimental  results  at  the  higher 
speed,  U  =  3.85  ft/sec;  however  we  believe  it  is  probably  the  main  reason  for  this  difference. 

It  is  interesting  to  note  that  there  is  very  good  agreement  (less  than  2  percent  differ¬ 
ence)  between  the  experimental  wave  heights  measured  at  DTNSRDC  and  at  The  University 
of  Michigan.  This  close  agreement  was  unexpected,  since  the  foil  at  DTNSRDC  was  equipped 


TABLE  1 

Computed  and  Experimental  Far  Downstream 
Wave  Heights  for  7.50-Inch  Submergence 


Wave  Heights 

Nonlinear 

Numerical 

Experiments 

DTNSRDC 

Experiments 

U  of  MU! 

Second-Order 
Theory W 

U  =  3.18  ft/sec 

0.164 

0.163 

0.160 

0.152 

U  =  3.85  ft/sec 

0.180 

0.171 

0.172 

0.152 
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with  a  thin  plate  at  the  trailing  edge  as  shown  in  Figure  5,  while  the  foil  used  at  The  Univer¬ 
sity  of  Michigan  had  an  included  angle  of  about  40  deg  at  the  trailing  edge.  This  might  mean 
that  there  is  some  separation  near  the  trailing  edge  and  that  the  plate  is  merely  immersed  in 
the  separated  region  and  thus  ineffective.  These  explanations  are  speculative  at  the  present 
time,  but  indicate  some  of  the  difficulties  involved  in  comparing  potential  flow  results  with 
experimental  results. 

Far-downstream  wave  heights  computed  by  second-order  theory  M  are  also  given  in 
Table  1.  It  is  seen  that  for  the  lower  speed  case,  the  second-order  theory  underpredicts  the 
measured  wave  height  by  about  7  percent  and  at  the  higher  speed,  the  difference  is  about 
1 1  percent. 

The  forces  on  the  body  are  usually  of  more  concern  to  the  designer  than  the 
wave  profile.  While  direct  force  measurements  were  not  made,  application  of  higher-order 
wave  theory  and  the  momentum  theorem  at  any  vertical  plane  far  behind  the  disturbance 
where  the  measured  waves  can  be  assumed  to  have  the  shape  of  third-order  Stokes  waves, 
results  in  an  experimentally-based  third-order  wave  resistance  formula; 

R3  =4Pg(f)  {*  ~2^(f)  }  +  0(e5>  (5-2) 

where  H  is  trough-to-crest  wave  height.^  Similarly,  we  have  the  second-order  and  linear  wave 
resistance  formulae 


R2=i^(fj  +c*e4> 

(5.3) 

R,  =  ^-pg  a2  +  0(e3) 

(5.4) 

where  a  is  the  first-order  wave  amplitude. 

Applying  (5.2)  and  (5.3)  to  the  experimentally  measured  far-downstream  wave  heights, 
H,  the  wave  resistance  curves  shown  in  Figure  9  are  obtained.  (We  note  that  wave-resistance 
according  to  the  linear  theory  (5.4)  cannot  be  obtained  from  experiment.)  Figure  9  shows 
that  there  is  a  considerable  difference  between  the  wave-resistance  curves  obtained  using 
second-  and  third-order  formulas  (5.3)  and  (5.2),  respectively. 

The  wave  resistance  computed  by  the  numerical  method  using  Blasius’  theorem  is  shown 
as  points  (T)  in  Figure  9.  The  wave  resistance  obtained  by  the  third-order  formula  (5.2) 
using  the  numerically  computed  far-downstream  wave  height,  H,  is  shown  as  points  (T). 
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The  difference  between  these  two  methods  of  computing  the  wave  resistance  is  about  4 
percent  at  the  lower  speed  and  2.5  at  the  higher  speed.  This  difference  can  be  due  to  several 
sources  of  error.  Bottom  effects  may  introduce  a  discrepancy  because  (5.2)  is  valid  only  for 
infinite  depth.  We  expect  bottom  effects  to  introduce  differences  of  about  1  percent  (see 
[31).  Third-order  theory,  rather  than  exact,  can  account  for  an  additional  part  of  the 
discrepancy.  However,  the  most  likely  cause  of  the  major  part  of  the  discrepancy  between 
the  two  methods  of  computing  wave  resistance  is  that  application  of  Blasius’  theorem  on  a 
contour  close  to  the  body  may  not  be  as  accurate  as  obtaining  wave  resistance  from  a 
momentum  balance  far  downstream.  This  is  because  the  Blasius  theorem  requires  calculation 


Figure  9  -  Wave  Resistance  as  Function  of  Speed  for  b  *  7.50  Inches 
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of  velocities  and  hence  gradients  of  $  very  close  to  the  body  where  this  numerical  calculation 
can  be  inaccurate. 


In  summary,  then,  the  difference  between  the  wave  resistance  obtained  from  the  numeri¬ 
cal  solution  of  the  exact  potential  problem  and  that  determined  from  (5.2)  using  experimental 
values  of  H  is  essentially  due  to  the  difference  in  computed  and  measured  wave  heights. 

We  attribute  this  discrepancy  primarily  to  the  difference  in  the  flow  around  a  submerged  foil 
in  an  inviscid  and  a  viscous  fluid.  Satisfaction  of  the  Kutta  condition  in  a  potential  flow 
simulates  only  approximately  the  lifting  effect  of  a  foil  in  a  viscous  flow. 

6.  Concluding  Remarks 

The  work  described  in  this  paper  brings  to  a  conclusion  an  effort  that  had  two  main 
objectives. 

The  first  objective  was  to  thoroughly  test  and  verify  the  numerical  method!1 1  for  com¬ 
puting  steady  two-dimensional  flow  past  submerged  obstacles  by  extensive  comparison  with 
analytical  and  experimental  results.  In  [  1  ]  we  described  this  method  in  detail  and  made 
some  preliminary  comparisons  with  perturbation  theory  to  show  that  the  method  did  indeed 
seem  to  solve  nonlinear  body-wave  problems.  The  subsequent  study  reported  in  [3]  explored 
the  numerical  method  further  for  problems  in  which  the  wave  height  to  length  ratios 
approached,  within  1 5  percent,  the  theoretical  maximum  where  nonlinear  effects  are  promi¬ 
nent.  Consistency  of  our  numerical  results  with  other  numerical  solutions  of  irrotational 
free  waves  gives  us  confidence  that  the  numerical  method  yields  accurate  results,  within  2  or 
3  percent,  for  the  nonlinear  potential  problems  considered. 

As  a  result  of  the  confidence  established  in  the  numerical  method,  our  second  objective 
was  to  use  the  method  to  test  the  adequacy  of  perturbation  theory.  It  has  been  found  in  (3) 
that  even  third-order  perturbation  theory  cart  be  inaccurate  in  some  cases.  This  depends  more 
on  the  type  of  disturbance  than  its  severity  (by  severity  we  mean  the  height  of  the  waves  left 
behind).  The  present  paper  continues  the  evaluation  of  certain  aspects  of  perturbation  theory 
and  evaluates  exact  potential  theory  as  a  model  for  real  viscous  flow  around  a  foil.  We  find 
that  the  exact  potential  flow  model  gives  good  approximations  except  for  some  small  discre¬ 
pancies  in  the  forces  on  the  foil  which  may  be  due  to  viscous  effects. 
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This  discrepancy  is  mainly  associated  with  the  lift  produced  by  the  foil  and  hence  emphasizes 
the  approximate  nature  of  the  potential  flow  circulation  model  for  lifting  effects  in  a  viscous 
fluid. 
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ABSTP*CT 

Finite-difference  methods  have  been  developed  for  the  treatment  of 
transient  potential  flow  problems  associated  with  water  waves.  The 
marching  scheme  couples  a  solution  of  the  Laplace  equation  with  numerical 
approximations  to  the  time-dependent  free -surface  boundary  conditions. 

TWo  methods  have  been  studied  for  treating  the  Laplace  equation,  a  series 
expansion  technique  and  a  finite-difference  scheme. 

1.  Introduction 

In  recent  years  there  has  been  considerable  interest  in  the  numerical 

solution  of  free -surface  flow  problems.  One  popular  technique  is  the 

marker-and-cell  (MAC)  method1  in  which  finite  differences  are  enployed  to 

find  approximate  solutions  to  the  Navier-Stokes  or  Euler  equations  for 

viscous  or  inviscid  flows.  In  an  alternative  approach  for  inviscid  flows 

numerical  schemes  are  used  to  solve  potential -flow  problems. 

2 

Easton  and  Catton  surveyed  a  series  of  papers  reporting  results  for 

transient  nonlinear  free -surface  potential  flows  in  containers.  These 

results  were  obtained  with  a  combination  of  spectral  and  finite -difference 
3 

methods.  Multer  used  a  similar  scheme  for  transient  nonlinear  potential 

4 

flows  in  a  wave  generator.  Bai  has  obtained  periodic  two-dimensional 
linear  solutions  for  a  variety  of  potential -flow  problems  using  a  finite- 
element  method.  Von  Kerczek  and  Salvesen^  used  finite  differences  to  solve 
steady-state  nonlinear  wave  problems.  Chan  and  Hirt®  reported  on  transient 
potential -flow  solutions  for  the  motion  of  floating  bodies.  They  inves¬ 
tigated  nonlinear  effects  through  the  use  of  Taylor  series  expansions  about 
the  mean  level  of  the  free  surface. 


7 

In  a  previous  paper  the  present  authors  reported  cm  a  combined 
spectral  finite-difference  method  for  two-dimensional,  transient,  linear 
and  nonlinear  free-surface  potential  flows  of  both  contained  and  uncontained 
fluids.  The  method  involved  extensions  and  modifications  of  the  method 
discussed  by  Easton  and  Cat ton.  Recently  a  pure  finite -difference  scheme 

has  been  considered  and  applied  to  two-  and  three-dimensional  linear  and 
nonlinear  problems. 

In  this  paper  the  basic  features  of  both  the  spectral  and  finite- 
difference  methods  are  outlined  and  results  presented.  Indications  are  that 
these  two  methods  yield  accurate  solutions  to  the  problems  considered.  The 
finite-difference  scheme  seems  the  more  desirable  for  general  use  chiefly 
because  of  its  flexibility.  Higher-order  finite-difference  schemes  and 
expanding  grid  systems  are  easily  employed. 

2.  Mathematical  Formulation 

The  problem  on  which  the  schemes  are  tested  concerns  the  flow  generated 
by  a  pressure  disturbance  moving  across  the  free  surface.  A  right-handed 
(x,y,z)  -coordinate  system  is  chosen  with  the  origin  in  the  undisturbed  free 
surface.  The  y-axis  points  upward  and  the  x-axis  points  in  the  direction 
opposite  to  the  movement  of  the  pressure  disturbance.  The  coordinate 
system  moves  with  the  disturbance .  The  region  of  non-constant  surface 
pressure  is  of  length  L  in  the  x-direction  and  has  a  width-to-length  ratio 
of  b.  In  this  study  the  values  of  b  considered  are  b»l  and  b»».  Initially 
the  disturbance  is  at  rest  over  a  motionless  fluid  and  is  then  accelerated 
impulsively  to  a  constant  speed  U.  The  formulation  presented  here  applies 
to  this  particular  problem  but  can  easily  be  extended  to  more  general  cases. 

It  is  assumed  that  the  flow  is  irrotational  and  that  the  fluid  is 
incompressible  and  lacks  surface  tension.  The  flow  takes  place  in  a  region 
bounded  by  x  *  i  •,  z  ■  *  ®,  a  solid  boundary  at  y  *  -d  where  d  may  be 
infinite,  and  a  free  surface.  It  is  assisted  that  the  surface  elevation  can 
be  described  at  any  time  t  by  specifying  y  as  a  single-valued  function  of 
x  and  z:  y  »  n(x,z,t). 

The  variables  are  nondimensionalized  according  to  the  scheme 

(x\  y',  z')  -  L(x,y,z)  t*  -  jrt 

,  U  (1) 

♦  ”  LU$  p'  ■  Pp  n’  *  Lr> 
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where  the  primes  denote  dimensional  variables,  *(x,y,z,t)  is  the  velocity 
potential  relative  to  a  non-moving  reference  frame,  p  is  pressure,  and 
P  is  the  maximum  pressure  in  the  surface  distribution. 

The  initial/boundary-value  problem  in  the  moving  reference  frame  is 
written  in  the  form 


♦xx  + 

t  +4  *  0  -oo<x<»,  -d<y<n,  -®<z<« 

*yy  vzz  ’  '  * 

(2) 

nt  “ 

•°  nx  '  *x\  *  *znz  +  *y 

at  y  =  n 

(3) 

♦t- 

'U  *x  *  *  I^x^y**^ 

--TP  at  y  =  n 

Fr 

(4) 

♦x*° 

at  x  *  ±  » 

(5) 

♦z  "  0 

at  z  ■  ±  • 

(6) 

♦y  *  0 

at  y  *  -d 

(7) 

♦  ■  0,  n  -  -fip 

at  t  ■  0 

(8) 

where  subscripts  x,  y,  z,  and  t  denote  differentiation.  The  dimensionless 
parameters  are  Fr  *  U/«^L,  the  Froude  number  based  on  L,  and  6  *'  P/pgL. 

The  gravitational  acceleration  is  denoted  by  g  and  p  is  the  constant 
density.  The  second  parameter  5  can  be  regarded  as  the  ratio  of  two  length 
scales.  The  length  P/pg  is  the  hydrostatic  surface  displacement  caused  by 
the  surface  pressure  P.  The  initial  surface  elevation  in  Equation  (8)  is 
the  hydrostatic  displacement  due  to  the  pressure  disturbance. 

The  disturbance  is  assigned  one  of  two  forms: 

p(x,y=n,z)  -  \  sin2(it(x-Xo))  -<*<»  (9) 

(  0  otherwise 

or  » 

P(x.y-n,z)  -  j  sinVcx-x^sinW-J))  x^xfx^l,  -$<z<\  ^ 

*  0  otherwise 

where  Xq  defines  the  location  of  the  disturbance  relative  to  the  origin  of 
the  coordinate  system.  The  distribution  of  Equation  (9)  generates  a  two- 
dimensional  flow. 
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Energy  conservation  serves  as  a  useful  check  on  the  validity  of 
numerical  solutions.  The  kinetic  and  potential  energies  (per  unit  length 
in  the  2-D  case)  are  nondimensionalized  with  respect  to  plAj2(plA]2)  and 
the  wave  resistance  is  normalized  with  respect  to  plAj2  (pLU2) .  Formulas 
for  the  kinetic  and  potential  energies  of  the  fluid,  the  rate  of  work  per¬ 
formed  by  the  pressure  on  the  fluid,  and  the  resistance  experienced  by  the 
pressure  to  its  movement  across  the  fluid  are 


KE  -  i  //{*(*  -  An  -  An  ))  dxdz 
y  y=n 

PE  “  — U-  /  /  n2  dxdz 
2Frz 


and 


“ 1 1  I  {P(*y  ‘  *xnx  '  *znz)}  dxdz 
Fr  ’  y»n 


R  = - T  /  /  P(y-n)nv  dxdz 

Fr  x 


(ID 

(12) 

(13) 

(14) 


respectively.  The  total  energy  is  then  expressed  by  E  =  KE+PE.  Energy 
conservation  is  represented  by 


W 


dE 


at  t15) 

When  wave  slopes  are  small,  the  linearized  surface  boundary  conditions 
nt  ”  "U  f’x  +  Ay 


♦t  *  ‘U  *x  '  T7n'  Ap 


Fr  Fr 


at  y  *  0 


(16) 


often  provide  sufficient  accuracy. 


3.  Numerical  Schemes 


The  Nonlinear  Numerical  Methods 

As  the  first  approximation  for  the  numerical  schemes,  the  boundary 
conditions  of  Equations  (5)  and  (6)  are  replaced  by 


Ax  ■  0  at  x  *  ±Lj/2 
Az  m  0  at  z  -  ±L2/2 


(17) 
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The  error  introduced  by  replacing  the  boundary  conditions  at  infinity  with 
those  of  Equation  (17)  is  small  if  and  are  large.  In  the  two- 
dimensional  case  1*2  *  00 . 

The  nonlinear  methods  have  been  applied  to  two-dimensional  examples. 

For  sinplicity,  the  formulation  is  presented  for  two  dimensions.  The 
extension  to  three  dimensions  is  straightforward. 

The  computational  region  is  displayed  in  Figure  1.  The  complexity  and 
time  dependence  of  the  upper  boundary  are  the  cause  of  much  of  the  difficulty 
connected  with  the  solution  of  the  nonlinear  problems . 


0X=OI 


Y=77 


!  — 
i  u=i 
i _ > 


v 

-VV 


V2*=0 


v=-a-t 


x=-L1/2 


0  y  =  0 

i - r 


X  =  X0  X  =  Xq  +1 


1 

I 

I 

I 

l*x=° 


x*L,'/2 


Figure  1.  The  Two-Dimensional  Computational  Region  in  a  Reference 
Frame  Moving  with  the  Pressure  Distribution. 

The  procedure  for  advancing  the  solution  in  time  consists  of  two  basic 
parts.  The  first  concerns  the  solution  of  the  Laplace  equation  (2)  given  n 
and  subject  to  the  boundary  conditions  of  Equations  (7) ,  (17)  and 

♦(y*n)  ■  *s  (18) 

where  represents  the  values  of  $  on  the  free  surface  which  are  considered 
to  be  known  at  this  step.  TVo  methods  are  considered  for  solving  this 
Laplace  problem:  a  spectral  method  and  a  finite-difference  approach. 
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The  spectral  approach  was  previously  described  by  Haussling  and 
7 

VanEseltine.  Briefly,  a  series  expansion  which  satisfies  Equations  (2), 
(7),  and  (17)  is  assuned  for  the  potential 

"  nirfv+dl  n«(x+L,/2) 

*(x,y,t)  =  Z  C  (t)cosh  ^4^-2  cos  - j -  (19) 

n=0  n  h  L1 


The  Cn's  are  then  chosen  such  that  the  free-surface  conditions  of  Equations 
(3)  and  (4)  and  the  initial  conditions  of  Equation  (8)  are  satisfied.  The 
free  surface  is  represented  by  a  series  of  grid  points  located  at 
x  =  -Lj/2  +  (i-l)Ax  with  i*!,...,^.  The  series  of  Equation  (19)  is  trun¬ 
cated  and  evaluated  at  the  surface  such  that 


4 


s 


Z  C  (t)cosh  nitfn*d?  cos 
n=0  n  L1 


nn  (x+L^/2) 


(20) 


The  Cn’s  are  then  chosen  to  minimize  the  mean  square  error  of  the 

approximation  (20)  over  the  grid  points.  This  leads  to  the  problem  of 

solving  an  NxN  positive  definite  system  of  linear  algebraic  equations  for 

the  N  C  's. 
n 

In  the  finite-difference  method  the  following  transformation  is  applied 

€  -  y+d/(n(x,t)  +  d)  (21) 

This  maps  the  original  computational  region  into  a  time -invariant  region 
in  the  (x, 5) -plane  as  shown  in  Figure  2.  In  the  (x ,£) -coordinate  system 


V  -  TJ(X.  tl 


rW\An 


»*7  x 


v  *  -d 


i*  i 


t-0 


2 


Figure  2.  Trans formation  from  (x,y) -space  to  (x,£) -space. 
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the  two-dimensional  counterparts  of  Equations  (2)  -(7)  take  the  form 
*xx  *  +  5(2n^/(n+d)-nxx)^/(n*d) 

*  2Cnx  ^/(n+d)  =  0 

nt  ■  (-U  +  $x  -  nx*?/(n+d))nx  +  ♦^/(n+d)  at  c  »  1 
♦t  ■  -U(*x  -  nx*^/(n+d))  -  n/Fr2  -  (*x-nx4>e/ (n+d) ) 2/2 
-  <f>2/(n+d)2  -  6p/Fr2  +  nt$5/(n+d)  at  (,  =  1 

♦x  '  Cnx*C/(n+d)  =0  at  x  =  -1^2 

4>x  -  Cnx$e/(n+d)  =0  at  x  =  1^2 

■  0  at  5  =  0 


(22) 

(23) 

(24) 

(25) 

(26) 
(27) 


In  experiments  with  the  spectral  approach  an  instability  arising  at 
the  upstream  boundary  was  encountered.  This  instability  was  removed  through 
the  application  of  a  weak  pressure  at  the  intersection  of  the  surface  with 
this  boundary.  It  was  found  that  the  effects  of  this  instability  are  absent 
if  the  upstream  boundary  is  sufficiently  far  from  the  region  of  interest. 
With  the  finite-difference  method  an  additional  transformation  of 
coordinates  can  be  carried  out  so  that  the  upstream  boundary  is  removed  from 
the  region  of  interest  through  use  of  an  expanding  grid  system.  The  trans¬ 
formation 

x  *  £  -e"c  +1  t  -  0  (28) 

is  applied  for  -Lj/2  S  x  <  l  and  in  this  region  Equations  (24) -(27)  are 
written  in  terms  of  ?  and  5  before  being  replaced  by  finite -difference 
approximations.  The  domain  of  integration  is  replaced  by  a  uniformly 
spaced  ^  x  My  grid  system  in  the  (x,5)  and  (c,£)  planes.  Equation  (22)  and 
its  counterpart  within  the  expanding  grid  are  replaced  by  difference 
equations  involving  variables  at  the  grid  points.  Standard  second-order 
central  difference  schemes  are  enployed.  One-sided  second-order  difference 
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schemes  are  used  to  simulate  the  boundary  coalitions  of  Equations  (25) -(27). 
At  the  surface 

(29) 


*ij-l 


s,i 


where  i  refers  to  the  x  (or  5) -location  of  the  grid  point  and  j  refers  to 
the  5 -location  with  j=l  corresponding  to  the  free  surface  £=1 .  For  conven¬ 
ience  Gauss-Seidel  successive  overrelaxation  is  used  to  solve  the  resulting 
system  of  equations. 

The  second  basic  part  of  the  over-all  marching  scheme  deals  with  the 
advancement  of  n  and  4>s  in  time  according  to  the  2-d  forms  of  Equations  (3) 
and  (4)  under  the  spectral  approach  or  to  Equations  (23)  and  (24)  when  the 
finite-difference  scheme  is  used  for  the  interior  of  the  fluid.  Euler's 
modified  method  is  used  to  replace  these  differential  equations  by  difference 
equations  of  the  form 


and 


m+1 


.m+1 


nj  -  f  Of 1 


*T) 


(30) 


l<i<M„ 


*s.i  *s,i  +  T  #  I  <31> 

where  the  superscripts  refer  to  time  levels.  At  is  the  time  increment,  and 

and  are  approximations  to  the  right-hand  sides  of  the  free-surface 

boundary  conditions.  When  the  spectral  method  is  employed,  the  quantities 

*  and  <p  which  appear  in  Equations  (3)  and  (4)  are  found  by  differentiating 
x  y 

the  series  of  Equation  (20) .  Otherwise  derivatives  are  approximated  with 
difference  schemes.  Second- order  central  spatial  differencing  was  used 
initially  for  approximating  4>x  and  nx-  However,  it  was  found  that  use  of 
third-order  upstream  differencing,  namely 

(32) 


nx.  =  (2r>i+i  +  ‘  Oij.j  +  ni.2)/6Ax 


and 


s,i 


^+l+3*s,i'6*s,i-l+^-2>/6*x 


(33) 


at  time  level  m+1  combined  with  downstream  differencing 

V  "  (-^i-i  -  3rii  +  6”i+l  ‘  W/6Ax 
and 


(34) 
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(35) 


(♦x) 


(*2f 


s,i 


s,i-l 


-3*S,i+6* 


s,i+l’*s,i+2 


,)/6ax 


at  level  m  is  effective  in  increasing  the  stability  of  the  over-all  scheme 
and  thus  allowing  longer  time  integrations. 

Equations  (30)  and  (31)  are  solved  iteratively.  The  iterative  solution 
of  these  equations  is  combined  with  the  solution  of  the  Laplace  equation. 

An  updating  of  n  and  according  to  Equations  (30)  and  (31)  is  followed  by 
an  updating  of  4  below  the  surface,  either  by  computing  new  Cn's,  if  the 
series  expansion  is  employed,  or  by  carrying  out  one  sweep  of  the  mesh  in 
the  finite-difference  approach.  Latest  values  are  used  as  soon  as  they  are 
available.  Before  the  iteration  procedure  is  started  initial  estimates  of 

nf*1  and  are  obtained  by  extrapolating  from  previous  time  levels.  The 
iteration  process  is  halted  after  the  k^1  iteration  when 


(36) 


k+1 

for  all  i  where  | |  >  The  numbers  ej  and  e2  can  be  chosen  such  that 
the  desired  accuracy  is  achieved. 

The  procedure  for  advancing  the  quantities  in  time  is  carried  out 
repeatedly  to  simulate  the  flow  development  with  the  initial  conditions  of 
Equation  (8)  serving  as  the  starting  point.  The  kinetic  energy,  potential 
energy,  rate  of  work,  and  resistance  are  computed  from  Equations  (11) -(14) 
by  numerical  integration.  The  rate  of  change  of  energy  is  confuted 
according  to  the  scheme 


^  -  (SE®  -  4Em'1  +  Em2)/24t  (37) 

and  is  conpared  with  the  rate  of  work  as  a  check  on  the  energy  conservation 
property  of  Equation  (15) . 

Linear  Nunerical  Methods 

Although  the  particular  problems  being  considered  can  be  solved 

O 

exactly  by  analytic  methods  in  the  linearized  case,  it  is  useful  to 
investigate  the  properties  of  the  numerical  methods  then  they  are  applied  to 
the  linear  equations.  Many  of  the  hurdles  to  be  overcome  in  the  nonlinear 
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case  occur  in  the  linear  case  as  well  and  can  be  dealt  with  more  easily 
in  the  absence  of  nonlinear  complications.  Also,  a  numerical  method  which 
works  well  for  the  linear  problems  considered  here  may  be  useful  on  other 
linear  problems  where  exact  solutions  do  not  exist  or  are  difficult  to 
evaluate. 

The  fact  that  the  linear  boundary  conditions  of  Equation  (16)  are 
applied  at  y-0  rather  than  at  y*n  greatly  simplifies  the  computations.  In 
the  spectral  approach  the  CVs  become  Fourier  coefficients  and  the  N  x  N 
system  of  equations  is  replaced  by  the  direct  computation  of  N  of  these 
coefficients.  In  the  finite-difference  approach  the  transformation  of 
Equation  (19)  is  no  longer  necessary  and  the  standard  Laplace  equation  is 
solved  in  a  region  bounded  by  plane  surfaces.  Both  second-order  and  fourth- 
order  finite-difference  schemes  have  been  applied  to  the  two-dimensional 
linear  problem.  The  fourth-order  method  employs  the  well-known  nine-point 
scheme  for  the  Laplace  equation 


*i,j  “  ^i+lj+l  +  ♦i-lj+l  *  *i+l,j-l  +  *i-l,j-l)/20 
+  (*i+l,j  +  ♦i-l.j  +  ♦i.M  +  ♦i,j-l)/5 


(38) 


which  requires  equal  mesh  spacing  in  the  x-  and  y-directions . 

The  use  of  the  pressure  distribution  of  Equation  (10)  necessitates  the 
approximate  solution  of  the  full  three-dimensional  initial/boundary- value 
problem.  The  methods  discussed  above  can  be  extended  directly  to  the  3-d 
case.  The  chief  difficulty  is  in  obtaining  an  accurate  scheme  which  can  be 
applied  to  3-d  problems  without  excessive  use  of  conputer  time.  To  achieve 
such  a  scheme  for  the  3-d  linear  problem  a  direct  fourth-order  Laplace 

Q 

solver  developed  by  Ohring  is  combined  with  fourth-order  approximations  to 
the  spatial  derivatives  at  the  free  surface.  The  Euler  modified  iterative 
method  is  retained  for  the  time  advancement.  The  symmetry  about  z«0 
allows  the  restriction  of  the  computation  to  0  5  z  s  L2/2. 

4.  Results 

Two-Dimensional  Motion 

The  linear  and  nonlinear  schemes  were  tested  on  the  two-dimensional 
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flows  generated  by  the  pressure  distribution  of  Equation  (9) .  TVo  Froude 
lumbers  were  considered,  Fr  »  (4n)_1^2  and  Fr  -  (2n)'1//2.  Time  histories 
of  the  surface  elevations  are  displayed  in  Figures  3  and  4  for  the  linear 
problems  with  fi  *  0.01  and  d  -  100  as  confuted  with  the  spectral  method.  It 


t=i0.08 


Figure  3.  Sequence  of  Surface  Elevations  for  Fr  *>  (2») 
as  Computed  with  the  Linear  Spectral  Method. 


T 


Figure  4.  Sequence  of  Surface  Elevations  for  Fr  ■  (4W)'-1'  ,  6  »  0.01 
as  Computed  with  the  Linear  Spectral  Method. 

7 

was  shown  by  Haussling  and  VanEseltine  that  the  numerical  results  generated  by 
the  linear  and  nonlinear  spectral  methods  appear  qualitatively  correct  and  show 
good  quantitative  agreement  with  exact  linear  solutions  and  perturbation  results. 
The  surface  elevations  of  Figure  3  approach  uniform  downstream  waves  with  in¬ 
creasing  time  while  those  of  Figure  4  approach  the  condition  of  no  downstream 


waves  which  is  the  exact  linear  solution  at  Fr  ■  (2ir)*^. 

-1/2 

The  linear  problem  with  Fr  *  (4*)  and  6  *  0.01  was  considered 
using  the  second -order  finite-difference  approach  with  three  different  grid 
spacings  as  a  test  of  the  convergence  properties  of  the  schemes  (Figure  5) . 


X 


Figure  5.  Surface  Elevations  at  t  ■  2.16  for  Fr  -  (4*)“*^,  6  -  0.01 
as  Computed  with  the  Linear  Finite-Difference  Method  using 
Three  Different  Grid  Spacings. 

The  spacings  used  are  Ax  «  0.1,  0.0S,  and  0.02S  (i.e.,  10,  20,  and  40  grid 
points  in  the  x-direction  over  the  region  of  nonzero  pressure) .  In  all 
cases  the  depth  d  is  unity  and  Ay  -  Ax.  The  grid  spacing  in  the  region  of 
the  expanding  grid  was  chosen  so  as  to  achieve  a  smooth  transition  from  the 
ini  fora  to  the  expanding  grid.  The  time  increment  At  is  limited  by  accuracy 
and  was  decreased  as  ax  was  reduced.  The  results  indicate  that  the  miner ical 
solutions  converge  to  a  solution  which  is  close  to  that  generated  by  the 
spectral  method.  The  results  for  ax  -  0.025  were  obtained  using  a  region  of 
length  -  10.  The  leading  edge  of  the  pressure  distribution  was  at 
Xq  -  -2.5.  The  grid  extended  upstream  from  the  pressure  distribution  a 
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distance  of  2.S  units,  2  units  of  which  were  covered  by  the  expanding  grid. 
The  mesh  extended  downstream  from  the  disturbance  a  distance  of  6.5  units. 

A  grid  system  of  361  x  41  points  was  used.  With  ■  0.001,  *  0.0005, 

and  &t  *  0.0075  the  number  of  combined  iterations  cm  n  and  <p  varied  between 
4  and  10  per  time  step.  About  500  seconds  of  CDC  6600  computer  time  were 
used  to  simulate  the  time  development  from  t*0  to  t«2.16.  The  results  for 
ax  *  0.05  were  generated  with  about  100  seconds  of  computer  time.  Corres¬ 
ponding  results  were  generated  with  the  spectral  method  using  Ax  *  0.05  and 


about  150  seconds  of  conputer  time. 

The  results  generated  with  the  fourth-order  finite-difference  scheme 
apparently  converge  to  the  same  solution  as  the  second-order  results  when 


the  grid  spacings  and  time  increment  approach  zero  (Figure  6).  The  fourth- 


Figure  6.  Surface  Elevations  at  t  -  2.16  for  Br  -  (4k)*  '  ,,  6  ■  0.01 
as  Computed  with  the  Linear  Finite-Difference  Method. 


very  close  to  the  second-order  solution  generated  with  Ax  »  0.025  but  the 
computation  of  the  fourth-order  solution  used  only  about  100  seconds  of 
computer  time,  a  saving  of  80%.  Thus  it  appears  that  use  of  the  fourth- 
order  difference  scheme  is  advisable  when  high  accuracy  is  necessary  for 
these  problems. 

A  comparison  of  surface  elevations  for  the  linear  and  nonlinear, 
spectral  and  finite-difference  methods  is  presented  in  Figure  7.  These 
results  indicate  that  the  errors  introduced  by  the  numerical  approximations 
are  smaller,  for  the  grid  sizes  considered,  than  the  differences  between  the 
linear  and  nonlinear  solutions. 


Figure  7.  Surface  Elevations  at  t  *  1.68  for  Fr  ■  (4n) ,  5  »  o.Ol 
as  Computed  with  the  Linear  and  Nonlinear  Spectral  and 
Finite -Difference  Methods. 


The  finite -difference  scheme  seems  to  have  a  computer- time  advantage 
over  the  spectral  method  for  nonlinear  problems.  The  nonlinear  results  in 
Figure  7  were  generated  in  about  220  seconds  of  CDC  6600  time  using  the 
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finite-difference  method. 

Both  nonlinear  methods  exhibit  instability  during  long  time  integra¬ 
tions  when  steep  waves  occur.  The  immediate  lack  of  energy  conservation 

2 

reported  by  Easton  and  Catton  with  a  scheme  employing  a  series  expansion  is 
not  present.  Instead,  energy  conservation  is  maintained  quite  well  for  a 
certain  time  interval  but  is  then  lost  rapidly  as  the  instability  becomes 
apparent.  The  instability  is  independent  of  At.  Various  modifications  of 
the  nonlinear  numerical  schemes  were  attempted  to  stabilize  the  confutations . 

Use  of  Euler  backward  time  differencing  as  suggested  by  Eastern  and  Catton 
was  unsuccessful.  Upstream  differencing,  which  has  been  used  widely  to 
stabilize  other  numerical  schemes,  stabilizes  these  schemes  but  is 
acceptable  only  if  high  accuracy  is  not  needed  since  the  waves  are  drasti¬ 
cally  damped  with  the  amplitude  diminishing  rapidly  in  the  downstream 
direction.  As  mentioned  in  the  previous  section  the  use  of  third-order 
upstream  differencing  at  time  level  m+1  and  third-order  downstream 
differencing  at  level  m  in  place  of  central  differencing  for  and  <t»x  has 
a  stabilizing  influence  and  allows  longer  time  integrations  with  a  closer 
approach  to  an  accurate  steady  state  near  the  pressure  disturbance. 

Three-Dimensional  Motion 

The  fourth-order  three-dimensional  scheme  was  tested  using  the  pressure 
distribution  of  Equation  (10).  The  depth  was  d  ■  1.6  and  Ax  -  Ay  ■  Az  *  0.1. 

Seventeen  levels  resolved  the  region  from  y*0  to  y--d.  Each  level  consisted 
of  a  65  x  65  mesh.  Thus  65  x  65  x  17  -  71,825  grid  points  were  used. 

Figure  8  displays  surface  elevations  at  t  »  2.16  after  the  abrupt  start.  The 
results  at  this  early  time  already  give  a  qualitative  picture  of  the 
steady-state  situation  in  the  neighborhood  of  the  disturbance.  With 
ej  ■  .01,  e2  *  .001,  and  At  ■  .03  two  iterations  on  the  free-surface 
conditions  are  carried  out  per  time  step.  The  development  from  t  -  0  to 
t  «  2.16  consumed  about  110  seconds  of  CDC  6600  time.  The  results  caopare 
favorably  with  numerical  evaluations  of  an  analytic  solution  constructed  by 
Haus sling  and  VanEseltine8  (Table  1). 
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b  *  1  as  Computed  with  the  3-D  Linear  Finite-Difference  Method.  The 


contours  plotted  are  n  *  ±0.02,  ±0.015,  ±0.01,  ±0.0075,  ±0.005, 


±0.0025  with  negative  values  represented  by  broken  lines. 


4 

R  x  103 

W  x  103 

1 

ANALYTIC 

NUMERICAL 

ANALYTIC 

NUMERICAL 

0.12 

0.0122 

0.0119 

0.1324 

0.1304 

0.24 

0.0649 

0.1914 

0.1908 

0.30 

0.1300 

0.2014 

0.2011 

0.40 

0.1009 

0.1663 

0.2119 

0.2109 

0.00 

0.1050 

0.1847 

0.2280 

0.2280 

0.72 

0.2019 

0.2011 

0.2402 

0.2410 

Table  1.  Comparison  of  3-D  Linear  Finite-Difference  Results  with 
Values  Computed  from  an  Exact  Linear  Solution  for 

Fr  =  (2tt )'1/2f  6  =  0.01,  b  =  1. 


5.  Conclusions 

Results  indicate  that,  except  for  the  instability  which  appears  in 
long  time  integrations  for  steep  nonlinear  waves,  these  numerical  schemes 
for  simulating  transient  free-surface  potential  flows  are  convergent.  Also, 
reasonable  accuracy  is  attainable  for  the  two-dimensional  linear  and  non¬ 
linear  as  well  as  the  three - d imens ional  linear  problems  on  which  the  methods 
have  been  tested.  The  solution  of  three-dimensional  nonlinear  problems 
seems  possible' but  would  be  very  time  consuming. 

The  finite-difference  method  for  solving  the  Laplace  equation  seems  to 
be  superior  for  general  use  to  the  spectral  method  because  of  its  flexibility. 
Higher-order  finite-difference  schemes  and  expanding  grid  systems  are 
effective  in  improving  accuracy  and/or  reducing  computer  time. 

Since  the  methods  discussed  in  this  paper  have  yet  to  be  proven  best 
for  these  problems,  other  alternatives  such  as  finite-element  techniques, 
for  example,  should  be  considered. 

The  use  of  energy  absorbing  boundary  conditions  or  matching  to  far- field 
solutions  in  place  of  conditions  such  as  those  of  Equation  (17)  should  allow 
the  use  of  much  smaller  computational  regions  and  less  conputer  time  in 
nunerical  calculations. 
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ABSTRACT 


The  Generalized  Arbitrary  Lagrangian-Eulerian  (GALE)  com¬ 
puting  technique  has  been  employed  to  study  the  nonlinear, 
large-amplitude  gravity  waves  generated  by  a  moving  surface 
disturbance,  which,  for  the  purpose  of  comparison  with  other 
works,  is  represented  by  a  pressure  distribution.  To  allow 
computations  in  a  domain  of  finite  size  without  serious  inter¬ 
ferences  by  waves  reflected  from  the  boundaries,  an  artifice  is 
used  which  depletes  the  energy  of  the  outgoing  waves.  It  has 
been  found  that,  although  the  GALE  method  is  capable  of  pro¬ 
ducing  quite  accurate  simulations,  the  treatment  of  wave  re¬ 
flection  is  essential  to  its  practical  application.  Discussed 
in  this  paper  are  the  results  of  a  series  of  numerical  experi¬ 
ments  to  study  the  properties  of  a  wave-damping  device. 

1.  Introduction 

A  number  of  direct  numerical  techniques  for  obtaining 
solutions  to  large-amplitude,  nonlinear,  surface  gravity  wave  problems 
have  become  available  due  to  the  effort  of  many  investigators 
in  the  last  decade  or  so.  In  the  present  discussion,  we  con¬ 
sider  only  those  formulations  in  which  the  prescribed  free- 
surface  pressure  condition  is  applied  at  the  instantaneous 
location  of  the  free  surface  and  that  either  the  Euler's  equa¬ 
tion  of  motion  or  the  potential  flow  is  simulated.  Thus,  we 
exclude  those  techniques  that  attempt  to  solve  equations  that 
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contain  further  approximations  or  simplifications,  e.g.  the 
shallow-water  equations,  Korteweg-deVries  equation,  etc.  Con¬ 
sequently,  the  problems  we  are  concerned  with  are  necessarily 
two-dimensional  or  three-dimensional  in  nature. 

A  brief  citation  of  the  contributions  to  finite  differ¬ 
ence  techniques  for  solving  the  nonlinear  gravity  waves  as  de¬ 
fined  above  may  be  of  interest.  Techniques  for  calculating  a 
steady-state  wave  system  have  been  proposed  by  von  Kerczek  and 

Salvesen^  for  a  two-dimensional  potential  flow  past  a  dis- 

(2) 

turbance,  and  by  Chan  for  a  large- amplitude  solitary  wave. 

For  two-dimensional,  time-dependent  calculations,  the  technique 

for  potential  flows  by  Fangmeier  ^  ,  the  SUMMAC  method  by  Chan 
(4) 

and  Street  ,  the  Lagrangian  technique  by  Brennen  and 

Whitney*5^,  the  ALE  method  of  Hirt,  Amsden,  and  Cook  ^  ,  and 

(7) 

the  GALE  technique  by  Chan  are  some  examples.  Spectral 
methods  or  combined  spectral-finite-difference  methods  have 
also  been  proposed  by  various  investigators  and  these  have  been 

/  O  \ 

summarized  by  Haussling  and  van  Eseltine 

One  serious  difficulty  encountered  in  the  study  of  infinite 
wave  trains  is  the  prescription  of  the  upstream  and  downstream 
boundary  conditions.  Consider  the  wave  train  produced  by  an 
obstacle  held  stationary  in  a  steady  stream.  Depending  on  the 
nature  of  the  blockage,  the  stationary  waves  produced  by  the 
disturbance  may  extend  to  infinity  both  upstream  and  down¬ 
stream  of  the  obstacle.  Cost  and  computer  storage,  however, 
dictate  the  use  of  a  relatively  small  computational  region 
which  contains  only  a  small  number  of  the  dominant  waves.  In 
a  steady-state  formulation,  one  simply  does  not  know  what  to 
specify  at  the  upstream  and  downstream  boundaries,  while  in  an 
initial-value  formulation  the  usual  use  of  rigid  walls  leads 
to  wave  reflections  which  soon  contaminate  the  region  of 
interest,  rendering  the  solution  useless.  Nonreflecting 
boundary  conditions  for  simulations  in  which  the  linear,  time- 
dependent  wave  equation  with  constant  coefficients  is  vised, 
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i.  e.  for  nondispersive  waves,  have  been  proposed  and  used  suc¬ 
cessfully  by  several  authors  (see  (9)  and  the  reference  given 
therein) .  However,  for  the  problem  considered  here,  the  waves 
are  in  general  nonlinear,  dispersive  and  governed  by  equations 
that  are  more  complicated  than  the  wave  equation.  Thus,  no 
simple  "radiation  boundary  conditions"  seem  to  be  available. 

To  reduce  wave  reflection  for  a  wider  class  of  time- dependent 
problems,  one  would  naturally  think  of  a  damping  region  near  the 
upstream  and  downstream  boundaries  of  the  computational  domain 
to  absorb  waves  incident  upon  it.  Thus,  the  outgoing  waves 
would  be  removed  by  dissipation  rather  than  by  being  trans¬ 
mitted  ~>ut  of  the  domain.  The  efficiency  of  this  artifice 
obviously  depends  on  how  the  damping  term  is  added  to  the 
governing  equations,  on  the  magnitude  and  spatial  variation  of 
the  viscosity  in  the  damping  zone,  and  on  the  length  of  the 
damping  zone  relative  to  the  wavelength  of  the  various  com¬ 
ponents  in  the  wave  system. 

The  objective  of  the  present  research,  which  is  not  yet 
completed,  is  to  study  the  nonlinear,  large-amplitude  waves 
generated  by  a  moving  disturbance  at  the  free  surface  by 
applying  the  Generalized  Arbitrary  Lagrangian-Eulerian  (GALE) 
computing  technique.  The  surface  disturbance  is  represented 
by  the  same  localized  pressure  distribution  used  by  von  Kerczek 
and  Salvesen^  in  their  steady-state  formulation  of  the 
problem.  In  the  present  study,  the  pressure  disturbance  is 
at  rest  at  t=0  and  is  located  at  some  distance  from  the  left 
wall  of  the  two-dimensional  wave  tank.  Then  the  disturbance 
starts  moving  at  a  constant  speed  toward  the  right  wall. 

Given  sufficient  length  for  the  tank,  a  train  of  nearly  peri¬ 
odic  waves  is  expected  to  follow  the  disturbance,  which  is 

(7) 

steady  relative  to  the  disturbance.  From  previous  experience 
there  is  no  doubt  that  the  GALE  method  can  produce  very  ac¬ 
curate  solutions.  After  a  few  test  calculations  in  the 
present  study,  however,  it  became  apparent  that  one  can  not 
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meaningfully  compare  the  results  with  the  steady-state  solu¬ 
tions,  analytic  or  numerical,  without  first  treating  adequately 
those  aspects  that  contaminate  the  physical  processes  of  in¬ 
terest.  At  present,  two  interfering  elements  are  recognized: 
wave  reflection,  as  has  already  been  described,  and  the 
starting  process,  i.e.  how  the  pressure  disturbance  accelerates 
to  the  constant  cruising  speed.  A  violent  starting  process 
tends  to  impart  excessive  energy  to  the  waves  during  their 
early  development,  thus  requiring  much  longer  computation  to 
reach  a  practically  steady  state. 

In  this  paper  detailed  discussion  on  the  use  of  arti¬ 
ficial  damping  to  absorb  incident  waves  is  given.  The  form  of 
the  damping  term,  to  be  derived  in  the  following  section,  is 
quite  general  and  can  be  used  in  conjunction  with  many  types 
of  governing  equations  and  the  corresponding  finite-difference 
models,  e.g.  SUMMAC,  GALE,  wave  equation.  In  the  case  of  the  wave 
equation,  of  course,  one  could  use  radiation  boundary  con- 

#9) 

ditions  .  Once  the  interfering  elements  are  understood  and 
removed,  the  original  task  of  studying  the  nonlinearity  using 
the  GALE  method  and  comparing  the  results  with  steady-state 
solutions  by  other  methods  can  be  completed.  This,  however, 
shall  be  the  subject  of  a  future  report. 

2.  Wave  Absorption  by  Damping 

To  derive  a  form  for  the  artificial  damping  which  is 
easy  to  implement  in  a  wide  variety  of  schemes,  we  add  linear 
damping  terms  to  the  momentum  equations  to  obtain 
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where  u  and  v  are  the  velocity  components  in  the  x-  and  y- 
directions,  respectively,  p  is  the  fluid  pressure,  p 
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is  the  density  and  v  is  the  artificial  viscosity  which  is 
generally  a  function  of  x  and  y.  The  two-dimensional  flow  is 
assumed  to  occur  on  the  x-y  plane  with  gravity  pointing  to  the 
negative  y-axis.  If  Eqs.  (1)  and  (2)  are  to  be  written  in  finite 
difference  form,  as  in  MAC^^,  u  and  v  in  the  damping  terms 
must  be  treated  implicitly,  i.e.  evaluated  at  the  advanced 
time  level,  to  avoid  numerical  instability  when  the  viscosity 
v  exceeds  a  certain  limit.  Implicit  treatment  of  the  damping 
terms  would  require  major  modification  of  many  finite-difference 
schemes;  thus  it  is  desirable  to  find  an  alternative  form  for 
the  damping  terms  which  could  be  evaluated  explicitly,  i.e.  at 
the  old  time  level. 

Consider  the  simple  equation 


du 

3t 


vu 


(3) 


for  which  the  solution  is  u  =  e-vt.  The  value  of  u  at  the 
time  level  t+6t,  where  6t  is  the  time  step,  is 


un+!  =  e-v(t+6t)  =  une-v6t 


(4) 


The  superscript  n  refers  to  the  time  level.  Equation  (4)  can 
be  manipulated  into 


un+1-un 
5t - 


(5) 


By  considering  the  left  side  of  Eq.  (5)  as  an  approximation  for 
g-r  and  comparing  Eqs.  (3)  and  (5),  the  term  un  fc-lj/6t  is 
equivalent  to  the  damping  term  -vu.  Thus,  Eqs.  (1)  and  (2)  may 
be  replaced  by 
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Equations  (6)  and  (7)  are  identical  with  Eqs.  (1)  and  (2)  only 
in  the  limit  of  vanishing  v<$t.  However,  we  are  only  concerned 
with  dissipating  the  waves  and  any  simple  artifice  that  serves 
the  purpose  is  useful.  Note  also  that  even  as  vdt  becomes  in¬ 
finitely  large,  the  damping  terms  in  Eqs.  (6)  and  (7)  do  not 
lead  to  numerical  instability  when  they  are  evaluated 
explicitly. 

To  explore  the  properties  of  the  wave  damper  just  derived, 
we  add  the  damping  term  to  the  linearized  one -dimensional 
shallow-water  equations  for  a  constant  depth 


where  h  is  the  water  depth  and  n  the  surface  elevation.  The 
time-centered  finite-difference  representations  of  Eqs.  (8)  and 
(9)  are 


t 
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where  6x  is  the  constant  spacing  of  mesh  points  in  this  one¬ 
dimensional  wave  problem.  The  variables  and  are  defined 
at  staggered  mesh  points,  i.e.  is  located  half  way  between 
and  ui+i* 

As  shown  in  Fig.  1,  in  the  numerical  experiment  a  train 
of  sinusoidel  waves  are  generated  at  the  left  edge  (x*0)  of 
the  one-dimensional  domain  by  specifying 

n  *  sin  ait 
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at  x=0.  The  artificial  viscosity  v  is  set  to  zero  everywhere 
except  in  the  damping  zone  where  x>xQ.  In  the  present  investi¬ 
gation  the  length  of  the  damping  zone  has  been  chosen  to  be 
2A ,  A  being  the  wavelength  of  the  sinusoidal  waves.  Both  uniform 
and  linear  distribution  of  viscosity  in  the  damping  zone  have 
been  examined.  For  linear  distribution  the  following  formula 
is  used 


vi  =  vmax  <*i-V/(2X)’  (13) 

The  time  history  of  n  at  station  A  (Fig.  1)  is  to  be  used 
to  monitor  wave  reflection.  In  Fig.  2,  the  wave  amplitude 
at  station  A  is  plotted  against  T=tw/2ir,  which  is  the  time 
normalized  by  the  period  of  the  incident  waves,  for  the  case 
of  no  damping  (v=0) .  The  front  of  the  initial  right-going 
wave  train  reaches  station  A  at  t~3.0,  and  the  wave  amplitude 
there  remains  at  the  exact  value  of  1.0  until  t~11.0.  At  this 
time  the  waves  reflected  from  the  right-hand  wall  amplifies 
the  amplitude  to  the  expected  value  of  2.0.  In  Fig.  3  a 
similar  plot  is  shown  for  the  case  in  which  the  viscosity  is 
distributed  as  in  Eq.  (13),  with  vmax”0*5*  It  can  be  seen  that 
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reflections  have  been  drastically  reduced.  At  t~7.0  some  re¬ 
flection  from  the  edge  of  the  damping  zone  distorts  the  ampli¬ 
tudes  slightly.  This  reflected  wave  travels  to  the  left,  hits 
the  left  boundary  and  again  travels  to  the  right.  When  this 
second  reflection  occurs  (at  t~13.0)  the  wave  amplitude  at 
station  A  is  again  distorted  slightly.  If,  on  the  other  hand, 
a  uniform  viscosity  v  =  0.5  is  applied  in  the  deunping  zone, 
the  discontinuity  in  viscosity  at  the  edge  of  the  deunping  zone 
leads  to  significant  eunount  of  reflection  (Fig.  4) . 

A  series  of  numerical  experiments,  using  the  system  repre¬ 
sented  by  Egs.  (10),  (11),  (12)  and  (13),  have  been  conducted 
to  study  the  effect  of  various  types  of  damping  zones.  Figure 
5  summarizes  the  present  effort,  with  two  primary  findings. 

The  first  finding  is  that  sharp  discontinuity  in  viscosity,  e.g. 
v  =  constant  in  the  damping  zone  and  v=0  elsewhere,  is  very 
inefficient  in  the  reduction  of  wave  reflections.  A  smooth 
variation  in  v  works  out  much  better.  The  second  finding  is 
that  for  the  parameters  chosen  in  the  present  study,  i.e.  the 
length  of  damping  zone  =  2X  and  v  is  specified  by  Eq.  (13),  there 
exists  an  optimum  value  for  v  ,  at  which  the  damping  is  most 

luaX 

efficient.  As  shown  in  Fig.  5,  the  use  of  vmax  ~  0.5  in  Eq. 

(13)  has  resulted  in  only  about  1.3%  reflection. 

Obviously,  further  work  should  be  performed  to  explore 
other  aspects  of  the  deunping  device,  such  as  alternative  dis¬ 
tribution  for  v  and  the  effect  of  varying  the  length  of  the 
damping  zone.  These  topics  will  be  considered  in  the  future. 
Application  of  the  present  damping  device  to  other  types  of 
equations  and  their  corresponding  finite-difference  schemes  is 
quite  simple.  For  example,  Eqs.  (6)  and  (7)  can  be  directly 
used  in  the  SUMMAC  method,  while  for  application  to  the  GALE 
technique  one  only  has  to  replace  Eq,  (7)  in  Reference  7  with 

-  /  -v,6t  \ 


n  = 


/St 


where  £,  n,  and  p  are  defined  in  the  cited  reference. 

3.  Preliminary  Calculation  of  Large-Amplitude  Waves  Generated 
by  a  Moving  Surface  Disturbance 

The  Lagrangian  part  of  the  GALE  method  has  been  chosen  in 
the  present  research  to  study  the  nonlinear  effects  in  waves 
generated  by  a  moving  surface  disturbance.  The  reason  for 
employing  a  Lagrangian  description  is  the  ease  of  representing 
the  free  surface  without  the  need  of  interpolation,  as  is  the 
case  in  SUMMAC.  Detailed  description  of  GALE  can  be  found  in 
Reference  7. 


A  two-dimensional  wave  tank,  200  ft.  long  and  9.5  ft.  deep, 
is  considered.  At  t=0  the  water  in  the  tank  is  at  rest  and  a 
pressure  distribution 


'8.6  cos 
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Zfi - 


lb/ft2,  for  x-xx  <5 


,  elsewhere 


is  applied  at  the  free  surface.  Subsequently,  the  pressure  dis¬ 
tribution  moves  to  the  right  at  the  constant  speed  of  10  ft/sec, 
that  is 

xx(t)  =  20  +  lOt 

The  region  0<x<26.0  is  prescribed  as  the  damping  zone,  with 

v _ _  *  10.0.  The  calculation  shown  in  Fig.  6  had  been  made 

max 

before  the  series  of  numerical  experiments  on  the  properties 
of  artificial  damping  was  conducted.  Thus  a  serious  mistakr 
was  inadvertently  made  by  assigning  too  large  a  value  for 
vmax'  w*'*c*1  resulted  in  significant  reflections.  The  waves  re¬ 
flected  from  the  edge  of  the  damping  zone  immediately  follow 
the  moving  pressure,  thus  contaminating  the  wave  field 
behind  the  pressure  disturbance.  At  this  point  one  could  only 
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say  that  the  calculation  has  been  stable,  requiring  an  average 
of  ten  iterations  per  time  step  to  solve  the  velocity  field, 
and  that  characteristics  of  nonlinear  waves,  i.e.  sharpened 
crests  and  broadened  troughs,  have  been  produced.  A  definitive 
study  of  the  nonlinearity  and  comparisons  with  results  of  other 
investigations  must  await  future  calculations  in  which  re¬ 
flections  are  properly  handled  in  the  light  of  the  discussions 
in  Section  2. 
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ABSTRACT 

The  numerical  solution  for  a  surface-piercing  flat  plate  at  a  steady 
angle  of  attack  is  extended,  by  superposition,  to  a  plate  oscillating  in  yaw 
and  sway.  Force  and  moment  coefficients  are  computed  as  functions  of 
nondimensional  length  and  frequency  and  are  compared  with  experimental 
values.  The  relationship  of  this  formulation  to  classical  strip  theory  is 
discussed,  and  it  is  established  that  the  two  theories  are  equivalent  in  the 
zero  Froude  number  limit. 

1.  Introduction 

A  typical  monohull  may  be  modeled  as  a  slender  body  translating  on  a  free-surface.  A 
catamaran  may  be  regarded  as  a  pair  of  slender  bodies.  The  hydrodynamic  forces  acting  on  a 
slender  body  due  to  lateral  motion  (yaw  and  sway)  are  fundamental  to  the  maneuvering  and 
seakeeping  properties  of  the  craft  represented  by  the  body.  Calculation  of  these  forces  is 
greatly  simplified  by  the  slender-body  approximation  that  the  flow  field  varies  an  order  of 
magnitude  more  rapidly  in  the  transverse  plane  than  it  does  in  the  longitudinal  direction. 

This  approximation  changes  the  character  of  the  longitudinal  variable  in  the  free-surface 
problem  from  spatial  to  time-like.  A  steady  problem  in  three  dimensions  reduces  to  a  form 
equivalent  to  unsteady  two-dimensional  flow  in  the  transverse  plane  with  initial  conditions  at 
the  leading  edge  and  the  advancement  of  time  equivalent  to  uanslation  of  the  solution  plane 
aft.  In  this  way,  a  steady  three-dimensional  problem  may  be  solved  by  numerical  methods 
suitable  for  unsteady  two-dimensional  free-surface  flows. 

This  approach  has  been  applied  by  the  authorial  to  the  case  of  a  fiat  plate  piercing  the 
free  surface  at  a  constant  angle  of  attack.  In  ( 1  ]  finite-difference  methods  produced  solutions 
with  linear  and  nonlinear  boundary  conditions.  Side  force  and  yawing  moment  coefficients 
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were  compared  with  experimental  results  of  Van  den  Brug,  Beukelman,  and  Prinsf2! .  The 
nonlinear  boundary  conditions  had  only  a  small  effect  on  these  coefficients. 

This  paper  examines  the  extension  of  the  linear  solution  obtained  in  reference  [  1  ]  to 
oscillatory  sway  and  yaw.  Force  and  moment  coefficients  are  developed  and  compared  with 
strip  theory  and  with  experimental  values.  It  is  necessary  to  formulate  the  linearized 
equations  governing  unsteady  yaw  and  sway  of  a  slender  body. 

2.  Linearized  Formulation 

A  left-handed  Cartesian  coordinate  system  (x,y,z)  is  fixed  in  space  and  another  system 
(x',y',z')  is  fixed  on  the  body  such  that  the  two  systems  coincide  in  the  absence  of  yaw  and 
sway.  The  x-coordinate  is  aligned  in  the  direction  of  the  free-stream  velocity  U,  that  is  x  is 
positive  aft.  The  z-coordinate  is  positive  upward  and  y  is  positive  to  port.  When  the  two 
systems  coincide,  the  common  origin  is  on  the  longitudinal  center-plane  of  the  body  at  the 
intersection  of  the  leading  edge  and  the  undisturbed  free  surface.  Yawing  moment  is  measured 
about  an  axis  A'  parallel  to  the  z  axis  at  the  mid-body  point  (x’  =£12,  y'  =  0)  where  £  is  the 
body  length.  Rotation  about  this  axis  is  positive  in  the  right-hand  sense;  that  is  the  leading 
edge  moves  to  port.  This  geometry  is  illustrated  in  Figure  1 . 
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Figure  1  -  Coordinate  Geometry 
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If  the  body  is  translated  a  small  distance  q(t)  on  the  y  axis  and  is  rotated  by  a  small 
angle  a(t)  about  axis  A'  fixed  in  the  body,  then  in  the  linearized  limit,  the  body  and  space 
coordinates  are  related  by 

x'  =  x  -  ya(t) 

y'  =  y  -  q(t)  -a(t)^y^- xj  (1) 

z'  =  z  , 

and  the  velocity  components  in  the  two  systems  are  related  by 

x'  =  x  -  yd(t)  -  ya(t) 

y' =  y  -  q(t)  -  a(t)^-i^- xj  +  a(t)x  (2) 

z'  =  z 

It  is  assumed  that  the  flow  is  irrotational  and  may  be  described  by  a  velocity  potential. 

Since  the  problem  is  linearized,  this  potential  may  be  written  as 

*  =  Ux  +  <pA(x,  y,  z)  +  rfx,  y ,  t)  (3) 

where  Ux  +  ipA(x,  y,  z)  represents  the  potential  in  the  absence  of  lateral  motion  and 
<p(x,y,z,  t)  is  the  perturbation  potential  caused  by  yaw  and  sway.  It  is  assumed  that  the 
velocity  perturbations  due  to  *>A(x,y,z)  and  <p(x,y,z,  t)  are  both  an  order  of  magnitude 
smaller  than  U.  Let  the  body  be  represented  by 

F(x',y',z')  =  0  (4) 

with  F  positive  on  the  exterior  and  negative  on  the  interior  of  the  body.  Then  the  Neumann 
boundary  condition  on  the  body  is 


i'f?  +  *’97  +  i’f?  =  0  onF(x'’y'’z')  =  0 

By  substitution  of  equation  (2),  the  body  boundary  condition  may  be  written  as 

(te  3<J>  ,  A  3F 

(a*  \.  \  ,  „  34>\  dF  34>  3F  „ 

U  -  q(t)  '  a(t)\2 l~  X)  +  “(t)  3x/3y"'+3z  3?  =  ° 


(5) 


(6) 


In  the  linearized  limit,  the  body  boundary  condition  is  satisfied  on  the  boundary  of  the 
static  body,  i.e.  on  F(x,y,z)  =  0.  After  the  body-boundary  condition  for  the  static  part  of 
the  potential  (Ux  +  <pA(x,y,  z)l  is  subtracted  from  equation  (5)  and  terms  involving  products 


of  a(t)  and  the  perturbation  velocities  are  neglected,  equation  (6)  reduces  to  the  form, 

lb  .,AJf  ,,  .  A  3F  3F  „ 

\3x  '  ya(t)) ^  +  [ b y -V»(x't))  ty+bi  bl=0 

where  Vfl(x,  t)  is  a  function  of  the  sway  velocity  VQ(t)  and  the  yaw  velocity  d(t), 


VB(x.t)=V0<t)  +  (i/-x^<i(t) 

VQ(t)  =  q(t)  -  Ua{t) 

The  potential  must  satisfy  Laplace’s  equation  throughout  the  flow, 

z<0,  F(x.y,z>>0. 

3x2  3y2  3z2 

Also,  the  potential  must  satisfy  the  linearized  free-surface  condition  on  z  =  0, 


(7) 


(8) 


(9) 


(10) 


Finally,  *<x,y,z  t)  must  satisfy  some  initial  condition  throughout  the  lower  half  plane  at 
some  initial  time  tQ.  For  the  oscillatory  problem,  this  transforms  to  a  radiation  condition. 


3.  Slender  Body  Approximation 

The  slender- body  approximation  may  be  implemented  by  assigning  orders  of  magnitude 
to  the  spatial  differential  operators, 

s‘0l/'l)-s'0<*'',.£"0*,''>  IM) 

where  a  is  a  characteristic  dimension  of  the  body  cross-section  and  l  is  the  body  length.  The 
ratio  e  =  a//  is  assumed  to  be  small.  If  the  terms  of  order  e2  are  neglected,  Laplace’s  equation 
immediately  reduces  to  two  dimensions, 


32i^  32i/? 

— r  +  — r  =  0. 

3y2  3z2 

On  the  body  y  =  0(a)  so  from  equation  (8) 

(ya(t)  Vj1  (x,  t))  =  Q(y//)  =  0(e) 

and  the  body  boundary  condition  (7)  reduces  to  the  two-dimensional  form, 
(|f-  VB<*.  *>)  §7  +  |f  fl  *°  on  F(x,  y,  z)  =  0 


(12) 


(13) 


(14) 
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Since  the  order  of  magnitudes  of  the  temporal  differential  operator  and  of  the  acceleration  of 
gravity  are  left  unspecified,  the  free-surface  condition  (10)  is  unchanged. 

The  siender-body  approximation  eliminates  the  x  variable  from  the  field  equation.  In 
the  body  boundary  condition,  x  remains  only  as  a  parameter.  The  governing  equations  (10), 
(12),  and  (14)  have  characteristic  lines  in  the  x-t  plane  defined  by 

t  -  xU'1  =  constant  (15) 

The  position  of  a  point  on  a  characteristic  line  is  specified  by 

s  =  ^-(t  xir1).  (16) 

This  variable  transforms  the  free-surface  condition  into 

-  on  z  =  0,  t  -  xU'1  =  constant.  (17) 

3s2  az 

If  initial  conditions  are  specified  over  the  entire  space  at  t  =  t0,  then  the  solution  is  deter¬ 
mined  for  all  t>t0- 

Several  points  are  worth  noting.  First,  since  the  solution  on  any  characteristic  line  is 
independent  of  conditions  on  any  other  characteristic,  the  flow  in  the  plane  x  =  Xj  at  time 
t  =  tj  is  independent  of  the  flow  in  plane  x  =  X2  at  time  t  =  t2  unless 

t2  -  t,  =  (x2  -  x,)^1  (18) 

Second,  when  the  solution  is  constructed  for  an  initial-value  problem,  the  solution  at  any 
point  s  =  sj  on  a  characteristic  line  depends  only  on  conditions  for  s<Sj.  Thus,  the  solution 
at  x  =  Xj  and  t  =  t(  is  independent  of  conditions  downstream  (x2  >Xj )  or  at  a  later  time  in 
the  sense  that  it  is  not  influenced  by  the  body  boundary  condition.  Finally,  it  is  obvious 
that  an  initial  condition  of  identically  zero  perturbation  potential  requires  the  solution  to 
remain  zero  ahead  of  the  leading  edge  for  all  time.  These  considerations  remain  applicable 
to  the  oscillatory  problem  and  may  be  regarded  as  consequences  of  a  radiation  condition. 

4.  Oscillating  Cylinder 

For  the  special  case  of  an  harmonically  oscillating  truncated  cylinder,  the  body  surface 
is  defined  by 

F(y,z)  =  0,  0<x</.  (19) 

and  the  function  VR(x,  t)  defined  in  equation  (8)  has  the  form 

VB(x,  t)  =  b(x)  eiwt  on  F(y, z)  =  0,  (20) 
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For  rigid  body  motion  such  as  yaw  and  sway,  b(x)  is  a  linear  function.  A  more  general  form 
would  be  suitable  for  hydroelastic  problems.  For  the  present  analysis  b(x)  may  be  assumed 
to  be  a  differentiable  function  of  x.  It  is  convenient  to  express  the  equation  in  terms  of  a 
nondimensional  set  of  independent  variables, 

x  =  x(g/a)*/2  U'1 
y  =  ya"1 

.  (21) 
z  =  za”1 

t  =  t(g/a)'/2 

and  to  define  a  nondimensional  frequency  and  body  length. 


oj  =  w(a/g)^2  and./  =  jt  ( g/a l1/2  IT1 


(22) 


The  free-surface  and  body  boundary  conditions  are  then 


and 


<V  3F  +  3*  dF 
3y  3y  32  32 


=  ab(x)e,CJ?H(X)|r 

dy 


on  F(y,z)  =  0 


(23) 

(24) 


where  F(y,  2)  =  F(y,  z)  and  H(x)  is  the  step  function,  which  arises  from  the  condition  of  zero 
disturbance  ahead  of  the  leading  edge  (x  =  0). 

A  special  case  of  this  problem  is  steady  flow  (C5  =  0)  with  b(x)  =  a'1  corresponding  to 
a  constant  angle  of  attack.  Let  the  potential  for  this  problem  be  defined  as  f(x,y,z).  In 
addition  to  the  two-dimensional  Laplace’s  equation,  f(x,y,z)  satisfies  a  free-surface  condition. 


3f^ 

3x2 


3f 

32 


on  2  =  0 


(25) 


the  body  boundary  condition, 


3f  3F  +  3f  3F 
3y  dy  32  32 


on  F(y,z)  =  0 


(26) 


and  a  radiation  condition, 


f(x,y,z)  =  0,  x  <0. 


Reference  1 1  ]  demonstrates  that  this  function  may  be  determined  by  an  unsteady  two- 
dimensional  calculation. 

The  general  solution  satisfying  equations  (23)  and  (24)  may  be  expressed  by  linear 
superposition  of  the  special  solution  f(x,y,2).  Let  the  variables  s'  and  q  be  defined  by  the 
linear  transformation 
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with  the  inverse 


The  free-surface  condition  becomes 


s  =  2(T  +  X> 


t  =  s  +  q 
x  =  3  -  q. 


on?=0 

3s2  3z 

and  the  body  boundary  condition  is 

^  ^  =  ae2iC9  b(s-  q)H(3-  q)eiC(**9) 
by  by  bl  bz  dy 

By  the  principle  of  linear  superposition,  any  solution  of  the  form 

/*oo 

*(s,q,3M)  =  Af(3  -  q,5M)  +/  do  B(o)  f(S  -  q  -  o.y.D 
*4 


=  Af(s 


r*-q 

-q,3 >.*>+/  d 

Wo 


doB(o)f(s  -  q  -  o,y,z) 


(27) 


(28) 


(29) 


(30) 


(31) 


satisfies  the  two-dimensional  Laplace’s  equation  and  the  free-surface  condition  (29)  for 
arbitrary  A  and  B(o).  It  may  be  shown  from  equation  (26),  using  integration  by  parts,  that 

<*<3,q,y,2)  =  ae2iw9  jf(?-q,y,Z)  +  f  dof(s-q-o,y,z)^(b(o)eltJa)J  (32) 

satisfies  the  body-boundary  condition  (30)  as  well.  In  terms  of  (x,y,z,T)  the  general 
solution  is 

<0(x,y,z,D  =  aeiw‘  |"f(X,7,z)b(o)eiw*  + 

rx  (33) 

J  dq  f(q,y,  z)(i«  b(x-q))  +  b'(x-q)J 

where  b'(x)  is  the  derivative  of  b(5c).  Uniqueness  is  assured  by  the  radiation  condition. 


5.  Side  Force  and  Yawing  Moment 

The  linearized  dynamic  pressure  on  the  body  is 


339 


(34) 


p(x,y,z,  t)  =  -  pu| x  _p|f = ' p(U^  +  y.z,o 

Let  Y(x,  t)  be  the  side  force  acting  on  the  portion  of  the  body  forward  of  point  x.  Then 


Y(x,t) 


-/V 


dz  p(q,y,z,t) 


(35) 


'o  '■'ABC 

where  ABC  is  the  body  contour,  F(y,z)  =  0  in  the  lower  half-plane  as  shown  in  Figure  2. 


Figure  2  -  Section  Contour,  Aft  View 


Expressions  (34)  and  (35)  combine  to  produce 


Y(x,  t)  =  plj/~  dz<p(x,y,z,  t) .+  piw  F  dq  F  dz  ip(q,  y,  z,  t)  (36) 

«An  r  Jn  «Ar  r 


■'ABC  -'o  •'ABC 

In  terms  of  nondimensional  variables,  the  side  force  is 

Y(x,  t)  =  pUa[  I  +  id]  F  dz  ip(x,y,z,f) 
•Abc 

where  I  is  an  operator  defined  by 

I  •  h(x,  y,  z,T)  =  F  dq  h(q,  y,z,  t) 

Let  the  function  g(x)  be  defined  by 


g(x)  =  -^  f  dz  f(x,y,z) 
‘-'ABC 


(37) 


(38) 


(39) 


Then  substitution  of  (33)  and  (34)  into  (37)  yields 
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Y(5t,  t)  =  -  pUa*  eia)*  2(1  +  iu)I)lg(x)  b(o)  e'4***  + 
ico J'  dqg(q)eiw^  b(x-q)+  J'  dq  g(q)  e'°^  b’(x-q)) 


with  yawing  moment  about  x  =  Jj 2, 


rn’j[J$  ") 


3Y(x,t) 


6.  Sway  and  Yaw  Modes 


Equation  (40)  may  be  evaluated  for  specified  modes  of  motion.  For  the  sway  mode  of 
harmonic  oscillation  defined  by 


Vg(x,t)  =  iwy0  e" 


the  function  b(x)  is  a  constant. 


b(x)  =  iouy0 


The  complex  force  coefficient  defined  as 


Y*(x,  cj)  =  Y(x,  t)  •  ||-pa2  UyD  eitJ,wj 


may  be  written  as 


Y*(x,  w)  =  -  4i  [  1  +  iwl]  |g(x)  elWx  +  iu J  g(q)  eiw<l  dqj 

which  reduces  to 

Y*(x,  S3)  =  -  4i  g(x)  eiw*  +  qu  C  g(q)  eiw^  dq 

'Jo 

+  4iS32  F  (x-q)g(q)  eiw^  dq 

'Jo 

Once  Y*(x,  w)  is  computed  from  (46),  the  yawing  moment  coefficient  defined  by 


N*(J,  w)  =  N(2,t)  •|{pa2Uy0w  eiw,/j 


may  also  be  established. 

The  yawing  mode  of  oscillation  has  two  possible  definitions.  One  definition,  used  in 
reference  [21,  requires  that  VQ(t)  in  equation  (8)  remain  zero.  The  second  definition,  used 
in  reference  [31,  requires  that  q(t)  in  equation  (8)  remain  zero.  Both  definitions  have 


certain  minor  advantages.  Coefficients  produced  by  the  first  definition  are  independent  of 
the  orientation  of  the  space-fixed  system;  while  the  second  definition  leads  to  simpler  inertial 
terms  in  the  equations  of  motion.  The  first  definition  will  be  used  in  the  present  analysis. 

The  function  b(x)  for  the  yawing  mode  is  then 

b(x)  =  iw^/-xja0  (48) 

and  the  complex  force  coefficient  defined  as 

Y *(2, «)  =  Y(Z,  t)  •|^a2Uu/  a0  eiwtj  '  (49) 

may  be  written  as 

_  I  f'i  _  _ 

£5)  =  —  Y*(/,  w)  +  4i  [1  +  iwl]  /  g(3)  e1W(l  {1  +iC(/ -q))dq  (SO) 

1  Jo 

=  ~  \*{I,  w)  +  X\J  dqg(q)el09  +2iw(/-q)- ^-(/-q)2j  (SI) 

The  corresponding  yaw  moment  coefficient  is 

N*tZ,  w)  =  N(7,  t)  •  U  p  U  a2  w  /2  aQ  eiwtj  '  (52) 


7.  Strip  Theory 

The  above  slender-body  theory  may  be  compared  with  classical  strip  theory.  In  strip 
theory,  the  flow  is  assumed  to  be  entirely  two-dimensional  in  the  transverse  plane  so  that  the 
solution  is  not  only  independent  of  downstream  conditions,  as  is  the  case  with  slender-body 
theory,  but  is  independent  of  upstream  conditions  as  well.  Under  the  assumption  that  the 
longitudinal  perturbation  velocity  is  zero,  the  potential  may  be  written  as 

*(X,y,Z,  t)  =  H(55)  b(x)  J(x,y,T,  t)  (53) 

where  £  is  the  two-dimensional  solution  in  the  y-z  plane  for  the  section  at  x  oscillating  along 
the  y  axis  with  velocity  Vg(t)  =  exp(iwt).  The  potential  £  depends  on  x  only  as  a  parameter 
specifying  the  cross-section.  The  added  mass  and  damping,  m(x,w)  and  d(x,u>)  of  the  cross- 
section  at  x  are  defined  by 

m(x,S5)  +  dCx.CKiw)'1  =  ap  eiwt  /  dz  ip(x,y,?,7)  (54) 

Then  from  equation  (37),  the  force  forward  of  U  is 

Y(x,T)  =  -  U[ I  +  iwl]  b(x)(m(x,  w)  +  dOt.QKiw)'1 )  eiwt 


(55) 


After  equation  (55)  is  reduced  to  coefficient  form  and  notation  is  suitably  altered,  it  may  be 
seen  that  (55)  is  equivalent  to  the  lateral-motion  coefficients  in  reference  13].  Fo»  the  case 
of  a  cylinder  in  sway,  the  complex  force  and  moment  coefficients  are 

i  '(x,S)  =  (to 5c -i)(tn(w)  +  d(c3)(iw)"’ )  (56) 


N*(x,to)  =  -  ~  i  (m(cj)  +  d(uiXiw)'1 ) 


m(o>)  =  m(oj) ' 


(M’1 

3)-  ^  pa2wj 


d(co)  =  w  d(x,  u>)  •  p  a^  wj  (59) 

with  similar  expressions  for  the  yawing  mode. 

Strip  theory  can  be  related  to  slender-body  theory  by  considering  an  infinite  cylinder  in 
sway.  At  large  values  of  x,  the  effects  of  the  leading  edge  diminish  and  the  solution  should 
approach  the  stationary  solution  with  the  step  function  in  equation  (24)  replaced  by  unity. 

In  this  limiting  case  of  infinite  x,  the  slender-body  solution  is  identical  to  the  strip-theory 
solution.  It  may  also  be  seen  that  the  sectional  added  mass  and  damping  may  be  determined 
from  r  /  .  ,  v  , 

lim  f  1  =  0  (60, 

X-»ooL\  dx  Atrip  V  dx  /slender  J 


m(oo)  -  id(w)a)'1  =  lim 


■  £g(o)  + J'  g'(q)  eIWS  dq  -  ig'(x)  e‘wxJ 


where  g(x)  is  the  function  defined  in  equation  (39)  and  g'(x)  is  its  derivative.  These  equations 
indicate  that  the  present  slender-body  formulation  reduces  to  strip  theory  as  x  defined  in 
equation  (21)  becomes  infinite.  Thus,  the  two  formulations  are  identical  in  the  zero-speed 
limit;  and  the  slender-body  formulation  may  be  considered  as  a  generalization  of  strip  theory. 


8.  Rat  Watt 

The  function  g(x)  defined  in  equation  (39)  represents  the  force  coefficient  for  a  body  of 
nondimensional  length  x  at  a  steady  angle  of  attack.  Figure  3  shows  this  function  as  calcu¬ 
lated  for  a  flat  plate  of  depth  a  in  reference  [  1  ] .  Note  that  g(x)  approaches  its  theoretical 
limit  of  ir/4  for  large  values  of  x.  The  derivative  of  this  function  may  be  interpreted  as 
proportional  to  the  incremental  force  along  the  length  of  the  plate. 
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9.0 


Figure  3  —  Finite  Difference  Solution  for  Force 
Coefficient  of  Flat  Plate 

The  numerical  solution  was  a  marching  method  with  standard  overre/axation  solution  of 
the  finite-difference  representation  of  Laplace’s  equation. 

One  check  on  the  numerical  solution  for  g(x)  is  to  compare  theoretical  values  from  strip 
theory  for  added-mass  and  damping  coefficients  with  real  and  imaginary  parts  of  the  expres¬ 
sions  on  the  right-hand  side  of  equation  (61)  evaluated  at  a  large  value  of  x.  Added-mass  and 
damping  coefficients  calculated  from  equation  (61)  using  the  finite-difference  solution  for 
g(x)  over  0<x<  13.0  are  compared  in  Figure  (4)  with  coefficients  for  infinite  x  calculated 
from  UrselPsl4!  analysis  of  a  flat  plate  oscillating  in  two  dimensions.  Leading  edge  effects 
are  evidently  small  at  x  =  13.0. 

The  slender-body  formulation  described  in  this  paper  is  best  illustrated  by  comparing 
theoretical  and  experimental  hydrodynamic  coefficients.  Force  coefficients  reported  in 
reference  [21  for  the  sway  mode  are  defined  by 

(-cox  Y^(x,  co)  +  i  Y'(x,co))  =  e  Y*(x,co) 

and  (62) 

(— co x  N-(x,  co)  +  i  Ny(x,  co))  =  e  N*(x,  w) 

where  Y*(x,  <o)  and  N*(x,  co)  are  the  functions  defined  in  equations  (44)  and  (47). 
Coefficients  in  the  yawing  mode  are  similarly  defined  by 

(-cox  Yj(x,  co)  +  i  Y'(x,  co))  =  e  Y*(x,  co) 

and  (63) 

(-cox  N-(x,co)  +  i  N’(x,co»  =  e  N*(x,co) 


1 


\ 
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Figure  4  —  Damping  and  Added  Mass 


These  coefficients  are  presented  in  Figures  5  through  12  as  functions  of  a  nondimensional 
frequency. 

co' =  c5(i/a)1''2  (64) 

and  Froude  number 

Fn  =  x(i/a),/2  (65) 

Experimental  coefficients  for  sway  and  yaw  modes  of  a  plate  with  a  one-meter  chord  and 
(a//)  =  0.20  are  reproduced  from  |2|  in  Figures  5  through  12  with  corresponding  coefficients 
from  slender-body  theory  and  from  strip  theory.  Certain  coefficients  in  strip  theory  are 
independent  of  Froude  number  and  may  be  represented  by  a  single  line.  In  other  cases,  where 
Froude  number  dependence  is  small,  strip  theory  is  plotted  only  for  the  highest  and  lowest 
experimental  Froude  numbers. 


345 


Slender-body  theory  gives  generally  satisfactory  agreement  with  the  experimental 
coefficients  throughout  the  range  of  Froude  numbers  and  frequencies.  Strip  theory  fails  at 
all  but  the  lowest  Froude  number  (Fn  =  0.16,  x  =  14.0)  /here  it  approximates  experimental 
sway  and  added  mass  adequately,  but  still  fails  i.<  die  coupling  coefficients  for  the  sway  mode 
and  in  all  coefficients  for  the  yaw  mode.  Perhaps  this  is  because  the  error  in  strip  theory  due 
to  forward  speed  is  greater  near  the  leading  edge,  where  x  is  small,  and  the  sway  added-mass 
and  damping  coefficients  are  least  affected  by  an  error  near  the  leading  edge.  It  should  be 
pointed  out,  however,  that  for  many  problems  with  smaller  aspect  ratios  or  Froude  numbers, 
x  is  much  greater  than  considered  here  so  that  the  effect  of  forward  speed  is  small  and  strip 
theory  should  be  adequate.  In  other  cases,  it  may  be  possible  to  obtain  good  results  with 
slender-body  theory  over  a  forward  portion  of  the  body  and  strip  theory  further  aft. 

9.  Conclusions 

This  example  of  a  flat  plate  illustrates  the  potential  utility  of  numerical  solutions  based 
on  a  slender-body  formulation  of  a  type  first  proposed  by  Ogilviel5! .  Comparisons  with 
experimental  results  indicate  that,  for  problems  with  significant  forward  speed  effects,  this 
slender-body  approach  produces  far  more  satisfactory  results  than  does  strip  theory  for  the 
hydrodynamic  coefficients  associated  with  sway  and  yaw. 
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Figure  5  -  Flat  Plate  Sway  Added  Mass 
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Figure  6  -  Flat  Plate  Sway  Damping 
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Figure  9  —  Flat  Plate  Yaw  Added  Mass 


NUMERICAL  SOLUTION  OF  THE  INCOMPRESSIBLE  NAVIER  STOKES 
EQUATIONS  FOR  TWO  DIMENSIONAL  FLOWS  AT  HIGH  REYNOLDS  NUMBER* 
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ABSTRACT 


Over  the  past  several  years  the  author  and  co-workers 
have  developed  a  numerical  technique  for  solving  the  Navier 
Stokes  equations  for  steady  plane  incompressible  laminar 
flows.  The  method  can  be  described  as  a  boundary- layer  like 
technique  since  it  uses  boundary-layer  type  coordinates  and 
similarity  variables  and  solves  the  full  equations  using  an 
alternating  direction  implicit  technique  with  the  boundary- 
layer  terms  totally  contained  in  one  sweep.  The  second  sweep 
in  the  ADI  technique  then  corrects  for  the  additional  terms 
in  the  equations. 

The  technique  was  therefore  developed  specifically  for 
solving  high  Reynolds  number  laminar  steady  flow  problems  and 
it  has  been  found  to  converge  very  rapidly  for  cases  where  the 
flow  is  unseparated.  More  recently  the  method  has  been  ap¬ 
plied  to  separated  flows,  and  while  the  convergence  rate  is 
slower,  it  still  appears  to  be  faster  than  many  other  methods. 

The  initial  calculations  were  done  using  the  finite  dif¬ 
ference  technique  in  the  entire  flowfield.  However,  more  re¬ 
cently  the  outer  inviscid  portion  of  the  flowfield  has  been 
removed  from  the  finite  difference  calculation  and  replaced 
by  an  integral  formulation.  This  refinement  improves  the 
accuracy  of  the  method.  In  addition,  the  same  integral  tech¬ 
nique  has  been  used  to  do  interacting  boundary-layer  calcu¬ 
lations  . 

*This  research  was  supported  by  the  Office  of  Naval  Research 
under  contract  N00014-76-C-0364 . 
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Results  are  presented  for  high  Reynolds  number  flow  past 
some  two  dimensional  semi-infinite  bodies.  The  bodies  con¬ 
sidered  are  ones  for  which  under  certain  conditions  the  flow 
separates  but  reattaches  before  reaching  downstream  infinity. 
Improvements  in  the  method  such  as  the  use  of  optimal  coordi¬ 
nates  are  also  discussed. 

1.  Introduction 

The  purpose  of  this  paper  is  to  discuss  some  of  the  dif¬ 
ficulties  the  author  and  his  co-workers  have  encountered  in 
attempting  to  find  accurate  numerical  solutions  for  high  Rey¬ 
nolds  number  leparated  flows.  It  is  the  author's  belief  that 
in  order  to  efficiently  find  accurate  numerical  solutions  for 
flows  under  high  Reynolds  number  conditions,  more  than  an 
understanding  of  numerical  analysis  is  needed.  We  have  re¬ 
peatedly  found  that  a  combined  analytical-numerical  approach 
is  necessary.  In  the  discussion  which  follows,  we  will  con¬ 
sider  only  steady  plane  incompressible  laminar  flows.  Accu¬ 
rate  numerical  solutions  are  scarce  for  even  this  case  at  high 
Reynolds  number. 

Until  the  present  we  have  considered,  with  one  exception, 
plane  flows  with  very  simple  geometries.  Initially  the  prob¬ 
lems  considered  were  unseparated  flows  past  bodies  like  para¬ 
bolas  (Davis  (1972)),  paraboloids  (Davis  and  Werle  (1972))  and 
wedges  (Davis,  U.  Ghia  and  K.N.  Ghia  (1974a, b) ) .  All  of  these 
bodies  are  semi-infinite  and  are  of  such  a  shape  that  the 
outer  inviscid  flow  is  known  at  infinite  Reynolds  number.  In 
addition,  in  every  case,  the  downstream  boundary  conditions 
are  known  and  are  members  of  the  Falkner  Skan  family  of  simi¬ 
larity  solutions.  Choosing  simple  flows  of  this  type  and 
thereby  removing  as  much  uncertainty  from  the  problems  as 
possible,  we  were  able  to  focus  attention  on  such  questions 
as  which  coordinate  system  to  use,  what  dependent  variables  to 
use,  how  to  remove  singularities  (such  as  occur  at  the  sharp 
tip  of  the  wedge)  and  finally  which  numerical  technique  to  use 
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to  most  efficiently  handle  a  particular  problem  with  high 
accuracy.  The  author  believes  that  all  of  these  items  are 
interconnected . 

With  this  approach,  we  were  led  into  studying  the  ideas 
of  Kaplun  (1954)  on  optimal  coordinates  and  were  led  to  be¬ 
lieve  that  a  boundary- layer  like  ADI  scheme,  in  similarity 
type  variables,  would  be  one  of  the  most  efficient  and  accu¬ 
rate  methods  for  solving  the  Navier  Stokes  equations  at  high 
Reynolds  number.  Our  numerical  results  on  these  problems 
tended  to  support  this  approach.  In  every  case  where  we  were 
able  to  compare  with  analytical  or  other  numerical  results,  we 
were  able  to  show  excellent  accuracy  with  generally  higher 
convergence  rates  than  found  in  other  numerical  methods.  This 
exercise  also  pointed  out  to  us,  that  in  spite  of  the  enormous 
amount  of  numerical  fluid  mechanics  work  being  done  on  the 
Navier  Stokes  equations,  there  is  very  little  in  the  way  of 
highly  documented  simple  flow  solutions.  It  is  interesting 
to  note,  for  example,  that  the  Navier  Stokes  solutions  for 
flow  past  a  semi-infinite  flat  plate  were  not  done  correctly 
until  around  1970-72  by  Dennis  and  Walsh  (1971),  Botta, 

Dijkstra  and  Veldman  (1972),  van  de  Vooren  and  Dijkstra 
(1970),  Yoshizawa  (1970)  and  Davis  (1972).  There  is  still  a 
definite  need  to  provide  more  of  these  types  of  highly  accurate 
simple  solutions  to  be  used  as  check  cases  before  we  proceed 
on  to  the  solution  of  complicated  separated  flow  problems. 

Our  next  step  was  to  proceed  slightly  away  from  the  un¬ 
separated  plane  case  to  consider  steady  plane  flows  with  small 
separated  bubbles.  A  typical  flow  of  this  type  is  shown  in 
figure  1.  The  figure  shows  calculated  streamlines  for  a  flow 
coming  from  the  left  past  a  blunted  flat  plate  of  finite 
thickness.  The  Reynolds  number  for  the  case  shown  is  about 
250  based  on  the  plate  thickness.  More  detailed  results  are 
presented  in  U.  Ghia  and  Davis  (1974).  The  important  features 
are  that  the  body  shape  is  generated  from  the  conformal  co¬ 
ordinate  lines  obtained  from  mapping  the  flow  past  a  flat 
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plate  of  finite  thickness  to  a  stagnation  point  flow.  The 
numerical  calculations  are  thus  carried  out  in  the  conformal 
plane.  It  can  easily  be  shown  that  far  downstream  on  the 
plate  the  flow  approaches  the  Blasius  flat  plate  flow  provid¬ 
ing  the  downstream  boundary  condition.  The  outer  inviscid 
flow  at  high  Reynolds  number  is  found  to  be  nearly  the  solu¬ 
tion  for  inviscid  flow  past  the  body  shape,  except  for  inter¬ 
action  effects  which  arise  near  the  corner  due  to  the  separ¬ 
ated  bubble  and  corner  expansion. 

The  separation  problem  mentioned  above  represents  se¬ 
paration  from  an  exterior  corner.  At  the  same  time  Napoli- 
tano  5Trd  Wade  J1975)  are  studying  separation  ahead  of  an  in¬ 
terior  corner  using  the  model  problem  of  symmetric  flow  past 
a  wedge  with  a  flat  plate  attached  to  the  leading  edge. 

Again,  this  flow  approaches  a  similarity  solution  far  down¬ 
stream. 

In  examining  separated  flow  problems  we  have  encountered 
several  difficulties  which  we  had  not  experienced  in  the  fully 
attached  cases.  While  we  have  been  able  to  obtain  accurate 
solutions  for  separated  flows  at  low  Reynolds  number,  the  high 
Reynolds  number  cases  have  presented  resolution  problems.  The 
recent  asymptotic  analysis  of  Sychev  (1972)  and  Messiter  and 
Enlow  (1973),  see  figure  2,  provides  some  explanation.  We 
have  been  using  scaling  normal  to  the  body  surface  propor¬ 
tional  to  Re-1^.  This  scaling  is  correct  for  unseparated 
flows,  but  as  figure  2  indicates,  as  the  separation  point  is 
approached,  one  will  experience  resolution  problems  unless 
scaling  of  the  order  Re”5//®  in  the  tangential  direction  and  of 
the  order  Re”^®  in  the  normal  direction  is  used  in  the  region 
near  the  wall.  The  alternative  to  this  is  to  use  an  extremely 
fine  grid  system  in  the  whole  flowfield  at  high  Reynolds  num¬ 
bers,  which  will  cause  extreme  computing  times  and  require 
large  storage.  Downstream  of  separation,  additional  scaling 
problems  occur.  However,  figure  2  does  demonstrate  the  first 
obstacle  which  must  be  overcome  if  accurate  solutions  are  to 
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be  obtained  at  high  Reynolds  number.  Jenson,  Burggraf,  and 
Rizzetta  (1974)  have  provided  the  order  of  magnitude  and 
asymptotic  analysis  for  supersonic  flow  past  the  ramp  shown 
in  figure  3.  The  pioneering  work  of  Stewartson  and  Williams 
(1969,  1973)  and  Stewartson  (1974)  has  made  such  a  "triple 
deck*  analysis  possible.  Burggraf,  Werle,  Rizzetta  and  Vatsa 
(1975)  have  shown  that  the  numerical  results  for  interacting 
boundary-layer  flow  past  such  a  ramp  clearly  indicate  that  the 
scaling  is  correct  and  that  accurate  numerical  solutions  are 
efficiently  obtained  if  the  scaling  is  honored  in  '\e  numerical 
scheme . 

It  thus  seems  important  that  we  understand  and  incorpo¬ 
rate  the  results  of  high  Reynolds  number  asymptotic  analysis 
into  our  numerical  schemes  if  we  are  to  accurately  and  effic¬ 
iently  compute  high  Reynolds  number  separated  flows. 

In  order  to  more  fully  understand  our  Navier  Stokes  cal¬ 
culations,  we  have  also  been  doing  interacting  boundary-layer 
calculations.  For  many  flows  involving  limited  separations, 
there  appears  to  be  no  doubt  that  interacting  boundary-layer 
theory  is  adequate.  In  the  cases  of  separated  flow  where 
direct  comparisons  have  been  made,  the  interacting  boundary- 
layer  calculations  have  shown  excellent  agreement  with  Navier 
Stokes  calculations,  even  at  fairly  low  Reynolds  number,  see 
Carter  and  Wornom  (1975)  and  Briley  and  McDonald  (1975)  for 
example.  It  is  the  author's  belief  that  a  boundary- layer  like 
theory  with  interaction  is  capable  of  predicting  many  separ¬ 
ated  flows  of  practical  interest,  making  solution  of  the  full 
Navier  Stokes  equations  unnecessary  in  those  cases.  One  pur¬ 
pose  of  our  research  has  been  to  make  comparisons  of  Navier 
Stokes  and  interacting  boundary-layer  calculations  under  iden¬ 
tical  conditions  in  order  to  determine  the  practical  limit¬ 
ations  of  boundary- layer  theory. 

In  summary,  the  important  points  in  developing  an  accurate 
and  efficient  numerical  scheme  for  solving  the  Navier  Stokes 
equations  at  high  Reynolds  number  are:  1.  determination  of  an 
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appropriate  coordinate  system  with  proper  scaling  of  the  in¬ 
dependent  variables,  2.  determination  of  appropriate  depen¬ 
dent  variables  which  reflect  similarity  and  remove  singulari¬ 
ties  as  much  as  possible,  3.  determination  of  outer  and  down¬ 
stream  boundary  conditions  and  4.  development  of  numerical 
techniques  which  best  incorporate  the  above. 

This  paper  will  briefly  discuss  the  pertinent  work  done 
on  the  above  items. 

2 .  Coordinate  Systems  (Optimal  Coordinates) 

One  is  always  faced  with  the  question  of  what  is  the  best 
coordinate  system  to  use  in  order  to  find  an  analytical  solu¬ 
tion  to  a  given  problem.  There  is  no  doubt  that  the  same  is 
true  in  finding  numerical  solutions.  Choice  of  a  correct  co¬ 
ordinate  system  is  important  in  finding  separable  solutions. 

In  solving  the  boundary- layer  equations,  for  example,  it  is 
important  from  a  numerical  standpoint  that  similarity  type 
independent  variables  be  used  so  that  the  equations  can  be  re¬ 
duced  to  ordinary  differential  equations  when  similarity  con¬ 
ditions  are  satisfied.  It  is  then  easier  to  produce  accurate 
numerical  solutions  to  the  resulting  ordinary  differential 
equations  than  the  original  partial  differential  equations. 
Even  when  similarity  does  not  exist  in  all  parts  of  the  flow- 
field,  similarity  type  variables  tend  to  minimize  variations 
in  one  coordinate  direction  allowing  one  to  take  larger  step 
sizes  in  that  direction  in  a  finite  difference  method. 

In  studying  coordinate  systems  in  boundary- layer  theory 
Kaplun  (1954)  discovered  that  solutions  to  the  first-order 
boundary-layer  equations  depend  upon  tne  coordinate  system. 
Wall  quantities  such  as  shear.  Heat  transfer,  etc.  turn  out  to 
be  independent  of  coordinate  systems,  whereas  asymptotic  quan¬ 
tities  outside  of  the  boundary  layer  are  not.  This  dependence 
of  asymptotic  quantities  on  coordinate  systems  allows  one  to 
find  coordinate  systems  such  that  the  boundary-layer  solution 
contains  not  only  the  outer  inviscid  flow,  but  also  the  flow 


359 


due  to  displacement  thickness.  These  coordinates  are  called 
optimal  coordinates  by  Kaplun.  Legner  (1971)  extended  this 
idea  to  arbitrary  order  and  Davis  (1974)  generalized  Legner 's 
results. 

The  determination  of  coordinate  systems  for  solving  the 
Navier  Stokes  equations  has  been  considered  by  several  authors. 
For  example  Thompson,  Thames  and  Mastin  (1974)  have  developed 
a  numerical  procedure  for  generating  coordinate  systems.  In 
order  to  generate  a  coordinate  system  in  their  manner, 
criteria  must  be  stated  which  the  coordinate  system  must  sat¬ 
isfy.  If  one  uses  the  criteria  for  optimal  coordinates, 
optimal  coordinates  may  be  generated  numerically  in  a  manner 
similar  to  that  used  by  Thompson  et.  al.  Davis  (1974)  has 
shown  how  this  can  be  done. 

Why  does  one  want  to  consider  optimal  coordinates  as 
candidates  for  best  coordinate  systems  for  solving  the  Navier 
Stokes  equations?  First,  by  their  fundamental  nature,  they 
confine  the  viscous  part  of  the  solution  to  boundary-layer  like 
equations  and  the  inviscid  part  of  the  solution  to  coordinate 
equations  which  account  for  displacement  effects.  Therefore, 
they  partially  take  care  of  the  scaling  problems  which  occur 
between  viscid  and  inviscid  regions  at  high  Reynolds  number, 
since  different  scales  can  be  used  in  the  two  separate,  but 
coupled  (through  boundary  conditions)  sets  of  viscid  and  in¬ 
viscid  equations.  Second,  the  determination  of  optimal  co¬ 
ordinates  is  not  unique  and  therefore,  enough  arbitrariness  is 
left  to  satisfy  similarity  conditions  and  possibly  remove 
singularities  at  leading  edges  and  corners.  Third,  once  an 
optimal  coordinate  system  is  determined  which  satisfies  simil¬ 
arity  conditions  and  removes  as  many  singularities  as  possible, 
the  predominate  terms  in  the  Navier  Stokes  equations  should  be 
the  boundary-layer  like  terms  and  therefore  one  can  develop 
a  numerical  method  which  takes  advantage  of  this.  One  such 
method  is  the  ADI  scheme  developed  by  Davis  (1972) . 

Davis  (1974)  has  shown  that,  for  plane  symmetric  flows. 
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if  one  uses  Legner's  (1971)  conditions  for  optimal  coordinates 
and  assumes  the  coordinates  are  orthogonal,  the  coordinates 
must  be  conformal  coordinates.  Thus,  for  example,  the  only 
orthogonal  coordinates  for  symmetric  flow  past  the  semi¬ 
infinite  flat  plate  which  can  be  optimal  according  to  Legner's 
results  are  parabolic  coordinates.  These  coordinates  were 
therefore  used  in  Davis'  (1972)  numerical  scheme  for  viscous 
flow  over  a  parabola,  which  becomes  a  flat  plate  as  the  nose 
radius  of  curvature  approaches  zero.  While  these  coordinates 
are  not  completely  optimal,  they  can  be  shown  to  be  optimal  to 
third  order  in  terms  of  boundary-layer  theory.  They  also  have 
the  proper  form  for  removing  the  singularity  at  the  leading 
edge  of  the  plate.  Unfortunately,  the  conformal  coordinate 
system  for  symmetric  flow  past  a  wedge,  while  also  optimal  to 
third  order,  does  not  remove  the  singularity  at  the  leading 
edge  except  when  the  wedge  half  angle  is  0°  (flat  plate)  or 
90°  (vertical  wall),  see  Davis,  U.  Ghia,  and  K.N.  Ghia 
(1974a, b) .  The  consideration  of  more  general  optimal  coordi¬ 
nates  should  allow  the  arbitrariness  needed  to  remove  this 
singularity. 

In  the  numerical  work  done  to  the  present,  there  appears 
to  be  an  advantage  in  using  coordinates  which  are  at  least 
partially  optimal.  It  is  felt  that  properly  chosen  completely 
optimal  coordinates  will  be  even  more  advantageous. 

In  the  remainder  of  this  paper  conformal  coordinates  will 
be  used,  since  in  the  spirit  of  optimal  coordinates,  they  are 
the  best  orthogonal  coordinates. 

3.  Navier  Stokes  Equations  for  Plane  Flow 

The  Navier  Stokes  equations  for  plane  flow  in  terms  of 
stream  function  i|i  and  vorticity  u  are  written  as  follows  in 
dimensionless  form: 

=  v 2  o>  (3.1a) 
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v2\ (I  =  -  0) 


(3.1b) 


and 


where  lengths  are  nondimensionalized  by  v/U,  t  is  nondiraension- 
2 

alized  by  v/U  ,  and  1 1>  and  u>  are  nondimensionalized  by  v  and 
2 

U  /v  respectively.  The  quantity  v  is  the  kinematic  viscosity 
and  U  is  the  freestream  speed.  Equations  (3.1)  are  therefore 
expressed  in  Oseen  variables. 

In  view  of  the  discussion  of  section  2  on  optimal  coordi¬ 
nates,  the  governing  equations  (3.1)  are  next  transformed  to 
conformal  coordinates.  Let  z  =  x+iy  be  the  physical  plane  and 
K  =  C+in  he  the  conformal  plane,  see  figure  4.  The  conformal 
transformation  is  given  by  z  =  f(c)  and  the  resulting  Navier 
Stokes  equations  are 

*nn  +  =  ‘  S  “  (3*2a) 

and 

“nn  +  +  %  *  *n  =  ff  “t  (3*2b) 

where 


z  =  x+iy  =  f  U) 


(3.3a) 


C  =  5+in 


(3.3b) 


and 


h  =  |f'  (?)  | 


(3.3c) 


(3.3d) 


Figure  4  shows  the  physical  and  transformed  planes  for  a 
particular  body  shape,  in  this  case  the  flat  plate  of  finite 
thickness  considered  by  U.  Ghia  and  Davis  (1974).  Notice  that 
the  flow  past  the  body  is  transformed  to  a  stagnation  point 
type  flow.  All  flows  past  bodies  in  our  investigations  are 
handled  in  a  stagnation  point  plane,  since  in  this  plane  the 
Navier  Stokes  equations  reduce  to  the  Falkner  Skan  equations 
at  downstream  infinity  and  therefore  directly  produce  the 
downstream  boundary  conditions  as  solutions  of  ordinary 
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differential  equations. 

In  view  of  the  fact  that  the  streamf unction  is  an  odd 
function  of  £  about  the  stagnation  point,  and  that  the  form  of 
the  outer  potential  flow  is  ij;  =  £n,  a  transformed  stream- 
function  is  introduced  as 


=  Cf(£,n) 


(3.4a) 


Substituting  (3.4a)  into  the  transformed  streamfunction  equa¬ 
tion  (3.2a)  it  is  easily  shown  that  the  most  proper  form  for 
the  vorticity  transformation  is 


io  =  -  £Hg(£,n) 


(3.4b) 


In  these  variables  the  transformed  streamfunction  equation 
(3.2a)  becomes 


fnn  +  f££  +  T  f5  “  g  +  3v 


(3.5a) 


where  a  fictitious  time  derivative  3f/3v  has  been  added,  which 
we  will  discuss  later. 

The  transformed  vorticity  equation  becomes  from  equation 
(3.2b) 

H  ,  H,  H2+H2  H 

V,  *  12  r  *  f  +  efE>^  *  r  *  ♦  JT  <£  *  «{> 

H  H 

-  fn  (1  +  5  Hi)^  +  12  HT  -  5fr,J95  +  +  f 


_  1  3g 
H  3t 


(3.5b) 


Some  lengthy  algebra  is  required  in  reducing  terms  involving 
the  scale  factor  H  to  the  form  shown  in  the  coefficient  of  the 
g  term. 

An  important  feature  of  equations  (3.5)  is  that  they  re¬ 
duce  to  the  Falkner  Skan  equations  at  downstream  infinity,  see 
(I.  Ghia  and  Davis  (1974).  This  gives  additional  support  to 
the  choice  of  the  streamfunction  and  vorticity  transformations 
given  by  equations  (3.4). 
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Another  important  feature  to  notice  is  that  the  boundary 
conditions  are  free  of  any  c  dependence.  They  can  be  written 
as  follows  (see  figure  4) : 


fe(0,n) 

-  o  , 

(3.6a) 

f (e,0) 

=  0  , 

(3.6b) 

fn(C,0) 

-  0 

(3.6c) 

fnu,~) 

=  1  , 

(3. 6d) 

g  U,«) 

=  0  , 

(3.6e) 

f («, n) 

=  Falkner 

Skan 

solution 

(3 . 6f ) 

g(<,o,n) 

=  Falkner 

Skan 

solution. 

(3.6g) 

We  see  that  f  and  g  are  therefore  similarity-type  variables 
for  the  Navier  Stokes  equations. 

4.  Integral  Equation  Formulation  and  Solution  for  the  Outer 

Inviscid  Flow 

Equations  (3.5)  have  been  solved  with  finite  difference 
methods  which  will  be  discussed  later.  However,  rather  than 
integrate  to  n  =  «  with  a  finite  difference  method,  one  can 
solve  the  external  inviscid  flow  problem  by  means  of  an  inte¬ 
gral  equation  method.  Botta  and  Dijkstra  (1970)  have  dis¬ 
cussed  one  such  method  using  a  Green's  function  approach. 

Inside  the  region  near  the  body  surface  the  vorticity 
function  g  is  nonzero.  However,  away  from  the  body  surface 
the  vorticity  g  dies  out  exponentially  and  the  streamfunction 
variable  f  approaches  an  inviscid  potential  flow.  In  this 
potential  flow  region  the  flow  can  be  represented  by  any  one 
of  several  integral  equations.  In  the  conformal  (C,n)  plane 
these  integral  equations  become  particularly  simple. 

If  we  let  f  =  n+h  to  remove  the  first  order  inviscid  part 
of  the  flow  and  consider  h  to  be  the  perturbation  on  the  outer 
flow  due  to  viscous  effects  we  can  write  the  following  integral 
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equation  for  h  for  a  source  distribution  on  n  =  N  (see  figure 
5) 

<30 

ehn  +  7  /  pr  3x  (xh)  dx  =  0  * 

—  DO 

The  integral  equation  for  a  vortex  distribution  on  n  =  N  is 
00 

(5h)  "  |  t  xh  dx  =  0  .  (4.2) 

—  oo 

The  results  for  a  Green's  function  approach  can  be  found  in 
Botta  and  Dijkstra  (1970) . 

Hess  and  co-workers  have  extensive  experience  in  solving 
integral  equations  of  the  type  (4.1)  or  (4.2),  see  Hess  (1975) 
for  example.  Following  their  procedure,  the  source  distribu¬ 
tion,  (xh) ,  or  the  vortex  distribution,  kh^,  on  n  =  N  is 
assumed  to  be  a  constant  over  an  element  as  a  first  approxi¬ 
mation,  or  to  vary  linearly  over  an  element  as  a  second  approx¬ 
imation.  The  integration  is  then  performed  analytically  for 
a  single  element  with  the  assumed  source  or  vortex  distribution 
and  the  integrals  in  (4.1)  and  (4.2)  are  replaced  with  summa¬ 
tions  over  all  of  the  elements.  When  the  resulting  expressions 
are  evaluated  at  n  =  N  a  set  of  simultaneous  algebraic  equa¬ 
tions  result.  These  equations  can  then  be  used  to  replace  the 
outer  boundary  condition  (3.6d). 

The  advantage  in  using  this  formulation  is  that  greater 
accuracy  can  be  achieved  in  the  solution  of  the  outer  flowfield 
since  one  does  not  need  to  address  the  question  of  how  to  place 
grid  points  near  infinity  in  a  finite  difference  method  to 
properly  handle  the  asymptotic  approach  of  the  inviscid  flow  to 
the  conditions  at  infinity.  In  addition,  this  approach  should 
require  less  computer  time  since  many  mesh  points  can  be  elim¬ 
inated  from  the  finite  difference  computation.  We  have  used 
this  method  in  a  limited  number  of  cases  and  found  that  it 
should  be  pursued  further.  We  do  not  yet  have  enough  experi¬ 
ence  in  using  the  method  to  make  it  as  efficient  as  we  feel  it 
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should  be. 

Wu  and  Thompson  (1973)  have  developed  a  method  which 
solves  the  vorticity  equation  coupled  to  an  integral  equation 
relating  vorticity  to  the  velocity  components.  This  integral 
equation  replaces  the  streamfunction  equation  in  the  entire 
flowfield.  The  method  thus  removes  the  inviscid  portion  of 
the  flowfield  from  the  computation.  If  one  counts  the  number 
of  steps  required  to  solve  this  integral  equation,  it  becomes 
clear  that  even  though  the  method  is  attractive  from  a  theoret¬ 
ical  viewpoint,  it  is  inefficient  for  numerical  calculations 
unless  a  much  faster  method  than  presently  exists  is  developed 
for  solving  the  integral  equation.  Our  limited  experience 
with  the  method  has  led  us  to  abandon  it  at  present  for  this 
reason.  We  have  some  ideas  on  how  the  integral  equation  may 
be  solved  more  efficiently,  but  have  not  yet  explored  them. 


5.  Interacting  Boundary-Layer  Theory 

There  is  growing  evidence  that  the  boundary- layer  equa¬ 
tions,  including  interaction  with  the  external  inviscid  flow, 
are  sufficient  for  handling  many  separated  flow  problems. 

Werle  and  Vatsa  (1974)  have  developed  an  efficient  method  for 
handling  some  types  of  supersonic  separated  flows.  Carter 
(1974),  Carter  and  Wornom  (1975),  Klineberg  and  Steger  (1974) 
and  Briley  and  McDonald  (1975)  have  presented  methods  for  hand¬ 
ling  the  incompressible  separated  flow  problem.  However,  all 
of  these  methods  have  problems  which  indicate  that  improvements 
are  needed.  For  example,  all  of  the  methods  developed  for  in¬ 
compressible  flows  show  very  slow  convergence. 

We  can  easily  develop  interacting  boundary- layer  type 

equations  in  conformal  coordinates  from  the  full  Navier  Stokes 

equations  (3.5).  Expressing  the  equations  in  boundary- layer 

2 

variables  we  find  that  the  g^  +  j  g^  terms  in  equation  (3.5b) 
are  of  third  order  importance  in  terms  of  boundary-layer 
theory.  These  are  the  terms  which  make  the  vorticity  equation 
elliptic  in  the  spacial  variables.  Therefore,  neglecting  them 
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results  in  a  vorticity  equation  which  is  parabolic  in  space 
and  at  the  same  time  is  valid  to  second  order.  We  have  called 
this  equation  a  parabolized  vorticity  equation,  see  U.  Ghia 
and  Davis  (1974).  Therefore,  one  type  of  interacting  boundary- 
layer  theory  has  been  explored  by  solving  the  parabolized  vor¬ 
ticity  equation  along  with  the  full  streamfunction  equation 
(3.5a).  This  set  of  equations  is  valid  in  the  entire  flow- 
field.  Excellent  agreement  has  been  found  between  solutions 
to  this  set  of  equations  and  the  full  Navier  Stokes  equations 
for  separated  and  unseparated  flows,  even  at  fairly  low  Rey¬ 
nolds  numbers.  From  a  numerical  viewpoint  there  is  no  advan¬ 
tage  to  go  further  with  the  vorticity  equation  and  reduce  it  to 
the  first-order  boundary-layer  equation  since  the  parabolized 
vorticity  equation  is  already  of  parabolic  type.  However, 

Werle  and  Bernstein  (1975)  have  explored  further  simplifications 
in  the  vorticity  equation  and  compared  the  results  to  solutions 
of  the  full  Navier  Stokes  equations.  They  find  excellent 
agreement  at  moderate  to  high  Reynolds  numbers. 

The  numerical  advantage  in  the  use  of  a  parabolized  vor¬ 
ticity  equation  with  the  full  streamfunction  equation  is  that 
it  reduces  computer  time  by  about  25%  when  compared  to  the 
solution  of  the  full  Navier  Stokes  equations.  However,  of  more 
importance  from  a  theoretical  viewpoint,  is  the  excellent 
agreement  found  between  the  exact  and  parabolized  vorticity 
models.  These  calculations  show  that  a  boundary- layer  like 
vorticity  equation  is  entirely  adequate  for  calculating  separ¬ 
ated  flows  of  the  type  we  have  considered.  The  coordinate 
system  in  which  the  parabolic  approximation  is  made  is  undoubt¬ 
edly  important.  Even  in  flows  with  large  separations,  the 
parabolic  approximation  may  be  adequate  if  the  correct  coordi¬ 
nate  system  is  used.  It  can  be  shown  that  a  coordinate  system 
based  on  the  inviscid  streamlines,  including  displacement 
effects,  is  always  optimal.  Such  a  coordinate  system  could  be 
the  best  one  for  making  the  parabolic  approximation. 

We  can  proceed  on  and  develop  a  true  interacting  boundary- 
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layer  theory.  The  streamfunction  equation  (3.5a)  is  simplified 
by  neglecting  all  terms  of  higher  order  than  second  in 

2 

boundary- layer  theory.  This  involves  neglecting  the  f  +  —  f 
terms  in  equations  (3.5a).  At  the  same  time  the  3f/3v  term  is 
deleted  since  it  serves  no  purpose  except  in  the  numerical  sol¬ 
ution  of  the  full  equations.  The  resulting  set  of  equations 
are  no  longer  valid  in  the  entire  flowfield,  i.e.  they  are  now 
only  valid  in  the  boundary-layer  region  near  the  body  surface. 
Higher  order  boundary-layer  theory  shows  that  the  external  in- 
viscid  flow  is  disturbed  by  the  effect  of  the  boundary-layer 
displacement  thickness.  This  flow  due  to  displacement  thick¬ 
ness  can  be  calculated  by  one  of  the  integral  methods  discussed 
in  section  4.  It  can  be  shown  that  to  second  order  in  terms  of 
boundary-layer  theory  (see  Van  Dyke  (1962))  the  correct  equa¬ 
tions  are 

2  2 

H  H  H4-H  H 

*  <!  r  *  -^r1  *  ir  '£  +  «£> 

-  f,  <i  *  4r>>’  *  !r  -  «„>  H  '  £  I?  ,5-la> 

and 

f  =  g  .  (5.1b) 

nn 

The  appropriate  boundary  and  matching  conditions  are 

f(C.O)  -  0  ,  (5.2a) 

fnU,0)  -  0  ,  (5.2b) 

g(C»n)  *v  0  as  n  ■  ,  (5.2c) 

and 

prescribe  f^,  f,  nf^-f,  or  ?  as  n  +  «  .  (5. 2d) 

The  outer  edge  matching  condition  (5. 2d)  can  be  handled  in 
several  ways.  For  example,  if  we  let  f  =  n+h  to  remove  the 
first  order  inviscid  flow  we  can  show  from  asymptotic  matching 
that 


370 


nh^  -  h  =  D(e)  =  /  ngdn, 
o 

hn  *£hin(e'0)  ' 

and 

(t»0)  =  -  D(e) 

where 

D(C)  =  tl+hir)(C,  0)16(£) 

The  quantities  (£,0)  and  h^U,0)  are  the  inviscid  values 
evaluated  on  the  body  surface. 

Thus,  if  we  use  a  surface  source  distribution,  we  solve 
the  integral  equation  (4.1)  evaluated  on  n  =  0  , 

oo 

Chiri(f:,0)  =i  /  (xD  (x) )  dx  ,  (5.4a) 

—  oo  ^ 

to  produce  an  edge  condition  for  h  of  the  form 

h  =  nhiriU,0)  -  D(£)  as  n  -  »  .  (5.4b) 

The  quantity  D(£),  which  is  related  to  displacement  thickness, 
is  determined  from  the  boundary- layer  equations  through  equa¬ 
tion  (5.3a) . 

If  we  use  a  surface  vortex  distribution,  we  solve  the 
integral  equation  (4.2)  evaluated  on  n  -  0  , 

CD 

lCD(C)]  -  -  i  /  ^xhin(x,0)dx  ,  (5.5a) 

•  CD  ^ 

to  produce  an  edge  condition  for  nh^-h  the  form 

nh  -  h  =  DU)  as  n  -*■  ®  .  (5.5b) 

n 

The  equations  (5.1)  with  boundary  and  matching  conditions 
(5.2)  and  (5.4a,b)  or  (5.5a,b)  form  a  closed  set.  Messiter's 
(1975)  equations  for  separated  boundary  layers  contain  no 


(5.3a) 

(5 . 3b) 
(5.3c) 

(5.3d) 
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additional  terms  and  therefore  these  equations  are  appropriate 
for  calculating  separated  flows.  The  coupling  between  the 
equations  is  complicated  and  for  this  reason,  numerical  solu¬ 
tion  of  the  equations  is  difficult  and  until  the  present  time 
unsatisfactory  from  a  rate  of  convergence  viewpoint.  Even 
though  equations  (5.1)  are  parabolic  in  space,  the  total  set  of 
equations  is  effectively  elliptic  through  the  edge  conditions 
(5.4a,b)  or  (5.5a,b).  Information  also  propagates  upstream 
through  the  coefficients  in  (5.1a)  in  a  manner  which  is  still 
not  completely  understood.  Werle  and  Vatsa  (1974)  have  found 
that  even  in  the  supersonic  case,  the  interacting  boundary- 
layer  equations  are  boundary  value  in  nature  due  to  upstream 
propagation  of  information  through  the  coefficients  of  the  mom¬ 
entum  equation.  The  very  slow  convergence  of  Carter's  (1974) 
method  for  the  incompressible  case  is  perhaps  due  to  a  somewhat 
less  than  optimal  handling  of  some  terms  in  forming  his  dif¬ 
ference  equations.  All  incompressible  interacting  boundary- 
layer  methods  developed  to  date  seem  to  possess  slow  conver¬ 
gence  . 

We  will  not  go  into  the  details  of  how  we  are  handling  the 
interacting  boundary-layer  equations  here.  We  will  present 
some  results  in  section  7  for  comparison  with  Navier  Stokes 
solutions.  Details  of  the  numerical  scheme  will  be  presented 
in  a  paper  which  will  appear  shortly. 

It  is  important  to  study  interacting  boundary-layer  theory 
for  two  reasons.  First,  better  numerical  schemes  for  handling 
interacting  boundary-layer  theory  should  result  in  better 
schemes  for  solving  the  Navier  Stokes  equations.  Second,  it  is 
important  to  determine  under  what  conditions  interacting 
boundary-layer  theory  is  adequate  so  that  one  can  bypass  the 
computationally  time  consuming  Navier  Stokes  solutions  whenever 
possible. 


6. 


T 


Numerical  Method  for  Solution  of  the  Navier  Stokes 
Equations 

The  present  numerical  method  being  used  to  solve  the 
Navier  Stokes  equations  is  essentially  the  same  as  that  des¬ 
cribed  in  Davis  (1972)  or  U.  Ghia  and  Davis  (1974) .  Some  minor 
modifications  have  been  made  in  the  method  to  incorporate  the 
integral  conditions  described  in  section  4.  In  addition,  a 
version  exists  for  solving  the  equations  in  the  completely 
optimal  coordinates  described  in  Davis  (1974).  Slow  conver¬ 
gence  of  the  method  for  high  Reynolds  number  separated  flows 
has  led  us  to  spend  more  time  on  interacting  boundary-layer 
theory  to  try  to  determine  the  reason  for  slow  convergence. 

At  the  conclusion  of  this  study  of  interacting  boundary- layer 
theory,  it  is  anticipated  that  some  fairly  major  modifications 
will  be  made  to  the  Navier  Stokes  solution  method,  at  J east 
for  high  Reynolds  number  separated  flow  cases. 

Basically  the  present  method  consists  of  the  following. 
Equations  (3.5a)  and  (3.5b)  have  been  developed  so  that  they 
contain  the  similarity  type  boundary- layer  terms.  Therefore, 
one  would  expect  that  the  major  contribution  to  the  solution 
of  the  equations  comes  from  those  terms.  An  ADI  scheme  is 
therefore  most  appropriate  in  solving  the  equations  since  the 
boundary- layer  like  terms  can  be  gathered  in  one  sweep  and 
corrections  made  to  them  in  a  second  sweep.  The  fictitious 
3 f /3  v  term  was  therefore  added  to  equation  (3.5a)  in  order  to 
fully  employ  an  ADI  method.  This  term  disappears  when  the 
solution  approaches  the  steady  state.  With  this  modification 
the  application  of  the  ADI  scheme  is  straightforward  and  the 
first  sweep  consists  of  a  boundary- layer  like  calculation 
performed  in  space  variables  in  a  manner  similar  to  the  method 
developed  by  Blottner  and  Fiugge-Lotz  (1963)  for  solving  the 
boundary-layer  equations.  The  second  sweep  consists  of 
gathering  the  remaining  terms  and  performing  what  may  be  viewed 
as  a  correction  to  boundary-layer  theory. 

As  would  be  expected,  the  method  converges  rapidly  at  all 
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Reynolds  numbers  for  unseparated  problems  which  are  boundary- 
layer  like.  The  method  converges  at  a  slower  rate  for  separ¬ 
ated  flows.  It  is  expected  that  the  reason  for  slower  con¬ 
vergence  of  the  Navier  Stokes  solution  method  for  separated 
flows  is  the  same  as  the  reason  for  slow  convergence  of  inter¬ 
acting  boundary  layer  methods.  This  is  likely  since  the  Navier 
Stokes  method  relies  heavily  on  a  boundary-layer  like  solution 
method  in  the  first  sweep.  We  anticipate  that  any  modifica¬ 
tions  which  improve  convergence  in  the  interacting  boundary- 
layer  calculations  will  result  in  the  same  for  the  Navier 
Stokes  solutions.  Thus  far,  we  have  found  this  to  be  the  case. 

We  still  must  face  the  scaling  problems  which  arise  in 
high  Reynolds  number  separated  flows  as  has  been  indicated  by 
Messiter  (1975)  for  example.  At  present  we  are  using  a  finer 
mesh  near  the  separation  point,  but  in  the  future  we  need  to 
more  fully  explore  transformations  to  stretch  the  regions  of 
difficulty.  This  will  ultimately  be  necessary  in  order  to 
efficiently  and  accurately  calculate  high  Reynolds  number  sep¬ 
arated  flows. 

7.  Results  and  Conclusions 

The  accuracy  and  efficiency  of  the  ADI  numerical  scheme 
developed  and  used  by  the  author  and  his  co-workers  has  been 
well  documented  for  some  simple  unseparated  flows.  For  example, 
Davis  (1972)  has  shown  three  place  agreement  with  several  other 
authors  for  skin  friction  distributions  on  parabolas  and  a 
semi-infinite  flat  plate.  At  the  same  time  the  numerical  pro¬ 
cedure  converged  faster  than  others.  Davis  and  Werle  (1972) 
have  found  the  same  type  of  convergence  and  accuracy  for  flow 
past  a  paraboloid.  They  also  present  results  which  indicate 
how  convergence  rate  depends  upon  time  steps. 

U.  Ghia  and  Davis  (19',4)  have  presented  results  for  low 
Reynolds  number  separated  and  unseparated  flows  past  a  blunted 
flat  plate.  Some  additional  calculations  have  been  performed 
in  order  to  examine  solutions  for  separated  flows  past  these 
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bodies  at  high  Reynolds  number.  While  it  appears  that  we  have 
accurate  solutions  for  the  separated  flows  at  low  Reynolds 
number,  step  size  studies  indicate  that  the  high  Reynolds 
number  separated  flow  solutions  tend  to  be  inaccurate  and  tend 
to  converge  slowly.  We  feel  that  the  accuracy  problem  is  due 
to  poor  resolution  due  to  the  scaling  problems  associated  with 
high  Reynolds  number  separation. 

In  order  to  demonstrate  some  of  the  points  made  in  this 
paper,  we  will  consider  some  solutions  for  flow  past  the 
blunted  flat  plate  used  by  U.  Ghia  and  Davis  (1974) .  Figure 
6  shows  the  geometry  of  the  bodies.  The  flow  at  infinity 
approaches  from  the  left  along  the  y  axis.  The  quantity  a  is 
a  parameter  which  determines  the  body  shape.  Three  cases  are 
shown  in  the  figure.  If  o  =  0,  the  body  is  a  flat  plate  of 
finite  thickness  and  some  results  for  this  case  are  presented 
in  U.  Ghia  and  Davis  (1974) .  The  body  shapes  represented  by 
a  -  0.2  and  a  =  0 . 1  are  chosen  for  this  study  since  the  flows 
over  them  will  not  separate  (a  =  0.2)  and  nearly  separate  or 
separate  (a  =  0.1). 

In  applying  our  numerical  procedures,  the  infinite  region 
extending  from  £  =  0  to  £  =  °°  in  the  conformal  plane  (see 
figure  4)  is  transformed  to  a  finite  region  extending  from 
s  =  0  to  s  =  1,  see  U.  Ghia  and  Davis  (1974) .  The  locations 
of  several  values  of  s  are  shown  in  figure  6  for  reference. 

The  n  coordinate  is  also  transformed  to  a  N  coordinate,  see 
U.  Ghia  and  Davis  (1974)  ,  but  we  do  not  need  to  discuss  that 
since  results  will  only  be  presented  for  skin  friction  on  the 
body  surface. 

The  Navier  Stokes  equations  (3.5a,b)  and  the  interacting 
boundary- layer  equations  (5.1a,b)  and  (5.4a,b)  have  been  in¬ 
tegrated  numerically  under  identical  conditions.  The  same 
transformations,  variables,  and  3tep  sizes  have  been  used. 

Figure  7  presents  results  for  the  surface  skin  friction 
function  gw  for  the  case  of  a  =  0.2  with  40  steps  in  the  s 
direction  and  100  steps  in  the  N  (transformed  n)  direction. 
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The  Reynolds  number,  Re,  is  based  on  the  body  nose  radius  of 
curvature.  The  interacting  boundary- layer  calculations  are  in 
excellent  agreement  with  the  Navier  Stokes  calculations  for 
high  Reynolds  numbers.  At  a  Reynolds  number  of  100  one 
notices  a  departure  between  the  two  results,  which  is  to  be 
expected. 

In  figure  8  one  notices  a  similar  trend  for  a  =  0.1. 
However,  this  case  indicates  that  at  high  Reynolds  number  the 
flow  is  nearly  separated  at  around  s  =  0.35.  Figure  9  in¬ 
dicates  that  on  closer  examination  with  more  grid  points,  the 
flow  is  in  fact  separated  around  s  =  0.35  at  Re  =  1010  and 
that  many  more  grid  points  are  needed  to  properly  resolve  the 
separated  flow  region. 

This  last  calculation,  shown  in  figure  9,  demonstrates  one 
of  the  main  problems  associated  with  high  Reynolds  number  se¬ 
parated  flows.  The  problem  of  resolution  in  a  separation  re¬ 
gion  for  low  Reynolds  number  flows  will  not  demonstrate  nearly 
as  severe  a  problem.  We  hope  to  be  able  to  demonstrate  that 
the  inaccuracy  at  high  Reynolds  number  is  associated  with  the 
severe  scaling  problems  indicated  by  Messiter  (1975)  and 
Sychev's  (1972)  theory. 
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ABSTRACT 


Since  the  boundary  layer  equations  for  the  present  case 
must  be  written  in  curvilinear  coordinates,  a  procedure  for 
calculation  of  metrics  and  curvatures  for  two  coordinate  axes 
must  be  available.  This  paper  gives  a  brief  description  of 
such  a  procedure,  which  also  includes  streamline  tracing,  based 
on  the  Hess  &  Smith  method  for  potential  flow. 

The  boundary  layer  equations  are  solved  in  their  integral 
form,  using  empirical  relations  due  to  Michel  et  al.  Cross¬ 
wise  derivatives  are  taken  into  account  in  an  iterative  way, 
so  the  solution  is  not  restricted  to  small  cross-flows.  The 
boundary  layer  on  a  ship  model  is  used  as  a  test  case  and  com¬ 
parisons  are  given  with  previous  measurements  by  the  author. 

1 .  Introduction 

The  interest  in  calculations  of  the  flow  around  ship  hulls 
has  grown  rapidly  during  the  last  few  years.  One  reason  may  be 
that  the  present  day  lack  of  knowledge  of  the  fundamental  nature 
of  the  flow  has  made  it  very  difficult  to  make  resistance  pre¬ 
dictions  for  modern  ships  which  are  not  within  the  limits  of 
previous  experience.  Wake  prediction  in  connection  with  pro¬ 
peller  construction  is  another  field  where  increased  knowledge 
of  the  governing  flow  laws  would  be  very  welcome.  This  holds 
also  for  the  design  of  other  appendages  such  as  rudders,  bilge 
keels,  scoops,  etc. 
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The  boundary  layer  is  characterized  as  the  flow  region 
where  viscous  forces  play  a  part.  To  first  approximation,  this 
region  is  thin  compared  to  any  relevant  dimension  of  the  body 
and  has  therefore  by  assumption  no  influence  on  the  outer  po¬ 
tential  flow  which  must  be  calculated  to  obtain  the  pressure 
distribution.  A  survey  of  methods  for  the  computation  of  three- 
dimensional  turbulent  boundary  layers  has  been  written  by  the 
author  /!/ . 

Some  attempts  have  been  made  to  calculate  the  boundary 
layer  on  ships  and  ship  models  /2/.  In  what  appears  to  be  the 
first  approach,  Uberoi  in  1968  developed  a  method  which  was 
purely  two-dimensional.  This  method  is  unsatisfactory,  since 
strong  three-dimensional  effects  occur  in  ship  boundary  layers. 
Later  Gadd,  Webster  s  Huang  and  von  Kerczek  developed  pro¬ 
cedures  which  take  the  main  three-dimensional  effects  into 
account,  although  in  an  approximate  manner.  (They  use  the 
small  cross-flow  approximation  explained  below.)  The  most 
ambitious  calculation  method  reported  up  to  now  is  the  one  of 
Himeno  &  Tanaka.  While  the  other  procedures  are  base'  on  methods 
previously  developed,  Himeno  &  Tanaka  employed  an  i  .ation  (the 
moment  of  momentum  equation)  which  has  not  previously  been  used 
in  three-dimensional  calculations.  Furthermore,  their  method  is 
fully  three-dimensional.  In  all  calculation  methods  the  integra¬ 
ted  forms  of  the  governing  equations  have  been  employed,  see 
Chapter  2. 


2 .  Governing  equations 

The  coordinate  system  to  be  used  is  shown  in  Figure  1.  It 
is  an  orthogonal  curvilinear  system  based  on  the  streamlines 
and  equipotential  lines  of  the  potential  flow.  Since  the  boun¬ 
dary  layer  is  assumed  to  be  thin,  these  lines,  calculated  at  the 
surface,  are  assumed  to  coincide  with  the  projection  of  their 
counterparts  just  outside  the  boundary  layer  in  the  real  case. 
Another  implication  of  the  boundary  layer  approximation  is  that 
the  bending  of  the  z-axis  (normal  to  the  surface)  within  the 


layer  is  negligible.  The  system  is  thus  curved  only  in  x  and  y 

Due  to  the  bending  of  the  axes  the  corresponding  coordi¬ 
nates  are  stretched  <cf  Figure  1)  in  a  non-uniform  manner.  The 
stretching  is  taken  into  account  by  the  metrics  hi  and  h2, 
which  are  functions  of  x  and  y.  An  element  of  length,  dl,  in 
this  coordinate  system  may  thus  be  written 

dl2  =  hi2dx2  +  h2  2dy2  +  dz2  (1) 

The  geodesic  curvatures  Ki2  of  the  x-axis  and  K2 i  of  the 
y-axis  are  connected  to  the  metrics  via  the  relations 
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in  the  present  calculation  method  an  integrated  form  of 
the  governing  equation  is  used.  The  integration  has  been 
carried  out  in  the  z-direction  and  the  following  variables 
appear 


Fig  1.  Surface  coordinate  system 
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where  y  =  (u,  v,  w)  is  the  mean  velocity  vector,  whose  magnitude 
is  equal  to  ug  at  the  boundary  layer  edge. 

The  governing  equations  become  in  terms  of  these  quantities 
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0)  is  the  wall  shear  stress  vector  defined 
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The  primed  quantities  u',  v',  w'  are  the  fluctuating  parts 
of  the  components  of  the  velocity  vector. 

Calculation  methods  of  this  type  -  integral  methods  -  are 
mathematically  simpler  than  the  so  called  finite  difference 
methods.  The  latter  are  based  on  the  equations  from  which  (4a,  b) 
have  been  obtained  by  integration  in  the  z-direction.  On  the 
other  hand  more  empirical  input  is  needed  to  connect  the  integral 
quantities  to  each  other  in  the  first  case.  In  Chapter  4  the 
relations  used  in  the  present  method  are  given.  First,  however, 
an  account  will  be  given  of  the  method  for  calculation  of 
metrics  and  curvatures. 
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3.  Calculation  of  geometrical  properties 

A  non-trivial  part  of  a  calculation  procedure  of  this 
kind  is  the  construction  of  the  coordinate  system  and  the 
calculation  of  the  metrics  hj  and  h2  and  the  curvatures  Kj2 
and  K2 i .  There  are  two  principal  approaches  which  have  been 
in  use  for  such  a  calculation.  Either  the  shape  of  the  surface 
may  be  transformed  by  conformal  mapping  to  a  simpler  one  and 
the  geometrical  properties  calculated  analytically,  or  the 
surface  may  be  approximated  by  spline  functions,  in  which  case 
hi,  h2  etc  are  obtained  entirely  by  numerical  methods.  The 
latter  method  is  employed  here. 


3.1  Streamline  tracing  (GEOM  1) 

The  coordinate  system,  x,  y,  z,  for  the  boundary  layer 
equations  is  based  on  the  streamlines  and  equipotential  lines 
on  the  surface  of  the  hull.  These  lines  are  obtained  from  a 
potential  flow  solution  using  the  Hess  a  Smith  (Douglas)  method 
/3/.  Since  this  method  produces  "correct"  results  only  at  a 
limited  number  of  points,  null  points,  on  the  surface,  an  inter¬ 
polation  procedure  has  to  be  adopted. 

To  facilitate  this  interpolation  (and  also  the  tracing) , 
the  projection  of  the  hull  surface  in  the  X,  Z’  plane  is  con¬ 
sidered,  according  to  Figure  3.  X,  Y,  Z  are  Cartesian  coordi¬ 
nates  defined  in  Figure  2.  Transformation  of  the  coordinates  and 
direction  cosines  (a,  8,  y)  from  this  system  to  the  primed  one 
is  trivial. 

Given  the  starting  point  for  each  streamline  the  tracing 
is  carried  out  by  numerically  integrating  the  relation 


dZ' 

dX 


k 


(5) 


where  k  =  y'/ct  is  known  at  each  projected  null  point.  To  inter¬ 
polate  between  the  known  k’s  the  method  shown  in  Figure  4  has 
been  adopted.  By  matching  a  spline  function  through  the  values 
of  k  obtained  along  each  row  of  null  points  its  value  at,  say, 

X  *  Xo  may  be  obtained  at  a  number  of  Z'  coordinates.  Then 
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*  POINTS  WHERE  k  IS  KNOWN 


k  OBTAINABLE 
ALONG  THIS  LINE 


■»  X 


Fig  4.  Interpolation  in  the  X,  z'  plane 

applying  the  function  to  these  calculated  values,  k  may  be  ob¬ 
tained  at  an  arbitrary  coordinate  Z '  =  Z ' 0 •  It  is  required 
that  the  projection  of  the  null  points  in  the  X,  Z'  plane  lie 
on  smooth  lines.  This  is  easily  obtained,  however,  by  defining 
the  surface  in  a  regular  manner  in  the  input  to  the  Douglas 
program. 

The  integration  of  equation  (5)  is  carried  out  using  the 
Runge-Kutta  method.  All  streamlines  are  traced  simultaneously 
with  the  same  step  size,  which  reduces  the  storage  requirements 
Only  two  cross-wise  (along  X  =  const)  splines  are  then  needed 
for  all  lines  when  marching  forward  one  step. 

3.2  Calculation  of  pressure  derivatives,  metrics  and  curva¬ 
tures  (GEOM  2) 

The  main  task  for  this  program  is  to  calculate  the  curva¬ 
tures  Ki2  and  JC2 1  defined  by  equations  (2).  Thus,  the  metrics 
and  their  derivatives  must  be  obtained  first.  Since  all  calcu- 
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lations  are  carried  out  in  the  X,  Z'  plane  a  transformation  of 
derivatives  to  the  hull  surface  must  be  carried  out.  The  slope 
of  the  hull  function  Y'  =  Y*  (X,  Z')  is  then  needed.  Since  the 
longitudinal  pressure  derivative  must  also  be  known  to  solve 
the  governing  equations,  it  appears  that  there  are  four  depen¬ 
dent  variables  in  this  program.  They  are:  the  metrics  hi  and  h2, 
the  hull  function  Y'  and  the  pressure  coefficient  C^. 

Three  sets  of  independent  variables  are  used,  x  and  y  are 
already  defined,  s  and  n  are  the  corresponding  arc  lengths  and 
s'  and  n'  are  the  lengths  along  the  projected  lines.  It  should 
be  mentioned  that  s,  n  and  s',  n'  do  not  form  coordinate  systems 
which  implies  that  partial  derivatives  with  respect  to  these 
variables  strictly  speaking  have  no  meaning.  However,  for  the 
ordinary  derivative  along  a  streamline,  a  symbol  s  is  used  as 
shorthand  and  along  its  projection  the  index  s';  n  and  n*  are 
used  correspondingly. 

The  first  metric  hi  is  easily  calculated  from  the  formula 
hi  =  l/ue»  which  is  obtained  by  putting  dx  *  d$,  where  <f>  is  the 
velocity  potential.  The  relation  is  obvious  for  a  coordinate 
system  based  on  the  potential  flow,  since  by  definition 

ue  =  ^Hs^s  and  ds  =  (along  a  streamline) 


The  calculation  of  I12  is  considerably  more  complicated.  In 
Reference  /5/  a  derivation  is  given  of  the  following  expression 
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Thus  h2  is  inversely  proportional  to  3y/3z',  which 
is  a  measure  of  the  closeness  of  the  projected  streamlines  (y  = 
const)  in  the  X,  Z'  plane.  The  expression  within  brackets  ap¬ 
pears  because  the  hull  surface  is  not  parallel  to  the  plane 
and  the  projected  lines  are  not  parallel  to  the  Z'  axis. 

There  are  two  types  of  derivatives  within  the  brackets. 
(dZ'/dX)8,  and  (dX/DZ')n,  are  the  slopes  of  the  streamlines 
and  equipotential  lines  respectively  (the  inverse,  in  the 
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latter  case)  in  the  X,  Z'  plane.  The  first  one  is  already  known 
as  k  from  the  streamline  tracing,  while  the  second  one  must  be 
calculated  according  to  a  formula  derived  in  /5/,  namely. 


'dzT;  n' 


3Y' ,dY* , 
3ZTldX  s ' 


+  <^0 
MX  ' s' 


mrnr,  + ! 

3X  MX  's' 


(7) 


The  other  types  of  derivatives,  appearing  in  (6)  as  well  as 
in  (7)  are  connected  with  the  hull  function  Y'  =  Y' (X,  Z').  They 
are  in  fact  the  partial  derivatives  with  respect  to  X  and  Z'. 

The  hull  function  is  defined  by  the  points  used  as  input 
in  the  Douglas  program.  In  order  to  obtain  its  value  at  points 
along  the  projected  streamlines  the  interpolation  procedure  de¬ 
scribed  above  for  k  has  been  used.  Thus  the  derivative  in  the 
Z'  direction  is  obtained  directly  from  the  "cross-wise"  spline 
connecting  values  at  X  =  X0 ,  Figure  4.  The  derivative  along  s' 
is  easily  obtained  by  applying  the  spline  to  the  values  calcu¬ 
lated  along  each  streamline.  If  X  is  taken  as  the  independent 
variable,  (3Y',’*X)g,  is  obtained.  Using  these  two  derivatives 
of  Y' ,  the  partial  derivative  in  the  X  direction  may  easily  be 
calculated. 


3Y'  ,dY',  3Y'  .dZ' 

3X  MX  's’  ~  3Z'  MX  's' 


(8) 


Thus  all  derivatives  necessary  to  compute  h2  have  been 
obtained.  However,  some  further  comments  will  be  given. 

It  will  be  seen  that  h2  appears  in  the  final  equations 
only  in  the  expression  for  K2 i •  Since  the  h2  derivative  there 
is  divided  by  h2  itself,  only  the  relative  change  along  x  is 
important.  Its  absolute  value  as  well  as  its  derivative  in  the 
y  direction  at  the  starting  point  of  each  streamline  may  thus 
be  chosen  arbitrarily.  In  this  method  the  value  of  y  (cf  equa¬ 
tion  (6))  for  each  streamline  (y  =  const)  has  been  chosen  as 
the  Z'  coordinate  for  its  starting  point,  i  e  3y/3Z'  is  unity 
at  this  point. 

It  now  remains  to  calculate  the  derivatives  with  respect 
to  y  for  hi  and  with  respect  to  x  for  h2 .  According  to  defini- 
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tions  of  hi  and  I12  an  element  of  length  along  the  hull  may  be 
written 


dl2  =  hi2dx2  +  h22dy2 

Along  a  potential  line  dx  =  0,  which  implies 

.  _  dn  _  .  ,d  .  _  3  dy  <  /d  ,  _  1  3 

2  dy  dn  n  9y  dn  '  dn  n  h2  3y 

K 1 2  may  thus  be  calculated  using  the  formula 

v  =  1  rdhM 
Kl2  hi  dn  n 
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Now  the  derivative  along  n  may  be  obtained  from  the  deriva¬ 
tive  along  n’, 

I-  V* 
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In  /5/  there  is  a  derivation  of  an  expression  for  (d/dn'), 
given  the  derivatives  (d/ds*)  .  and  3/3Z' 
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The  derivatives  of  t»i  appearing  in  this  expression  are 
easily  obtained  by  putting  splines  through  the  values  of  hi 
along  s'  and  Z'.  Other  derivatives  have  been  given  previously. 
The  curvature,  Kz 1 ,  can  be  calculated  from  the  formula 


K2i 


_1_  ,dh 
h2  'ds 


) 


s 


(14) 


By  using  formulae  analogous  to  (12)  this  curvature  may 
also  be  evaluated. 

The  final  point  to  be  mentioned  in  this  section  is  the 
calculation  of  the  longitudinal  pressure  derivative.  No  compli¬ 
cation  occurs  using  the  relevant  parts  of  the  above  analysis, 
i.  e.  interpolations  are  carried  out  in  the  same  way  as  for  k  and 
derivatives  along  s  are  then  obtained  as  for  h2 . 
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3.3  Tests 


GEOM  1  and  GEOM  2  were  tested  on  an  ellipsoid  2. 0:1. 5:1.0, 
parallel  to  the  flow.  Three  runs  were  made:  one  using  analytical 
input  to  the  GEOM  programs,  another  using  results  from  the 
Douglas  program  and  a  third  using  the  same  results  smoothed  in 
a  separate  procedure. 

The  error  in  the  streamline  tracing  was  found  to  be  ex¬ 
tremely  small.  Thus,  when  tracing  a  line  from  a  point  close  to 
the  nose  up  to  the  middle  of  the  body,  in  no  case  was  the  devi¬ 
ation  from  the  analytical  streamline  greater  than  0.01%  of  the 
minor  axis.  Forty  steps  were  used  in  the  calculations. 

In  Figure  5  the  calculated  Ki2  and  K2 1  are  shown.  Com¬ 
paring  them  with  the  analytical  value  it  is  seen  that  the 
errors  are  of  the  order  of  a  few  per  cent  if  input  from  the 
Douglas  program  is  used.  However,  using  exact  input  to  GEOM  1 
and  GEOM  2,  the  errors  are  virtually  zero.  It  may  be  remarked 
that  smoothing  was  applied  to  the  output  from  the  Douglas  pro- 


Fig  5.  Curvatures  on  an  ellipsoid 


\ 

gram  only  to  test  the  smoothing  procedure.  Ir.  cases  where  these 
calculations  are  based  on  input  obtained  from  a  working  drawing, 
smoothing  is  essential. 

4 .  Calculations  of  the  boundary  layer 

As  mentioned  in  Chapter  2  the  present  method  is  of  the 
integral  type,  based  on  the  equations  (4) .  It  is  seen  that 
these  relations  contain  seven  unknowns:  five  integral  proper¬ 
ties  according  to  (3)  and  two  shear  stresses.  Since  there  are 
only  two  equations  five  further  relations  must  be  found.  The 
ones  used  here  may  be  classified  as 

1.  An  auxiliary  equation 

2.  A  skin  friction  relation 

3.  A  velocity  profile  family 

The  first  two  are  necessary  also  in  two-dimensional 
calculations,  while  the  third  point  is  specified  for  three- 
dimensional  cases.  A  profile  family  represents  the  three- 
dimensional  velocity  profile.  Figure  6,  thus  providing 
relations  between  the  integral  properties  according  to  (3) . 

In  earlier  work  the  author  /4/  tested  a  large  number  of 
assumptions  under  points  2  and  3.  Comparing  quantities 
measured  in  the  boundary  layer  on  a  ship  model  with  the 
results  of  the  assumptions,  it  was  found  that  most  skin 
friction  laws  produced  very  good  results,  while  the  velocity 
profiles  were  rather  poorly  predicted  in  the  cross-wise 
direction.  Longitudinal  velocity  profiles  were,  however,  quite 
well  represented.  As  a  result  of  this  work  the  skin  friction 
and  profile  relations  of  Michel  et  al  were  adopted.  The  entrain¬ 
ment  equation,  due  to  Head,  was  taken  as  the  auxiliary  equation, 
as  in  practically  all  other  three-dimensional  integral  methods. 

4 . 1  Boundary  layer  equations 

In  equations  (4)  the  following  relations  are  introduced 
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CROSS -WISE 
VELOCITY  PROFILE 


Fig  6.  A  three-dimensional  velocity  profile 
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Ci  and  C2  are  cross-wise  derivatives,  which  are  calculated 
after  taking  one  step  along  each  streamline.  When  taking  this 
step  they  are  thus  considered  as  constants.  The  differential 
equations  then  become  ordinary  ones  and  may  be  solved  along 
each  streamline  separately.  Replacing  1/hi  •  3/9x  by  d/ds 
(cf  equation  (10)),  (4)  may  be  written 


du 


■{2  +  H,2) 


K2 1  (0i  1  “622) 


Ci 


(18a) 


dp2  1 

ds 


w 


202  i  (— 

e 


K2i) 


+ 


+  Ki201l(l'*’Hi2)^*Ki2022“C2  (1 8b  ) 

The  entrainment  equation  reads,  according  to  Michel  et  al 

d(gd"s6l)- =  ~  &  +  K’‘>  +  c*  (19) 

e 


where 


P  =  0.074  G 


1.0957 


Y  = 


G  =  »1 2.  -  1 
YHl2 


1  X 

C3  =  r—  tt— ^ another  cross-wise  derivative 
h2  dy 


(20) 


and  6  is  the  boundary  layer  thickness. 

The  skin  friction  cfx  is  calculated  from  the  relation 


2  1  ue6‘ 

c“  =  -m-V  +  D*<G) 


(21) 


where 


D*  (G)  =  2G  -  4 . 25  +  2.12  (G  <  300) 


Michel's  cross-flow  relations  are  very  lengthy  and  will 
not  be  written  out  here.  They  may  be  found  in  /5/.  In  prin¬ 
ciple  an  equation  for  62  as  a  function  of  02i  is  solved  first, 
and  the  parameters  Bw,  612  and  022  are  obtained  thereafter  by 
putting  6 2  in  analytical  formulae.  The  quantities  to  be  ob¬ 
tained  by  the  relations  (18a,  b) ,  (19)  and  (21)  are  thus:  0ii, 
02i,  Hi 2  and 


4 . 2  Solution  procedure 

In  most  calculation  methods  the  derivatives  C1-C3  are  put 
equal  to  zero.  The  so  called  "small  cross-flow  approximation" 
is  then  obtained.  As  a  measure  of  the  applicability  of  this 
approximation  the  wall  cross-flow  angle  6w  is  usually  used.  It 
is  obvious,  however,  that  it  is  not  the  magnitude  of  8w,  but 
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its  derivative  in  the  cross-wise  direction  which  is  important. 
Previous  measurements  by  the  author  /4/  have  shown  that  this 
derivative  is  not  small  at  the  afterbody  of  a  ship. 

Therefore,  an  attempt  has  been  made  here  to  extend  the 
method  to  take  cross-wise  derivatives  into  account  in  an  itera¬ 
tive  way.  As  explained  above,  C1-C3  are  considered  as  constants 
when  taking  one  step  along  each  streamline.  After  taking  the 
step  the  derivatives  are  calculated  by  matching  spline  functions 
through  the  values  obtained  for  all  streamlines  at  this  X  posi¬ 
tion.  The  cross-wise  derivative  (along  x  =  const)  is  then  ob¬ 
tained  by  a  special  routine,  NODER,  which  makes  use  of  the 
derivatives  for  constant  X  and  the  derivative  along  the  stream¬ 
line,  several  properties  calculated  in  GEOM  2  then  being  used. 

The  updated  values  of  C1-C3  are  put  in  and  the  step  is  re¬ 
peated  until  the  value  of  Ci  changes  less  than  one  per  cent 
between  two  iterations.  For  the  ship  model  described  below  this 
usually  occurs  after  5-6  iterations  over  the  main  part  of  the 
hull.  At  the  afterbody,  however,  more  iterations  are  needed. 

The  initial  guess  for  one  step  is  taken  as  the  converged  solu¬ 
tion  from  the  previous  step.  Integration  is  carried  out  using 
the  Runge-Kutta  method. 


4.3  Tests 


Cumpsty  &  Head's  /6/  infinite  swept  wing  has  been  used  as 
a  test  case  for  the  boundary  layer  program.  This  is  an  analyti¬ 
cally  specified  case  in  which  the  chordwise  velocity  falls 
linearly  across  the  wing.  Since  no  derivatives  occur  spanwise, 
a  relation  between  stream-  and  cross-wise  derivatives  may  be 
deduced 


_1_  1_  =  _  %  _1_  3_ 
h?  3y  u^  hi  3x 


(22) 


where  u^  and  u^  are  the  external  velocities  along  and  normal  to 
streamlines  respectively. 

In  Figure  7  two  fully  three-dimensional  calculations  using 
the  present  method  are  compared  with  the  calculations  of  Cumpsty 
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Fig  8.  Model  720  SSPA.  Calculated  streamlines 

*  Head  and  Fannelop  &  Humphreys  /l / .  In  one  of  the  present  runs 
equation  (22)  was  used,  as  in  the  other  two  methods.  The  most 
interesting  curve  is,  however,  the  one  representing  the  fully 
three-dimensional  calculation,  using  five  adjacent  streamlines 
and  the  above  theory.  Obviously  three-dimensional  effects  are 
well  predicted  in  this  case. 

5 .  Calculations  for  a  ship  model 

In  Reference  /4/  an  experimental  investigation  of  the  boun¬ 
dary  layer  on  a  ship  model  is  described.  Three-dimensional  velo¬ 
city  profiles  have  been  measured  at  a  number  of  stations  along 
eight  streamlines,  see  Figure  8. 

Results  from  a  calculation  using  the  present  method  are  com¬ 
pared  with  measurements  in  Figure  9a,  b,  c.  Curves  are  shown  for 
Streamlines  Nos  2  and  5,  both  of  which  are  in  important  charac¬ 
teristic  regions  of  the  flow.  Streamline  No  2  passes  through  a 
region  of  the  afterbody  where  the  boundary  layer  is  fairly  thin, 
i.  e.  where  the  boundary  layer  approximation  should  be  applicable. 
On  the  other  hand,  this  streamline  bends  more  sharply  than  the 
others,  which  means  that  large  three-dimensional  effects  must 
occur. 

Streamline  No  5  passes  the  bilge  and  goes  into  a  region  of 
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Fig  10.  Model  720  thickened  by  the  displacement  thickness 

very  convergent  streamlines  at  the  afterbody.  Thus  the  boundary 
layer  thickness  increases  very  rapidly  and  it  may  be  suspected 
that  the  governing  equations  do  not  hold.  It  should  be  remarked 
that  although  the  line  is  fairly  straight,  large  cross-flow 
derivatives  occur,  since  the  surrounding  lines  are  bent  in  dif¬ 
ferent  directions. 

Four  calculations  are  shown  in  Figure  9a,  b,  c.  Complete 
solutions  as  well  as  small  cross-flow  solutions  have  been  ob¬ 
tained  for  two  pressure  distributions.  Thus  the  potential  flow 
has  been  calculated  not  only  for  the  real  model,  but  also  for  a 
model  thickened  by  the  measured  displacement  thickness,  Figure  10 

It  appears  from  Figure  9a  that  both  small  cross-flow  solu¬ 
tions  yield  too  large  momentum  thicknesses  for  Streamline  No  2, 
while  the  solutions  using  the  complete  equations  are  very  good. 
The  difference  between  the  two  potential  flows  is  small  here  and 
the  corresponding  solutions  are  very  similar.  For  Streamline  No 
5,  however,  the  calculation  for  the  thickened  model  is  better 
than  the  one  for  the  real  model  using  the  small  cross-flow  ap- 
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proximation,  while  both  fully  three-dimensional  calculations 
produce  very  poor  results  at  X  >  500,  due  to  excessively  large 
cross-wise  derivatives. 

The  sharp  bends  in  the  cross-flow  angle  distributions. 

Figure  9b,  along  Streamline  No  2  are  quite  well  reproduced, 
indicating  that  three-dimensional  effects  are  well  accounted 
for  as  long  as  the  boundary  layer  is  thin.  Unfortunately  this 
is  not  the  case  over  the  main  part  of  the  afterbody.  The  solu¬ 
tion  is  poor  not  only  on  Streamline  No  5,  but  also  on  Nos  4  and 
6,  which  are  not  shown.  For  Nos  7  and  8  the  wrong  sign  of  6w  is 
predicted  at  the  aftermost  stations. 

Like  the  momentum  thickness  the  skin  friction  in  Figure  9c 
exhibits  a  peculiar  development  along  Streamline  No  2.  The 
c^  rises  in  the  region  X  =  500-700,  thereafter  dropping 
rapidly.  The  predictions  are,  however,  quite  good. 

In  the  complete  calculations  presented  the  cross-wise  deri¬ 
vatives  have  been  obtained  by  using  five  adjacent  streamlines 
(more  closely  spaced  than  in  Figure  8)  and  the  solution  procedure 
according  to  4.2.  Initial  values  for  each  streamline  have  been 
taken  from  measurements  at  X  =  -  600.  By  using  this  procedure 
solutions  in  regions  where  the  boundary  layer  is  thin  may  be  ob¬ 
tained  up  to  X  =  900,  while  in  other  regions  the  solutions  break 
down  much  earlier. 

Of  course  erroneous  boundary  conditions  are  used  in  a  method 
of  this  kind,  so  a  check  was  carried  out  of  the  errors  introduced 
in  this  way.  This  was  done  by  calculating  a  solution  for  23 
streamlines  between  the  LWL  and  the  £.  Outside  these  lines,  which 
lie  in  planes  of  symmetry,  calculations  were  made  simultaneously 
for  three  extra  streamlines .  The  boundary  conditions  at  the 
planes  of  symmetry  were  thus  quite  well  satisfied.  Fortunately 
the  solution  deviated  very  slightly  from  the  results  presented 
here  up  to  X  =  650,  where  the  calculations  broke  down  at  Stream¬ 
line  No  5. 

In  all  calculations  described  75  steps  were  used  between 
X  =  -  600  and  X  =  900.  However,  to  investigate  the  influence  of 
the  longitudinal  step  size  a  separate  run  was  made  using  all 
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streamlines  and  the  step  size  reduced  to  1/5  for  X  >  400.  The 
solution  was  nearly  identical  to  the  one  mentioned  above,  so  it 
may  be  concluded  that  75  steps  is  enough. 

Calculations  of  this  flow  have  also  been  carried  out  by 
Cebeci  et  al  /8/.  They  used  a  finite  difference  method  and  only 
small  cross-flow  solutions  were  obtained.  In  /8/  the  results 
along  Streamlines  Nos  3  and  5  are  given.  To  the  accuracy  of  the 
diagrams  they  coincide  with  the  corresponding  solution  using  the 
present  method  (potential  flow  for  the  real  body) .  Although  both 
calculations  are  based  on  geometrical  properties  from  GEOM,  it 
is  surprising  that  the  two  boundary  layer  calculation  methods, 
being  of  very  different  types,  can  produce  nearly  identical 
results. 

6.  Conclusions 

A  method  for  the  calculation  of  three-dimensional  turbulent 
boundary  layers  around  shiplike  bodies  has  been  presented.  In  the 
first  part  geometrical  properties  related  to  the  coordinate  sys¬ 
tem  are  calculated.  This  procedure  has  produced  very  accurate 
results  when  applied  to  an  analytical  case. 

In  the  second  part  the  boundary  layer  equations  are  solved 
in  integral  form.  Cross-wise  derivatives  are  taken  into  account 
by  iteration.  When  applied  to  a  well  known  test  case  this  part  of 
the  method  produced  results  very  similar  to  those  obtained  by  two 
other  methods. 

Calculations  for  a  ship  model  showed  good  agreement  with 
measurements  over  the  main  part  of  the  hull.  However,  at  the 
afterbody  reliable  solutions  could  be  obtained  only  in  a  small 
region.  Elsewhere  the  boundary  layer  equations  are  thought  not  to 
be  valid,  due  to  the  thick  boundary  layer.  Nearly  identical  re¬ 
sults  have  been  obtained  by  the  present  method  and  a  finite  dif¬ 
ference  method  due  to  Cebeci  et  al. 
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CALCULATION  OF  THREE-DIMENSIONAL  BOUNDARY  LAYERS 
ON  SHIP  HULLS 

Tuncer  Cebaci,  Kalla  Kaups  and  Judy  Raimay 

Douglas  Aircraft  Company 
Long  Beach,  California  90846  U.S.A. 


ABSTRACT 

This  paper  describes  a  general  method  for  calculating  three-dimensional 
laminar  and  turbulent  boundary  layers.  The  method,  developed  under  a  three- 
year  NSRDC  Contract,  uses  the  eddy-viscosity  concept  to  model  the  Reynolds 
shear-stress  terms.  The  governing  equations  are  solved  by  a  very  efficient 
two-point  finite-difference  method  used  earlier  by  Keller  and  Cebecl  for  two- 
dimensional  flows  and  later  by  Cebecl  for  three-dimensional  flows. 

During  the  three-year  period  this  method  has  been  used  to  compute 
laminar  and  turbulent  flows  past  Infinite  swept  cylinders,  flows  restricted 
to  small  cross-flow,  and  fully  three-dimensional  flows  In  general  curvilin¬ 
ear  orthogonal  coordinates.  The  accuracy  of  the  method  was  thoroughly  stud¬ 
ied  with  the  available  experimental  data  and  with  the  results  obtained  by 
Bradshaw's  method.  Based  on  these  studies  we  find  the  method  to  be  quite 
accurate  and  efficient.  A  typical  computation  time  for  a  laminar  or  turbu* 
lent  flow  consisting  of  thirty  streamwise  stations,  fifteen  crosswise  sta¬ 
tions  with  thirty  points  across  the  boundary  layer  is  approximately  30 
seconds  of  CPU-time  on  an  IBM  370/165  computer. 


Principal  Rotation 


A  Van  Driest  damping  parameter,  see  (3.4b) 

Cf  local  skin  friction  coefficient  In  streamwlse  direction 
f  transformed  vector  potential  for  ip 

g  transformed  vector  potential  fbr  ♦ 

hj.l^  metric  coefficients 


n 
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hj  net  spacing  In  n-dlrectlon 

H  boundary- layer  shape  factor,  see  (6.4) 

kn  net  spacing  In  x-dl recti on 

Ki,K2  geodesic  curvatures,  see  (2.4b) 

L  modified  mixing  length,  see  (3.4a) 

p  static  pressure 

q  velocity  vector  parallel  to  surface 

q  magnitude  of  velocity  vector 

qe  magnitude  of  velocity  vector  at  the  boundary-layer  edge 

Rs  Reynolds  nunber,  ueS]/v 

s  arc  length  along  coordinate  line 

?  shear  vector  3q/3y 

u.v.w  velocity  components  In  the  x,  y,  z  directions 
x  curvilinear  surface  coordinate 

y  distance  normal  to  the  body  surface 

z  curvilinear  surface  coordinate  orthogonal  to  the  x-coordlnate 
B  cross-flow  angle  relative  to  Invlscld  flow  direction 

6  boundary-layer  thickness 

e  eddy  viscosity 

e+  dimensionless  eddy  viscosity,  e/v 

n  similarity  variable  for  y,  see  (4.1) 

w  dynamic  viscosity 

v  kinematic  viscosity 

p  density 

t  shear  stress 

♦  »*  two-component  vector  potential,  see  (4.3) 

Subscripts 

e  boundary- layer  edge 

s  streamwlse  direction 

w  wall 

Primes  denote  differentiation  with  respect  to  n 
1.  Introduction 

The  capability  to  calculate  boundary  layers  on  ship  hulls  Is  not  only 
desirable  from  the  standpoint  of  determining  the  frictional  resistances 
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accurately  but  also  from  the  standpoint  of  predicting  boundary-layer  separa¬ 
tion  and  accounting  for  the  displacement  effect.  Because  of  the  complexity 
of  flow  around  ship  hulls,  one  can  expect  the  boundary  layer  to  be  always 
three-dimensional,  in  the  most  general  way.  Progress  in  developing  methods 
for  calculating  such  flows  Is  quite  difficult  and  must  proceed  step-by-step 
from  the  simplest  to  more  complicated  flows.  This  paper  Is  a  summary  of 
work  done  under  a  three-year  NSRDC  contract.  No.  N00014-72-C-0111,  to  devel¬ 
op  a  general  method  for  calculating  three-dimensional  laminar  and  turbulent 
boundary  layers  on  ship  hulls.  Details  of  the  results  are  given  in  three 
separate  reports,  [1],  [2],  [3].  The  first  report  deals  with  the  calcula¬ 
tion  of  restricted  three-dimensional  turbulent  boundary  layers  over  yawed 
Infinite  cylinders  and  under  small  cross-flow  assunptlon.  As  can  be  seen 
from  the  results  presented  In  this  paper,  calculations  with  small  cross-flow 
assunptlon  can  give  reasonable  answers  with  the  economy  of  two-dimensional 
calculations.  The  second  report  covers  the  calculation  of  three-dimensional 
turbulent  boundary  layers  In  Cartesian  coordinates  with  emphasis  on  flow 
approaching  separation.  The  third  report  contains  the  formulation  of  the 
problem  as  well  as  development  of  calculation  methods  In  curvilinear  ortho¬ 
gonal  coordinate  systems. 

The  following  sections  describe  the  general  three-dimensional  boundary- 
layer  equations,  the  transformations  used  to  bring  them  into  more  tractable 
form,  and  the  eddy-viscosity  formulation  for  three-dimensional  flows.  The 
nunerlcal  method  employed  Is  demonstrated  with  an  Illustrative  example,  and 
finally,  four  calculated  sample  cases  and  comparisons  with  experimental 
data  are  presented. 

2.  The  Boundary-Layer  Equations 

The  governing  boundary- layer  equations  for  three-dimensional  Incompres¬ 
sible  flows  In  a  curvilinear  orthogonal  coordinate  system  are  given  by  the 
following  equations: 

Continuity 

h  <y>  *  h  (V  *  I?  'NV'  ■  0 
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(2.1) 


x -Momentum 


U  3U  JJL8U  3U  K  2k  „  _  T_3£+3_/v  3U  _  TT,] 

117  ax  +  h2  az  v  ay  “"*1  w  K2  ^  3x  ay  \v  by  u  v  ;  (Z*Z' 


z-Momentum 


u  aw  .  w  aw  .  „  aw  „  w„  .  ..2,,  _  l  ap  .  a  /  aw  37A  ,, 

fi7a5r+^aI+vay-uwK2  +  u  Kl  -  -  ^aT+  ay  \viy 'wv)  (2‘3) 

where  and  h2  are  metric  coefficients,  and  they  are  functions  of  x 
and  z,  that  is. 


h1  =  h-j{x,z) 


^2  =  ^2^X,Z^ 


(2.4a) 


The  parameters  K-j  and  1^  are  known  as  the  geodesic  curvatures  of  the 
curves  z  =  const,  and  x  =  const.,  respectively.  They  are  given  by 


1  ah, 
K,  »  -  r-U—  — - 
1  h-|h2  az 


K2  h^h2  ax 


At  the  edge  of  the  boundary  layer,  (2.2)  and  (2.3)  reduce  to 
u„  au„  w„  au_  o  1  3n 

TT"  -  +  XT'  a - U  W  K,  +  W  Ko  =  -  — J—  T^ 

hy  ax  ny  az  eel  e  2  ph1  ax 


(2.4b) 


(2.5a) 


u„  aw_  w_  aw  -  1  , 

Hy  aT  +  jq  W  _  ueweK2  +  ue  K1  =  "  ^  af  * 

The  boundary  conditions  for  (2.1)  to  (2.3)  for  zero  mass  transfer  are: 


(2.5b) 


y  *  0 


u,w  =  0 
u  ->■  ue(x,z) 


W  -  we(x,z) 


(2.6a) 

(2.6b) 


3.  Closure  Assumptions  for  the  Reynolds  Shear  Stresses 

The  solution  of  the  system  given  by  (2.1)  to  (2.6)  requires  closure 
assunptlons  for  the  Reynolds  shear  stresses,  -pu’ v' ,  -pw'v' .  As  in  our 
previous  studies  we  use  the  eddy-viscosity  concept  and  define 


-  uv  =  E 


1  ay  ’ 


-  W  V  =  E, 
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As  In  [2],  we  assune  that  e-j  =  £2  =  e  and  define  e  by  two  separate 
formulas.  With  the  definition  of  the  velocity  vector  parallel  to  the  wall, 
q  =  (u,w)  and  the  shear  or  strain  vector  $  =  3q/ay  =  (su/ay,  aw/ay),  the 
eddy-viscosity  formulas  for  the  inner  and  outer  regions  are 


Here 


e.  =  L2  |  S(y)  |  ei  1  eo 

(3.2) 

00 

e0  =  0.0168  f  (|qe|  -  |q(y)|)dy  >tQ 

(3.3) 

0 

L  *  0.4  y  [1  -  exp(-y/A)] 

(3.4a) 

A  =  26  (v/|Sw| )h 


(3.4t>) 


4.  Transformation  of  the  Governing  Equations 

The  boundary-layer  equations  (2.1)  to  (2.3)  can  be  solved  when  they 
are  expressed  either  in  physical  coordinates  or  in  transformed  coordinates. 
Each  coordinate  system  has  its  own  advantages.  In  problems  where  the  com¬ 
puter  storage  becomes  important,  the  choice  of  using  transformed  coordinates 
becomes  necessary,  as  well  as  convenient,  since  the  transformed  coordinates 
allow  large  steps  to  be  taken  In  the  x  and  z  directions.  The  reason  for 
this  Is  that  the  profiles  expressed  in  the  transformed  coordinates  do  not 
change  as  rapidly  as  they  do  when  they  are  expressed  in  physical  coordinates. 
The  use  of  transformed  coordinates  stretches  the  coordinate  normal  to  the 
wall  and  takes  out  much  of  the  variation  in  boundary-layer  thickness  for 
laminar  flows. 


We  first  define  the  transformed  coordinates  by 


x  , 


z  =  z 


■W' 


and  Introduce  a  two-component  vector  potential  such  that 

hlh2V  =  '(if  +  !z  ) 


h2u*|i  . 


hlw  =  !y 


(4.1) 


(4.2) 
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In  addition  we  define  dimensionless  variables  f  and  g  related  to  variabl 
ii>  and  $  by 


*  =  (uevs1),s  h2  f(x,z,n) 

<  W 

*  =  (uevSr  h,  ~  g(x,z,n) 


Here  Sp  which  denotes  the  arc  length  along  the  x-coordinate, 
by 


s 


1 


/ 


h1  dx  +  s1 <0) 


Introducing  the  expressions  (4.1)  to  (4.3)  into  (2.2)  and  (2.3), 
after  considerable  algebra, 

x-momentum  equation 

m2l 


(bf")'+  P^f"  +  P2[l  -  (f *r>  P5[l  -  f'g'3  +  P6f''g  +  P8[l  ■ 

,  xP  f.  ill .  f-  it  +  p,  (g.  sLL .  r  aa)! 

XK10  T  3x  3X  7  \9  3Z  3 zj 

z-momentun  equation 

(bg-)'  +  P-jfg"  +  P4(P11  -  f'g')  +  P3Cl  -  (g')2:  +  P6gg"  +  P 


=  xP 


10 


f*  Ml  -  g"  +  p  L'  Ml  _  g"  M.) 
3X  9  3x  7\9  3Z  9  3  z) 


Here  the  primes  denote  differentiation  with  respect  to  n  and 

s,  3u_ 


1  51  °U- 

P1  a  2  (1  +  p2)  P2=^ir»  P3  =  P2 


S1  3we 

P4  °  w~F7  ax  s1K2’ 


P5  =  u“HT 


we  3ue  /we\ 

hr 


(4.3a) 

(4.3b) 
Is  defined 

(4.4) 

we  get, 

■  (31)2] 

(4.5) 

9[1  -  (f)2] 

(4.6) 

(4.7a) 


(4.7b) 


V 


P6  =  p2  +  2yH 


!e/l  !fl_  sl  fV\  ..  /"e\  p  _  hl  ^ 

“eVT32  “P5!32/  "[%)'  1  ^2  ue 


P8  =  SlK2^j  *  P9  =  S1K1  • 

The  boundary  conditions  (2.6)  become 


p10  =  TTjlT  »  P11  =  K0 


f=g«f'=g'  =0 

r  =  g*  -  i 


(4.7b) 


(4.8a) 

(4.8b) 


Introducing  the  transformation  (4.1)  to  (4.3)  Into  the  eddy- viscosity 
formulas  (3.2)  to  (3.4),  we  get 


ej  -  [0.4  n  (1  >  exp(-y/A))]2jRs[f"2  +(^g")2]p 

«J  *  °-0168  ^  j^e-/  [f,2  +  ^9')1l5dri} 


(4.9a) 


(4.9b) 


R 

S  v 


■  W26){«s  [tf  ♦(£«;)*])' 


qe/ue  =  (1  +  (We/Ug)2)14 


(4.10a) 

(4.10b) 

(4.10c) 


5.  Numerical  Method 

We  use  the  Box  method  to  solve  the  system  of  equations  described  in 
section  4.  This  method  was  developed  by  H.  B.  Keller  [4]  and  has  success¬ 
fully  been  applied  to  the  two-dimensional  boundary- layer  equations  by  Keller 
and  Cebecl  [5],  [6]  and  to  the  three-dimensional  laminar  and  turbulent 
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boundary  layers  by  Cebeci  and  his  associates  [1],  [2],  [3].  A  detailed 
description  of  the  method  for  two-dimensional  flows  Is  presented  In  [6]  and 
[7j,  and  for  three-dimensional  flows  In  [2].  For  completeness,  a  brief  deS' 
crlptlon  of  It  will  be  repeated  here  for  three-dimensional  flows. 


According  to  the  Box  method  we  first  reduce  the  system  (4.5),  (4.6), 
(4.8)  to  a  system  of  six  first-order  equations  by  Introducing  new  dependent 
variables  u(x,z,n),  v(x,z,n),  w(x,z,n)  and  t(x,z,n)  and  write  (4.5), 
(4.6),  (4.8)  as 


f* 

=  u 

(5.1a) 

u1 

=  V 

(5.1b) 

g' 

=  w 

(5.1c) 

w' 

=  t 

(5. Id) 

(bv)1 

♦  P,fv  ♦  P2(l  - 

u2)  + 

P5d- 

uw)  + 

P6vg  + 

ped  -»2) 

s 

xP10  [' 

du 

J  — 

3X 

V 

fl  + 

ax 

p7  ("3T-y 

If)] 

(5.1e) 

(bt)1 

.  p,ft .  P4(P„ 

-  uw) 

+  p3d 

-»2> 

+ 

P6gt 

♦  P90  -  u2) 

•» 

3  xP10 

[“1? 

- 

t  21 

ax 

(-H- 

‘If)] 

(5. If) 

n 

=  0 

f  = 

9 

=  u  = 

=  w  =  0 

(5.2a) 

n 

■  n,,, 

u  = 

w 

=  1 

(5.2b) 

Ue  next  consider  the  net  cube  shown 

In  figure  1  and 

Introduce 

the  net 

points  by 

xo  "  °* 

xn  “  xn-l  +  kn 

n  -  1,  2, 

....  N 

zo  "  °* 

Z1  =  z1-l  +  r1 

1-1,2, 

....  I 

(5.3) 

n0  *  0. 

nj  3  '’j-l  +  hj 

i  -  1.  2, 

. . . .  J  i 

"j  “  n» 

The  net  spaclngs,  kn,  r^  and  hj  are  arbitrary  and  Indeed  may  have  large 
variations  In  practical  calculations.  This  Is  especially  Important  In  tur¬ 
bulent  boundary- layer  calculations  which  are  characterized  by  large  boundary 
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Figure  1.  Net  cube  for  the  difference  equations  for  three-dimensional  flows. 


layer  thicknesses.  To  get  accuracy  near  the  wall,  small  net  spacing  is 
required  while  large  spacing  can  be  used  away  from  the  wall. 


,  g,  w,  t)  at  points  (x  ,  z, 
.1  un,1  vn,1  n,1  n,1 

j  •  uj  ’  vj  »  9j  *  wj 
The  equations  (5.1a,d)  are  approximated  using  centered  difference 


of  the  net  by  net  functions  denoted  by  (f!)’’,  u',”’,  v: ’ 1 ,  gV,  w 


We  approximate  the  quantities  (f,  u,  v 

Oj) 

quotients  and  averaged  about  the  midpoint  (x„ 


V  nj-l/2 


),  that  Is; 


9 


9 


where,  for  example. 


fn,1 

/),i 

_fj-i 

hd 

„n,  1 

„n ,  1 

!i_ 

:uh 

hj 

n,1 

_n,1 

Sjl. 

hj 

n,1 

n,1 

:wi-i 

un*1 

Uj-V2 

(5.4a) 

v"»1 

Vj-l/2 

(5.4b) 

Wj-l/2 

(5.4c) 

*n,1 

Vl/2 

(5.4d) 

1  +  ^ 
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The  difference  equations  which  are  to  approximate  (5.1e,f)  are  rather 
lengthy.  To  Illustrate  the  difference  equations,  we  consider  the  following 
model  equation 


The  difference  equations  for  this  equation  are 


(s.< 


where,  for  example. 


I/.  *J  (Vj’1  +  vj*1-1  +  v"-1,1"1  + 

»„ » J-  .  uj;j  ♦  uj:’-1) 

».  ■  i  <»;•’  *  »r’-'  *  -y  * 

1-1/2  ■}('■?*  p?.i  *  rV  ♦ 

The  boundary  conditions  (5.2)  yield  at  x  =  xn,  and  z  =  z^: 

fj’1  -  0,  gjj*1  *  0,  uj*1  =  0,  wj’*  =  0,  uj*1  ■  1,  wj’1  =  1  (5.7 

The  equations  (5.4)  and  the  difference  equations  for  (5.1e,f)  are 

Imposed  for  j  ■  1,  2,  ....  J.  If  we  assume  (f?”1,1"1,  ul?-1’1-1,  v!?-1,1-1 
n-1,1-1  n-1,1-1  tn-l,1-lv  ffn.1-l  n,1-l  Jvn,1-1  J.1-1  wn,1-l 

tj*1”1),  and  (fj_1,\  vj"1,1,  gj”1*1,  tj-l,1)  to  be  known  for  0  <  j  <  J 
the  differenced  equations  (5.4)  and  the  difference  equations  for  (5.’e,f)  for 
1  <.  j  <.  J  and  the  boundary  conditions  (5.7)  yield  an  Implicit  nonlinear 
algebraic  system  of  6J  +  6  equations  In  as  many  unknowns  (fj*1,  Uj’1, 
v"’1,  g?'*,  w!?’*,  t!?**).  We  first  use  Newton's  method  to  linearize  the 


system  and  then  use  the  block  elimination  method  discussed  by  Isaacson  and 
Keller  [8]  to  solve  the  resulting  linear  system. 

6.  Results 

The  method  discussed  in  the  previous  sections  is  applicable  to  both 
laminar  and  turbulent  boundary  layers.  For  laminar  layers,  the  accuracy  of 
the  method  depends  on  the  accuracy  of  the  numerical  method.  According  to  the 
study  conducted  In  [2],  the  accuracy  of  the  method  Is  quite  good  for  laminar 
flows.  Highly  accurate  solutions  can  be  obtained  by  taking  25  to  30  points 
across  the  boundary  layer.  Although  a  higher  degree  of  accuracy  can  be 
obtained  with  less  points  by  using  Richardson  extrapolation,  the  accuracy 
obtained  with  25  to  30  points  Is  sufficient  for  most  laminar  layers. 

For  turbulent  flows,  the  accuracy  of  the  method  depends  also  on  the 
accuracy  of  the  turbulence  model  for  the  Reynolds  stresses.  While  the 
experimental  data  for  full  three-dimensional  turbulent  boundary  layers  are 
limited,  there  are  a  number  of  experimental  data  for  restricted  quasl- 
three-dimenslonal  flows,  such  as  flows  over  Infinite  swept  wings  and  small 
cross  flows.  For  this  reason,  we  at  first  studied  the  accuracy  of  our 
method  for  those  quasl-three-dlmenslonal  turbulent  flows  before  applying  It 
to  full  three-dimensional  flows. 

6.1  Infinite  Swept-WIng  Calculations 

Equations  (4.5)  and  (4.6)  are  applicable  to  the  general  three- 
dimensional  flows  In  orthogonal  curvilinear  coordinates.  For  flows  with 
yawed  Infinite  cylinder  or  swept-wIng  approximations  In  Cartesian  coordi¬ 
nates,  where  the  spanwlse  flow  Is  independent  of  the  z-coordlnate,  these 
equations  simplify  considerably.  The  metric  coefficients  hj,  hg  become 
unity  and  the  geodesic  curvature  parameters  ,  Kg  become  zero.  In  addi¬ 
tion,  the  coefficients  (1  =  3  to  9)  become  zero  and 

p  1  +  P2  p  .  x  due 

P1  =  — ? -  *  P2  ufi  Hx"  •  P10  "  x 

In  [1],  a  nunber  of  flows  that  fall  In  this  class  were  considered.  Here 
we  present  the  results  for  the  45°  Infinite  swept-wIng  data  of  Bradshaw  and 
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Terrell  [§].  This  experiment  was  set  up  especially  to  test  the  outer-layer 
assumptions  made  In  extending  the  boundary-layer  calculation  method  of 
Bradshaw  et  al  [10]  from  two  dimensions  to  three.  Measurements  were  made 
only  on  the  flat  rear  of  the  wing  In  a  region  of  nominally  zero  pressure 
gradient  and  decaying  cross  flow.  See  the  sketch  in  figure  2a.  Spanwlse 
and  chordwlse  components  of  mean  velocity  and  shear  stress,  and  all  three 
components  of  turbulence  Intensity,  were  measured  at  a  mmber  of  distances 
x*  *  0,  4,  10,  16  and  20  Inches  from  the  start  of  the  flat  portion  of  the 
wing  (see  figure  2).  The  surface  shear  stress,  measured  with  a  Preston 
tube,  was  constant  along  a  generator  at  the  start  of  the  flat  part  of  the 
wing,  except  for  a  few  Inches  at  each  end  and  except  for  small  undulations 
of  small  spanwlse  wave  length  caused  by  residual  nonuni forml ties  In  the 
tunnel  flow. 

Figure  2  shows  the  results  calculated  by  the  yawed  Infinite  cylinder 
approximation  compared  with  experimental  results  and  those  obtained  by 
Bradshaw's  method  [ll].  Our  calculations  were  started  at  x'  *  0  by  using 
the  procedure  described  In  [1].  The  Initial  values  for  Cfs  and 


x'^INCHES 

Figure  2.  Results  for  the  relaxing  flow  of  Bradshaw  and  Terrell,  (a)  Wall 
cross-flow  angle  and  local  skin  friction. 


« 


Figure  2.  Continued,  lb)  Velocity  profiles. 


O  DATA  OF  BRADSHAW  AND  TERRELL 
-  PRESENT  METHOD 


Figure  2.  Continued,  (c)  Cross-flow  angle  distributions. 

-3  4 

were  taken  as  2.62  x  10  and  1.13  x  10  ,  respectively.  Also,  the  cross- 
flow  angle  distribution,  given  by  experiment,  was  used  In  the  Initial 
velocity  profile. 


* 
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6.2  Small  Cross-Flow  Calculations 

When  the  variations  In  cross-flow  direction  are  so  small  that  they  can 
be  neglected,  the  general  governing  equations  In  streamline  coordinates  simp, 
llfy  considerably  by  setting  -<*u/3z  ■  3w/3z  ■  3/3 z  (hjw)  *  0  In  (2.1)  and 
(2.3).  The  transformed  equations  applicable  to  the  small  cross  flow  cannot 
be  derived  directly  from  (4.5)  and  (4.6)  because  wfi  ■  0  In  streamline 
coordinates.  However,  If  we  define  a  new  dimensionless  variable  g'  *  w/u$ 
and  Introduce  the  following  stream  function  and  transformations 


3  ip 

sy 


h2v 


1  ii 

3X 


ds  *  hjdx 

1 1>  *  (vu^J^hjffs^n) 


(M 


1/2 


(6.1) 


then  we  can  bring  equations  (2.1)  to  (2,3)  Into  the  form  of  (4.5)  and  (4.6). 
Note  that  us  Is  the  Invlscld  velocity  at  the  edge  of  the  boundary  layer, 
and  s  Is  the  distance  along  a  given  streamline.  The  outer  boundary  condi¬ 
tions  In  (4.8b)  now  become: 


n 


f  =  1  g’  *  0 


and  the  coefficients  In  (4.5)  and  (4.6)  become 

1  *1 
P]  *  j  (1  ^  P 2^  P 2  =  u~  *  ^3  =  P4  =  ?2 

VP5aP6'P7iP8*  °*  P9  *  sKl»  P10  ■  fipr  ’  P11  s  0 


(6.2) 


Here  K2  Is  the  geodesic  curvature  of  the  orthogonal  trajectory  to  the 
streamline;  the  geodesic  curvature  of  the  streamline,  Kj,  Is  related  to 
the  cross-flow  pressure  gradient  by 


K 


1 
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To  check  the  accuracy  of  our  method  for  flows  with  small  cross-flow 
approximation,  we  have  considered  the  experimental  data  of  Larsson  [12] 
taken  on  the  model  of  a  cargo  ship.  The  model  of  2.0m  length  was  tested  In 
the  low-speed  wind  tunnel  at  Chalmers  University  of  Technology  in  Sweden  at 
a  free-stream  velocity  of  40m/sec  corresponding  to  a  unit  Reynolds  number  of 
approximately  2.68  x  10® /m  (0.816  x  10®/ft).  The  water  surface  was  approxi¬ 
mated  by  a  plane  at  the  load  waterline  as  shown  In  figure  3,  and  in  this 
way  the  effects  of  waves  were  Ignored,  i.e.,  the  Froude  number  was  zero. 

This  plane  was  obtained  In  the  wind  tunnel  as  plane  of  symmetry  by  joining 
two  models  of  the  submerged  part  of  the  hull.  At  station  18  the  boundary 
layer  was  tripped  by  cylindrical  turbulence  studs  of  3  nm  diameter  and  0.8m 
height,  spaced  by  9  mm. 


Figure  3.  Hull  model  of  cargo  liner,  SSPA  model  720,  tested  by  Larsson  [12]. 
Actual  model  consists  of  two  shapes,  as  shown,  to  produce  plane 
of  symmetry  at  load  waterline. 

Static  pressures  were  measured  by  orifices  on  the  model  surface.  The 
boundary  layer  was  traversed  with  a  hot-wire  probe  with  a  single  wire  paral¬ 
lel  to  the  local  surface-tangent  plane.  Magnitude  and  direction  of  the  mean 
flow  velocity  were  obtained  by  taking  two  readings  at  each  traversing  loca¬ 
tion,  with  the  probe  rotated  45  degrees  left  and  right  of  an  estimated  edge 
streamline  direction  about  an  axis  normal  to  the  surface.  The  velocity 


423 


vector  was  determined  from  the  two  signals  by  using  calibration  curves  (the 
surface-normal  component  was  assured  zero). 


The  locations  of  boundary-layer  traverses  were  selected  on  Invlscld 
surface-streamlines  to  facilitate  comparison  with  boundary- layer  calcul¬ 
ations  that  proceed  along  such  streamlines.  The  streamlines  had  to  be 
known  beforehand  and  they  were  Integrated  from  the  output  of  the  Douglas 
Neunann  three-dimensional  potential  flow  program  [13].  Two  such  stream¬ 
lines  are  shown  In  figure  4.  Nine  to  twelve  profiles  were  measured  on  each 
of  seven  streamlines  between  stations  16  and  1.  Unfortunately  some  of  the 
edge  streamline  directions,  as  measured  by  the  hot-wire  probe,  disagreed 
with  the  calculated  invlscld  flow  directions  by  as  much  as  two  degrees  in 
the  forward  half  of  the  model  and  seven  degrees  In  the  aft  half. 

A  comparison  of  calculated  and  experimental  results  for  the  stream¬ 
lines,  Nos.  3  and  5,  are  shown  In  figures  5  and  6.  The  calculations  were 
started  at  the  first  measured  station.  No.  16,  located  at  x  ■  0.4m  from 
the  bow,  l.e.,  at  20  percent  of  the  total  model  length.  The  initial  veloc¬ 
ity  profile  on  each  streamline  was  generated  by  using  the  procedure  des¬ 
cribed  In  [1].  The  boundary- layer  parameters  R0,  H  are  calculated  from 


Figure  4.  Sections  through  ship  body  normal  to  x-axIs  (station  nos.  same  as 
In  figure  3).  Streamlines  Nos.  3  and  5  are  Indicated  by  dashed 
curves,  (a)  Aft.  (b)  Forward. 
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Figure  5.  Continued,  (c)  For  streamline  No.  5. 
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Figure  6.  Comparison  of  calculated  and  experimental  results  for  the  data  of 
Larrson.  (a)  Streamline  No.  3.  (b)  Streamline  No.  5. 
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6.3  Three-Dimensional  Flows  In  Cartesian  Coordinates 

To  check  the  accuracy  of  our  method  for  fully  three-dimensional  turbulent 
boundary  layers,  we  have  considered  two  sets  of  experimental  data:  they  are 
due  to  Johnston  [14]  and  East  and  Hoxey  [15]. 

Data  of  Johnston: 

Johnston's  experimental  apparatus  consisted  of  a  rectangular  inlet  duct 
from  which  an  issuing  jet  impinged  on  an  end  wall  48  inches  from  the  outlet 
of  the  channel.  The  jet  was  confined  on  the  top  and  bottom  by  flat  surfaces, 
and  the  boundary  layer  which  developed  on  the  floor  of  the  test  section  was 
probed.  Figure  7  shows  the  schematic  drawing  of  Johnston's  test  geometry  and 
figure  8  shows  the  locations  where  the  measurements  were  conducted. 

In  our  method,  the  solution  begins  on  the  attachment  line  at  x  =  0, 
z  =  0,  and  proceeds  downstream.  At  station  x  =  0,  z  =  0,  the  flow  is 
laminar,  and  it  becomes  turbulent  at  any  specified  station  where  x  >  0, 
z  >  0.  The  calculations  can  be  started  at  any  x-location  by  inputting  the 
initial  velocity  profiles.  Reference  5  describes  such  a  procedure.  For  the 
data  of  Johnston,  we  have  started  the  calculations  at  x  =  0,  z  =  0,  and 
matched  the  initial  experimental  velocity  profile  as  closely  as  possible. 


K  b*l6  IN 

Figure  7.  Schematic  drawing  of  Figure  8.  Sketch  showing  the  measured 

Johnston's  test  geometry.  stations. 
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Figure  9  shows  the  results  for  the  attachment-line  flow.  These  cal¬ 
culations  and  others  described  for  this  flow  were  made  by  using  the  inviscid 
external  velocity  distribution  described  in  [2]  and  starting  the  calculations 
at  x  =  0,  z  =  0.  The  flow  was  laminar  and  was  made  turbulent  at  x  =  0.1 
by  activating  the  eddy-viscosity  formulas.  With  this  procedure,  we  matched 
the  first  experimental  velocity  profile,  D-8  at  x  =  6,  by  using  a  total 
of  four  x-stati.ons  although  we  used  26  x-stations  to  do  the  calculations  up 
to  D-3. 


Figure  9.  Results  for  the  attachment-line  flow. 

Figure  10  shows  the  velocity  profiles  off  the  line  of  symmetry.  The 
calculations  were  made  by  taking  z  =  2.5  and  5  inches.  As  in  the  attach¬ 
ment-line  flow,  the  agreement  with  experiment  is  good. 

Data  of  East  and  Hoxey: 

The  data  of  East  and  Hoxey  [15]  was  obtained  from  a  flow  formed  by 
placing  an  obstruction  in  an  initially  planar  boundary  layer.  The  strong 
adverse  pressure  gradients  Imposed  by  the  obstruction,  see  figure  11, 
caused  the  boundary  layer  to  become  three-dimensional,  and  eventually  to 


Figure  10.  Results  for  the  flow  off  the  line  of  synmetry.  (a)  z  =  2.5. 

(b)  z  =  5.0. 

separate.  The  measurements  were  made  In  the  three-dimensional  boundary  layer 
upstream  of  and  Including  the  separated  region.  Calculations  are  with  fully 
three-dimensional  flow  model  In  Cartesian  coordinates.  Figure  12  shows  the 
calculated  velocity  profiles  for  the  plane  of  synmetry  flow  directly  upstream 
of  the  obstacle.  These  calculations  were  made  by  Inputting  the  Initial 
velocity  profile  at  station  x  *  30  In. 


Figure  13.  Results  for  the  flow  off  the  line  of  symmetry,  (a)  z  *  0.083 
feet,  (b)  z  »  0.167  feet,  (c)  z  *  0.25  feet. 
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FLUID  FLOW  AROUND  A  SHIP'S  HULL 
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ABSTRACT 

One  of  the  primary  goals  of  ship  hydrodynamics  Is  a  theoretical  pre¬ 
diction  of  the  resistance  of  a  ship  as  it  moves  through  the  water.  Present 
theoretical  treatments  aimed  at  determining  the  fluid  flow  around  a  ship 
hull,  and  the  resistance,  require  a  separation  of  the  calculation  into  an 
invlscld  and  a  viscous-fluid-flow  portion.  Under  the  assumption  of  an 
lnvisdd  fluid,  a  linearized  boundary-value  problem  may  be  formulated  for 
the  velocity  potential.  When  the  velocity  potential  is  determined,  the 
streamlines  over  the  hull  surface  may  be  computed.  These  streamlines  then 
serve  as  input  for  the  calculation  of  the  development  of  the  three-dimen¬ 
sional  turbulent  boundary  layer.  Streamlines  determined  in  this  manner  are 
shown  for  several  Froude  numbers  and  compared  to  those  obtained  using  a 
double-model  approximation  and  those  found  using  a  zero-Froude-number 
approach.  The  free-surface  elevation  along  the  hull  is  also  shown  and 
compared  with  experimental  measurements. 

INTRODUCTION 

Hull-surface  streamlines  play  an  important  role  in  examining  the  fluid 
flow  around  a  ship’s  hull.  By  themselves  they  indicate  the  general  flow 
pattern  over  the  hull.  They  are  also  critical  in  calculating  the  develop¬ 
ment  of  the  three-dimensional  turbulent  boundary  layer. 

The  procedure  for  determining  the  hull-surface  streamlines  presented 
in  this  paper  requires  the  following  steps: 

a.  Determination  of  the  velocity  potential  and  fluid  velocities 
at  "control  points"  on  the  hull. 

b.  Formulation  and  numerical  integration  of  the  "streamline 
equations"  in  the  appropriate  coordinate  system. 

The  boundary-layer  development  may  then  be  computed  by  formulating 
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the  boundary-layer  equations  in  the  curvilinear  coordinate  system  based  on 
the  hull-surface  streamlines. 

Several  other  methods  have  been  proposed  for  finding  hull-surface 
streamlines.  These  include  the  zero-Froude-number  approximation  of  Tuck 
and  von  Kerczek  (1968) ,  and  the  double-model  approximation  employed  by 
Uberoi  (1969). 

THE  VELOCITY  POTENTIAL 

The  determination  of  the  invisc id-fluid  flow  around  a  ship's  hull 
requires  the  formulation  and  solution  of  a  boundary-value  problem  for  the 
Velocity  potential.  At  present,  a  solution  for  the  velocity  potential 
assuming  only  an  inviscid  fluid  is  Impossible  because  the  free-surface 
boundary  condition  is  nonlinear.  By  expanding  the  velocity  potential  in  a 
power  series,  "linearization"  of  the  free-surface  boundary  condition  is 
possible  and  an  approximate  solution  for  the  velocity  potential  may  be  ob¬ 
tained. 

The  technique  employed  in  the  present  work  to  determine  the  velocity 
potential  extends  the  pioneering  efforts  of  Hess  and  Smith  (1964,  1967)  to 
fluid  flow  with  a  free  surface  present.  A  detailed  description  of  the 
method  used  in  solving  for  the  velocity  potential  is  given  by  Adee  (1973). 

In  this  approach,  the  actual  hull  surface  is  approximated  using  flat- 
plate  elements.  A  "control  point"  is  selected  on  each  plate  element  at  the 
position  where  the  hull-surface  boundary  condition  is  satisfied.  Singular¬ 
ities  of  unit  strength  (sometimes  referred  to  as  "Kelvin  sources")  are  then 
distributed  over  the  hull  surface  at  the  control  points.  These  singulari¬ 
ties  satisfy  the  Laplace  equation  and  all  the  boundary  conditions  except 
the  hull-surface  boundary  condition.  The  strengths  of  the  individual 
sources  are  then  calculated  to  insure  satisfaction  of  the  hull-surface 
boundary  condition. 

HULL-SURFACE  STREAMLINES 

The  potential-flow  calculation  provides  the  fluid  velocities  at  the 
control  points  on  the  hull.  These  are  transformed  into  streamlines  on  the 
hull  surface  and  velocities  at  discrete  points  along  these  streamlines. 

In  addition  to  their  use  in  the  boundary-layer  calculations,  the  hull- 
surface  streamlines  provide  an  excellent  means  of  displaying  the  inviscid- 
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fluid  flow  around  the  hull. 

The  procedure  developed  to  calculate  streamlines  requires  two  steps. 
First,  the  streamline  at  the  free  surface  is  determined.  When  this  cal¬ 
culation  is  completed,  streamlines  below  the  free  surface  may  be  computed 
using  the  fluid  velocities  at  the  control  points  and  along  the  free-sur- 
face  streamline  as  input  data. 

Free-Surface  Streamline 

The  elevation  of  the  free  surface  is  calculated  in  the  rectangular 
coordinate  system  illustrated  in  Figure  1  by  applying  the  linearized-free- 
surface  boundary  condition 

Y(x,z)  -  ^  $  (x,0,z)  (1) 

at  the  stations  along  the  hull  where  the  control  points  are  defined. 

In  computing  the  velocity  potential  for  the  case  of  100  control  points 
°n  each  side  of  the  Series  60,  block  coefficient  0.60  hull,  the  control 
points  nearest  the  free  surface  are  located  four  feet  below  the  undisturbed 
waterplane.  Rather  than  using  <j>x(x,0,z)  in  the  linearized  free-surface 
boundary  condition,  <)>x(x,-4,z)  was  used  since  it  was  readily  available. 

The  results  were  checked  by  actually  computing  the  velocity  Induced  at 
y  *  0  by  the  100  sources  distributed  at  the  control  points.  No  major 
differences  were  found  between  the  calculated  free-surface  elevations  at 
Froude  numbers  equal  to  0.2S9  or  0.345.  Consequently,  only  the  results  ob¬ 
tained  using  <t>x(x,-4,z)  are  illustrated  here. 

Application  of  the  linearlzed-free-surface  boundary  condition  in  the 
present  case  yields  the  free-surface  elevation  at  twenty  points  along  the 
hull.  After  computing  the  position  and  fluid  velocity  at  points  along  the 
free-surface  streamline  these  are  added  to  the  aatrix  of  control  points 
used  in  determining  all  other  hull-surface  streamlines. 

The  offset,  or  z  coordinate,  at  any  point  along  the  free-surface 
streamline  is  found  by  interpolating  within  the  hull  offset  table.  An 
equation  of  the  form 

z  -  f(x,y)  -  AjX2  +  A2x  +  AjXy  +  A^y2  +  A$y  +  Aft  (2) 

ia  used  to  represent  the  local  hull  surface.  The  nine  points  nearest  a 
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free-surface  point  Are  used  In  performing  a  least-squares  fit  to  determine 
the  coefficients  for  1  *  1  to  6.  A  Gaussian  reduction  method  is  em¬ 
ployed  to  solve  the  six  simultaneous  equations  for  the  coefficients. 

The  position  of  the  free-surface  streamline  is  now  determined  at 
several  points.  If  more  points  are  required,  then  the  y  and  z  coordinates 
are  found  by  using  the  equations: 

y  -  AjX2  +  BjX  +  ,  (3) 

and 

z  -  AjX2  +  B^x  +  C2  .  (4) 

At  any  desired  x  location  the  coefficients  in  equations  (3)  and  (4)  are 
determined  using  the  three  nearest  free-surface  points. 

To  complete  the  calculation  of  the  free-surface  streamline,  the  fluid 
velocity  must  be  found  at  the  points  defining  its  position.  This  informa¬ 
tion  is  required  in  the  subsequent  calculation  of  the  other  hull-surface 
streamlines  and  for  use  in  the  boundary-layer  calculations.  The  proce¬ 
dure  developed  for  calculating  fluid  velocity  is  based  on  three  equations. 
The  first  is  a  form  of  Bernoulli's  equation 

v  2  +  v  2  +  v  2  +  2gy  -  V2  .  (5) 

x  y  z  OI 

The  second  expresses  the  requirement  that  the  velocity  vector  is  tangent 
to  the  streamline 

v  -  constant  *  [J  +  j  +  ^  kj  ,  (6) 

while  the  third  is  the  vector  representation  of  velocity 
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and 


v 

z 


3z 

3x 


Combining  these  with  equation  (5)  yields  the  x  component  of  velocity 
2 


- 


[1 


+  (f£)2  +  (4^ 2 


(9) 


(— )  1 
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The  problem  in  using  this  technique  is  to  accurately  determine  the  partial 
derivatives  -|j  and  •  .  Here,  the  parametric  representation  previously  dis- 


3x 


cussed  was  employed.  As  long  as  the  magnitude  of  v^  remains  approximately 


an  order  of  magnitude  larger  than  v^  and  v£  the  derivatives  obtained  in 
this  manner  are  satisfactory. 


In  order  to  check  the  procedure  for  calculating  fluid  velocity  along 
the  free-surface  streamline  the  hull-surface  boundary  condition  may  be 
used .  The  equation 


Vn  -  v'n-vn  +  vn  +  vn  (10) 

x  xxyyzz 

expresses  this  boundary  condition.  Using  equation  (2)  to  perform  a  least- 
squares  surface  fit  the  components  of  the  hull-surface  normal  may  be  cal¬ 
culated.  These  are 

1  3z 

nx  "  k  3x  ’ 


and 


1  3z 

ny  "  k  3y 


(11) 


Here, 

*mA*  <!i>2 *  <ft>2  • 

Using  equation  (10)  the  velocity  of  the  hull  surface  and  the  fluid  velocity 
at  the  hull  surface  may  be  compared.  Differences  have  typically  ranged 
between  .01  end  .5  per  cent  of  the  ship  speed. 


>  nsni'eaf*-.--- . 
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Free-surface  streamlines  calculated  for  a  Series  60,  block  coeffi¬ 
cient  0.60  ship  are  illustrated  in  Figures  3  through  6.  In  each  case  a 
wave  profile  experimentally  measured  on  a  twenty  foot  model  by  Huang  and 
v°n  Ketczek  (1972)  is  included.  The  four  computed  wave  profiles  are  also 
plotted  together  in  Figure  7. 

Comparison  of  the  theoretically  predicted  and  experimentally  measured 
wave  profiles  shows  reasonable  agreement  (note  that  Froude  number  matching 
is  not  exact) .  The  phase  of  the  predicted  and  measured  wave  patterns  is 
in  general  agreement  with  the  theoretical  profiles  shifted  slightly  aft  of 
the  experimental  profiles.  In  each  case,  the  amplitude  of  the  bow  wave  is 
underestimated  while  the  stem  wave,  except  at  the  Froude  number  0.345,  Is 
overestimated. 

As  the  Froude  number  Increases  the  prediction  of  the  profile  weakens, 
particularly  in  the  stern  region.  At  a  Froude  number  of  0.302  the  final 
trough  is  out  of  phase  by  over  one  station  and  the  steepness  of  the  stem 
wave  is  overpredicted.  At  the  Froude  number  of  0.345  there  is  considera¬ 
ble  difference  aft  of  station  9. 

There  are  two  potential  sources  of  explanation  for  the  discrepancies 
between  wave  profiles  in  the  stern  region.  The  hull-surface  geometry  in 
this  region  is  quite  complex  with  large  changes  in  curvature.  As  a  re¬ 
sult  there  may  be  some  inaccuracy  in  solving  for  the  velocity  potential 
because  the  hull  was  not  divided  into  a  sufficient  number  of  flat-plate 
elements  to  accurately  model  the  surface  geometry.  The  second  possible 
source  of  error  is  the  effect  of  fluid  viscosity  and  boundary- layer  growth 
on  the  calculations.  This  effect  is  likely  to  increase  from  bow  to  stem 
and  is  not  accounted  for  in  the  present  analysis. 

The  general  trend  followed  by  the  wave  profile  as  forward  speed  in¬ 
creases  may  be  seen  in  Figure  8  where  the  wave  profiles  calculated  at 
various  Froude  numbers  are  superimposed.  The  height  of  the  bow  wave  in¬ 
creases  and  the  crest  shifts  aft  as  speed  increases.  A  similar  trend  is 
observed  in  the  experimental  data.  Aft  of  the  initial  crest  at  the  bow, 
the  remaining  portion  of  the  wave  profile  including  a  crest  in  the  midship 
area  and  near  the  stem  also  tend  to  shift  aft  as  speed  increases.  Be¬ 
tween  Fr  “  0.302  and  Ft  “  0.345  the  very  large  stem  wave  predicted  at 
lower  Froude  numbers  disappears  giving  the  wave  profile  at  FR  ■  0.345  a 
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A  NON  DIMENSIONAL  FREE  SURFACE  ELEVATION  FROM  SURFACE-SOURCE  DISTRIBUTION,  FR  =  .302 
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Figure  5.  Nondimensional  free-surface  elevation  Series  60,  CD  *=  0.60 
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A  NONDIMENSIONAL  FREE  SURFACE  ELEVATION  FROM  SURFACE-SOURCE  DISTRIBUTION,  FR  -  .346 
O  NONDIMENSIONAL  FREE  SURFACE  (HUANG  AND  VON  KERCZEK  - 1972),  FR  -  .380 


Figure  6.  Nondimensional  free-surface  elevation  Series  60,  Cg  »  0.60 
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considerably  different  appearance. 


Other  Hull-Surface  Streamlines 

Using  the  free-surface  streamline  and  the  fluid  velocities  at  the 
control  points,  the  calculation  of  the  other  hull-surface  streamlines  can 
proceed.  The  method  developed  for  finding  these  streamlines  is  an  improve¬ 
ment  on  the  technique  described  by  Adee  (1973).  The  new  procedure  appears 
to  produce  better  quality  streamlines  with  a  more  straightforward  computer 
program. 

The  original  technique  for  determining  the  hull-surface  streamlines 
used  a  rectangular  coordinate  system  with  x  and  y  as  Independent  variables 
when  the  streamline  was  on  the  side  of  the  hull  and  x  and  z  when  the 
streamline  turned  under  the  bilge  and  proceeded  along  the  bottom.  This 
technique  was  first  modified  so  that  the  cylindrical  coordinate  system 
shown  in  Figure  2*  was  used  exclusively.  The  change  simplified  the  computer 
program  but  produced  streamlines  which  were  not  smooth  in  the  bow  and  stern 
regions  where  the  radial  dimension  of  the  hull  is  small.  Finally,  a  third 
system  was  tried  where  calculations  in  the  bow  and  stern  regions  were  per¬ 
formed  in  a  rectangular  coordinate  system  while  in  the  midbody  region  a 
cylindrical  system  was  used.  Several  combinations  of  lengths  for  each 
coordinate  system  were  tried  with  the  best  streamlines  resulting  from  a 
10-75-15  system.  Over  the  first  10  per  cent  of  the  length  of  the  hull  a 
rectangular  system  was  used  followed  by  75  per  cent  of  the  length  using  a 
cylindrical  system  and  returning  to  a  rectangular  system  over  the  final  15 
per  cent  of  the  length. 

Streamlines  are  calculated  by  solving  two  simultaneous  differential 
equations.  These  are  of  the  form 


“  vx(v,y,f(x,y))  , 

■  vy(x,y,f(x,y)) 
in  rectangular  coordinates,  and 


(12) 


-  vx(x,<lF(x,9))  , 

*See  page  438 
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de 

dt 


ve(x,e,F(x,8)) 


(13) 


In  cylindrical  coordinates. 

In  computing  streamlines  a  starting  point  near  the  bow  and  a  time 
step  At  are  selected.  The  calculation  proceeds  a ft  from  the  starting 
point  in  a  step-by-step  manner.  The  time  increment  between  points  cal¬ 
culated  along  the  streamline  is  a  function  of  several  variables.  For 
instance,  when  60  points  are  desired  along  a  streamline  for  a  ship  of  600 
feet  traveling  at  36  feet  per  second,  the  time  increment  should  be 

At  =  «  .28  seconds.  (14) 

nv 

To  integrate  the  differential  equations,  values  of  the  components  of 
velocity  at  any  point  on  the  hull  are  found  by  interpolating  among  the 
known  velocities  at  the  control  points  and  along  the  free-surface  stream¬ 
line.  The  technique  for  calculating  velocities  on  the  hull  surface  is 
similar  to  the  method  of  interpolation  used  with  the  offset  table.  Nine 
control  points  nearest  to  the  streamline-point  are  used  to  perform  a 
least-squares  fit  using  the  equations 


2  2 

v^  -  Aj*  +  AjX  +  A^xy  +  A^y  +  A^y  +  Ag  , 

vy  -  BjX2  +  B2x  +  B3xy  +  B^y2  +  B$y  +  Bg 


(15) 


for  rectangular  coordinates ,  and 


2  2 
v  ■  D,x  +  D„x  +  D-X0  +  D.  0  +  D-8  4*  D- 

x  1  2  3  4  5  6 

v0  -  Exx2  +  E2x  +  E3X0  +  E492  +  E5e  +  Eg 


(16) 


in  the  cylindrical  coordinates.  Using  the  interpolation  formulas  (15)  and 
(16),  the  change  in  position  of  a  fluid  particle  traveling  along  the 
streamline  during  the  time  step  At  may  be  calculated.  In  this  manner  a 
step-by-step  procedure  may  be  developed  for  finding  each  hull-surface 
streamline.  The  results  are  the  positions  of  points  along  each  stream¬ 
line  and  the  fluid  velocity  at  each  of  these  points.  For  convenience, 
all  results  are  expressed  in  the  rectangular  coordinate  system. 
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Hull-surface  streamlines  were  obtained  for  Froude  numbers  0.259, 

0.281,  0.302  and  0.345  on  the  Series  60,  block  coefficient  0.60  hull. 

These  are  illustrated  In  Figures  8  through  11. 

Since  there  Is  very  little  experimentally  obtained  streamline  data 
available,  It  is  difficult  to  predict  the  accuracy  of  these  streamlines. 

In  general,  they  follow  the  expected  trend  of  turning  sharply  around  the 
bilge  forward,  flowing  aft  along  the  bottom  and  emerging  from  the  bottom 
to  rise  rapidly  In  the  stern  region.  As  previously  discussed,  the  free- 
surface  streamline  shows  reasonable  comparison  with  wave  profiles  measured 
on  a  model. 

Streamline  data  which  is  available  for  comparison  is  the  result  of 
assuming  a  double  model  in  an  infinite  fluid  (see  Uberol,  1969)  or  the 
zero-Froude-number  approximation  of  Tuck  and  von  Kerczek  (1967) .  To  pro¬ 
vide  some  comparison  with  these  streamlines,  calculations  were  performed 
assuming  a  double  model  in  an  infinite  fluid. 

Comparisons  between  the  double-model  streamlines  calculated  here  and 
the  zero-Froude-number  streamlines  of  Tuck  and  von  Kerczek  (1968)  appear  in 
Figures  12  and  13.  In  Figure  12,  for  a  Froude  number  of  0.036,  the  stream¬ 
lines  are  all  very  close.  This  is  true  at  lower  Froude  numbers  as  well. 

As  the  Froude  number  increases  to  0.259  (see  Figure  13),  there  is  a  con¬ 
sistent  difference  in  the  midship  area  with  the  double-model  streamlines 
tending  to  be  deeper  than  the  zero-Froude-number  streamlines.  Comparisons 
at  the  other  Froude  numbers  higher  than  0.259  are  very  similar  to  the  case 
of  0.259  and  have  not  been  included. 

Figure  14  shows  a  comparison  of  streamlines  computed  using  a  linear- 
lzed-free-surface  boundary  condition  (Kelvin  source  streamlines)  and  the 
zero-Froude-number  approximation.  There  are  considerable  differences 
between  the  two  sets  of  streamlines  over  the  length  of  the  hull.  These 
differences  are  greatest  in  the  region  near  the  free  surface  and  diminish 
with  increasing  depth. 

Comparisons  between  streamlines  resulting  from  the  double-model 
approximation  and  those  Including  the  linearized-free-surface  boundary 
condition  are  contained  in  Figures  15  and  16  for  Froude  numbers  of  0.259 
and  0.302,  respectively.  Again  the  effect  of  the  presence  of  the  free 
surface  is  evident  in  the  streamlines  near  the  free  surface.  Deeper 


STREAMLINES  ON  SERIES  60  CB=0-60  SHIP  FR=0.302 
Figure  10.  Streamlines  including  free  surface 


STREAMLINES  ON  SERIES  60.C8=0.60  SMP.FR=.34S 
Figure  11.  Streamlines  including  free  surface 
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STREAMLINES  ON  SERIES  60.CB=0-60  SHIP.FR=-036 

■  DOUBLE -MODEL  STREAMLINES- PRESENT  WORK  -  IOO  SOURCES 
ZERO  FROUDE  NUMBER  STREAMLINES-HUANG  AND  VON  KERCZEK  (19721 

Figure  12 


STREAMLINES  ON  SERIES  60,CB=0-60  SHIP.FR=.2S9 


DOUBLE -MODEL  STREAMLINES -PRESENT  WORK- 100  SOURCES 
ZERO  FROUDE  NUMBER  STREAMLINES-HUANG  ANU  VON  KERCZEK  (I97Z) 
Figure  13 
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STREAMLINES  ON  SERIES  60.CB=0.60  SHIP. FR=. 259 


- "KELVIN" SOURCE  STREAMLINES  -  PRESENT  WORK -100  SOURCES 

- DOUBLE- MODEL  STREAMLINES- PRESENT  WORK -100  SOURCES 

Figure  15 


STREAMLINES  ON  SERIES  60.CB=0.60  SHIP ,FR=. 302 


- "KELVIN "SOURCE  STREAMLINES-  PRESENT  WORK-  OO  SOURCES 

- DOUBLE  •  MODEL  STREAMLINES- PRESENT  WORK  .  100  SOURCES 


Figure  16 


streamlines  are  quite  similar  using  either  method  of  calculating  the 
velocity  potential. 

CONCLUSION 

At  the  present  time  computational  techniques  have  been  developed  to 
obtain  hull-surface  streamlines  for  ships  of  arbitrary  hull  shape.  The 
effect  of  the  free  surface  is  included  by  using  a  linearized-free-surface 
boundary  condition  when  determining  the  velocity  potential. 

The  streamline  calculations  illustrated  here  indicate  significant 
differences  among  the  three  approaches  considered.  The  zero-Froude-number 
and  double-model  streamlines  are  close  for  very  low  Froude  numbers.  How¬ 
ever,  there  is  a  difference  between  these  results  as  speed  increases.  In¬ 
cluding  the  linearized-free-surface  boundary  condition  yields  results  which 
are  different  than  the  other  two  calculations.  These  differences  decrease 
with  increasing  depth. 

Comparisons  of  the  computed  and  measured  wave  profile  along  the  hull 
are  good  in  the  forward  portion  of  the  hull  but  the  correlation  decreases 
in  the  stern  region. 

The  major  Impediment  to  the  widespread  application  of  these  calcula¬ 
tions  is  the  large  amount  of  computer  time  required  to  obtain  the  velocity 
potential.  With  100  control  points  on  each  side  of  the  hull  it  takes  about 
3.5  hours  on  a  CDC  6400  to  compute  a  set  of  streamlines.  However,  there 
is  a  very  good  chance  of  reducing  the  computer  time  requirements  as  the 
numerical  techniques  employed  in  the  computer  program  are  refined. 
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NOMENCLATURE 

f(x,y)  Distance  from  centerplane  to  hull  surface  in  rectangular 

coordinates 

F(x,8)  Radial  distance  to  hull  surface  in  cylindrical  coordinates 
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n  ,n  ,n 
x  y  z 

V  ,v  ,v 
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x,y,z 


x,e,r 


Y 


Acceleration  of  gravity 
Ship  length 

Exterior  unit  normal  of  the  hull  surface 

Components  of  n  in  a  rectangular  system 

Fluid  velocities  in  the  x,y,z  directions,  respectively 

Rectangular  coordinates 

Cylindrical  coordinates 

Free-surface  elevation 

Velocity  potential 
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ABSTRACT 

A  procedure  is  described  for  evaluating  flow  components,  pressure 
and  first-order  wave  resistance  for  polynomial  ship  forms.  Second-order 
corrections  are  determined,  and  the  resistance  components  are  estimated 
by  use  of  a  reverse  flow  principle.  The  subdivision  for  quadrature  of 
second-order  Lagally  force  is  controlled  through  checking  an  identity 
between  first-order  Lagally  force  and  resistance  from  far-field  waves. 

The  resistance  obtained  from  pressure  integration  over  the  submerged 
hull  should  deviate  therefrom  by  a  line  integral  over  square  of  wave 
height  along  the  free-surface  intersection,  provided  there  is  no  flow 
through  the  hull.  This  correlation  is  studied  numerically.  It  is  confirmed 
that  tine  integrals  within  the  second-order  potential  can  be  eliminated; 
however,  the  potential  differs  from  that  for  a  submerged  thin  body  by  a 
certain  line  integral.  For  integration  over  polygon-shaped  surfaces,  two 
procedures  are  described;  one  for  flow  components  due  to  a  polynomial 
source  distribution,  leading  through  recursion  to  four  elementary  expres¬ 
sions  to  be  evaluated  at  corner  points  (in  generalisation  of  the  result  of 
Hess  and  Smith).  The  other  is  for  integration  of  exponential  functions 
with  argument  linear  in  space  coordinates,  resulting  in  a  sum  of  exponen¬ 
tials  from  the  corner  points  times  geometric  characteristics.  The  program 
was  extended  to  calculate  the  derivatives  of  the  "displacement  potential” 
in  the  sense  of  Noblesse’s  analysis. 

Introduction 

In  the  early  sixties,  there  was  a  world-wide  interest  in  determining  wave  resistance  from 
wave  pattern  geometry.  At  that  time,  the  first  author  initiated  a  computer  program  for 
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calculating  wave  fields  due  to  a  linear  source  distribution  on  a  vertical  rectangular  plane  in 
order  to  examine  wave  analysis  methods  numerically. 

The  program  was  gradually  extended  in  various  directions  owing  to  different  trends  in 
wave  resistance  research.  One  of  them  was  to  produce  all  three  flow  components  in  the 
entire  fluid  domain,  and  another  was  to  include  more  general  source  distributions  to  cover  a 
broader  class  of  ship  forms  such  as  ships  with  parallel  middle  body.  In  particular,  the 
program  was  revised  for  evaluating  second-order  resistance  contributions,  as  described  in  an 
ONR  Symposium  lecture  (Eggers  1966)  and  a  subsequent  modification  (Eggers  1970).  It  was 
eventually  recognised,  however,  that  the  regular  second-order  perturbation  approach  could  not 
provide  significant  improvement  to  the  classical  Michell  thin-ship  theory  for  actual  ship  forms. 

The  program  is  nevertheless  still  a  useful  device  of  generating  theorectical  flow  fields  for 
numerical  experiments.  For  example,  through  numerical  integration  of  the  flow,  the  velocity 
potential  could  be  obtained;  thereby  different  types  of  “line  integral  contributions”  to  the 
flow  and  to  the  wave  resistance  could  be  evaluated,  thus  equivalence  relations  between 
different  expressions  for  wave  resistance  were  investigated  numerically. 

At  this  conference,  the  concept  underlying  the  program  shall  be  discussed  together  with 
some  miscellaneous  topics  which  are  frequently  encountered  in  the  numerical  solution  of  the 
ship-wave  problem. 

t  First- Order  Flow  Components 
1.1  Notation 

We  restrict  our  analysis  to  ship  forms  with  fore  and  aft  symmetry  and  which  can  be 
described  through  a  product  of  polynomials  as 

y  =  ±ef(x)h(z)  (1) 

with  f(x)  =  1  for  |  x  I  <  p  <  I , 

f(x)  *  1  -  2at  (( 1  x  I  -  p)/(  1  -  p))'  for  p  <  I  x  |  <  1 , 
and  h(z)=  1  -  (z/D)m  for-D<z<0. 

Here  e  is  the  half  beam,  p  is  half  the  length  of  the  parallel  middle  body,  and  D  is  the  draft. 
The  problem  has  been  normalized  by  setting  half  the  length  of  the  ship  equal  to  unity  (See 
Figure  1).  Due  to  the  symmetry  assumed,  all  aj  with  i  odd  vanish,  and  we  have  Eaj  =  1. 

For  rectangular  frames  we  may  formally  set  m  =  °®,  The  ship  is  advancing  with  uniform 
speed  V  in  +  x  direction,  and  z  =  o  is  the  undisturbed  free  surface. 
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with 


S  =  S(ul  =  y/{  I  +y/ 1  +  4u2 i/2. 

Here  k0  =  g/V2  stands  for  the  principal  wave  number  (g  is  the  acceleration  due  to  gravity). 
For  calculating  vertical  flow  components  <i.e,  /-derivatives)  it  is  appropriate  to  use  another 
decomposition: 

G  =  Gbaslc  +  G^'31  +  Gfree 


with  Gbasic  =  +<r  +  r,  )/rr,  and  G^*1  =  Glocal  -  2/r, 

This  ensures  that  there  will  be  no  contribution  from  Gbasic  to  and  and  no  contribution 
from  Gbasic  to  <^z  at  the  undisturbed  free  surface  z  =  0.  It  can  be  shown  (Eggers  1970)  that 
for  any  pair  z,z'  with  z  +  z'<0,  we  have  G^cal  =  -  l/kQ  G^3’.  Accordingly  it  is  not 
necessary  to  calculate  G|^cal  All  local  flow  components  may  be  expressed  through  Gxocal, 
glocal  an(j  G^a*.  It  is  convenient  to  define  a  “reverse-flow  source  potential”  G  related  to 
G  by 

G(x-x\y,z-z\  z  +  z’)  =  G(x'-x.-y.  z-z',  z  +  z') 


=  G  -  G^ree(x  -  x\  y,  z.  +  z' )  +  Gfree(  x'  -  x.  -y,  z  +  z') 


(5) 


(note  that  Gbasic  and  Glocal  are  even  functions  of  x-x'  and  y).  Thus  G  is  the  source  potential 
under  a  reversed  radiation  condition,  i.e.  with  waves  not  behind,  but  ahead  of  the  ship. 

The  first-order  flow  components  and  ^z  derived  from  (2)  may  now  be  decomposed  as 


*y  = 


i 

fx(x')h(z')(  l/r3  -  1/ r|3)dx'dz’ 


-eVk02/tr2  Im  ueikouy  duj~ 


’  F^(w)  H^(v)eikovz 


v-  iw2 

2, 


dw 


+  2eVkQ2/tr  Re 


(  /~°°u  ‘  seikouy  ^-^——=—=2—  du| 

\  j-aa  yr+4 U2  f 


(6) 


0  /-  1 

*>z=-eV/2jr/  /  fjjfx'lhfz'Hfz-z'Vr3  +(z  +  z')/r,3)  dx'  dz' 

-eVk02/tr2  Re  [  /°>ouy  du  C  dw| 

''/.oo  s/|u  |  v-iw2  ; 

-2eVk02/tr  Im  j  Op"* 

'  y/  1  +4U2  ' 


(7) 
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Ff(s)  fx(x')e^0»(x-x')  dx- 

r0  2  t 

H*(s)  =  /  h(z')  ekos  z  dz’. 

^-D 

The  expression  for  *px  is  only  slightly  different.  The  wave  elevation  f(x,y)  is  given  as 
?  =  V/gv?x(x,y,0)  within  the  first-order  theory.  Far  enough  behind  the  ship,  only  the  free 
waves  persist,  and  we  have 


?(x,y)~  +  2ek0/ 


°°  6i*touy  s2F*\s)H^(s) 
x/ 1  +4u2 


du) 


For  x<~l,  Ff(s)  simplifies  to  eikosx  F^Cs), 


with 


fx(x')  e-ikosx' 


dx', 


which  is  no  longer  dependent  on  x.  The  first-order  wave  resistance  R^  associated  with  the 
far-field  wave  pattern  (8)  is 


R(l)  =  2pgk0e2/jr  f 


|F^(s)Hf(s)l2s2 

yiw  du 


where  p  stands  for  the  fluid  density. 


1.2  Numerical  procedures  for  first-order  flow  components. 

By  use  of  a  binomial  expansion,  all  basic  flow  components  can  be  reduced  to 
elementary  indefinite  integrals 

•X,-Z 


/xrz 

J  x’zk/R3dx  dz 


01 


with  R  =./x2  +  Y2  +  z2,  i  =  0,  1 , 2 . . . .  k  =  0, 1 . 2 . 

By  a  recursion  formula  derived  in  Appendix  A  we  can  express  all  Ei,k  in  terms  of  a  linear 
combination  of  four  elementary  integrals 


E°,°  =  1  arctan(XZ/RY),  E0’1  =  -  ln(X  +  R),  E1-0  =  -  ln(Z  + R),  E1-1  =  - R  (1 


with  rational  coefficients. 

Foi  the  purpose  of  performing  the  w-integration  of  the  local  flow  components,  we  first 
express  fAw)  and  H-^(v)  in  closed  form  by  use  of  multiple  partial  integration.  This  leads  to 
terms  of  type  e'Aw  "  ‘®v  within  the  integrands  of  (6)  and  (7).  For  not  too  small  positive  A, 
we  may  use  a  Laguerre-Gauss  quadrature  formula 


f(w)  dw 


e"CA/ A^fiWj/A  +  C)  gj 


with  weights  gj  and  abscissae  Wj.  If  B  is  not  too  small,  one  may  as  well  integrate  with  regard 
to  v  by  use  of  dw  =  v  dv/w.  The  oscillatory  factor  e''®v  may  be  replaced  by  a  factor  with 
exponential  decay  through  complex  contour  integration  (Yeung  1972).  If  both  A  and  B 
vanish,  the  interval  may  be  reduced  to  finite  length  by  use  of  a  rational  transformation  and 
then  Simpson’s  rule  may  be  applied.  But  the  above  procedures  can  not  be  applied  to  the 
entire  range  of  w-integration:  Near  w  =  |u|  there  is  a  virtual  infinity  of  the  integrand  due  to 
v  =  0  in  the  denominator.  The  numerator  has  to  be  expanded  in  a  Taylor  series  to  introduce 
a  multiple  zero  which  keeps  the  integrand  finite.  But  this  holds  only  for  the  total  numerator, 
not  for  each  separate  component  obtained  from  the  partial  integrations.  Thus  for  a  certain 
finite  initial  range,  the  combined  integrand  must  undergo  quadrature. 

The  u-integration,  both  for  local  and  for  free  flows,  may  be  performed  by  truncating  for 
lul  sufficiently  large.  If  the  trapezoidal  rule  is  used  for  the  finite  interval  thus  obtained,  the 
step  width  Au  is  related  to  the  effect  of  finite  tank  width  b  through  Au  =  27r/kQb  (Eggers 
1966). 


2  Wave  Resistance 

2.1  Additional  expressions  for  first-order  resistance,  used  for  control  of  numerical  accuracy. 

For  numerical  evaluation  of  the  second-order  correction  to  wave  resistance  R^),  it 
becomes  necessary  to  calculate  first-order  flow  even  close  to  the  ship  and  to  integrate  over 
the  longitudinal  centerplane.  Considering  the  oscillations  of  the  flow  over  the  hull,  the 
subdivision  which  is  necessary  for  numerical  quadrature  will  depend  on  the  Froude  number. 
We  control  it  by  calculating  first-order  resistance  in  the  same  way.  Applying  Lagally’s  law  to 
the  first-order  source  distribution  a,  we  obtain  a  resistance  expression 


1 

o(x,z)  ifix(x,0,  z)  dx  dz 


(12) 


(observing  that  resistance  is  minus  the  x-component  of  the  force  acting  on  the  distribution). 
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But  it  is  known  that  R^1'  and  R„ ,  must  be  the  same  and  we  have  tested  this  fact  under 

a  Lag 

different  subdivisions  and  Froude  numbers,  approximating 

NZ  NX 

Rc lag ~ 2pD/(NX  '  NZ£iC  <T(Xi’ Zk)' ^ °* Zk)’ 

k=l  i=l 

xj=(2i-l)/NX-  l,zk  =-(2k-l)/2NZ. 

point  for  » 2 

calculation  /  T 


turn 

[ZI| 

cxxll 
mm} 


till 

[Till 

an 

;iti 


Figure  2  -  Subdivision  of  the  Longitudinal  Centerplane 


The  second-order  correction  to  o  is 


a(2)  =  2e|h(z)(f(x)vJx)x  +  f(x>(h(z)ipz)zJ.  (13) 

The  Lagally  force  due  to  this  correction,  may  be  expressed  as 

R^Lig  =  P/  J'  °^2^x>z^x(x-0'z)^xdz +  ^/"  J f  O(x,z)^2)(x,0,z)dxdz  (14) 

The  second  term  represents  the  force  acting  on  the  first-order  distribution  o  due  to  the  flow 
from  the  potential  </2\  which  is  generated  through  in  analogy  to  (2).  It  may  be 
evaluated  without  calculation  of  ip(2)  in  terms  of  the  first-order  reversed  flow  potential  ^ 


given  as 


*>(x,y,z)  =  -l/4* 


f  tfx’,  z' 


X}(x  -  x',  y,  z  -  z',  z  +  z')dx'  dz' 


It  is  easily  seen  that 


r0  /*!  y»0  ^*1  rO  /*1 

/  /  0<Px  ^dxdz  =  -l/4fr  /  /  o(x,z)  /  /  G  (x-x\ y,z-z', z  +  z')(r2)dx'dz'dxdz 

rO  r  1  ^ 

=  /  /  c<2>*x  dx  dz  (16 

<D  -I 

For  a  symmetric  ship,  we  have^5(x,y,z)  =  <£(-x,y,z)  and  we  may  substitute 


/Jp.  *<2>  dx  d z  =  '^(2VX 


(-x)dxdz 


i.e.  neither  n0r  ^  needs  to  be  calculated  explicitely. 

Within  a  consistent  approach,  another  second-order  correction  has  to  be  applied 
according  to  the  free-surface  boundary  condition.  We  have  to  add  a  potential  ^g2-*  due  to  a 
source  distribution  6(x,  y)  over  the  plane  z  =  0, 

r°°  r°° 

f£2\*,y,z)=  -  l/4»kQ  I  /  6(x',y’)G<x-x',y-y',z-0,z+0)dx'  dy' 

'-'-oo  'J-ao 


with  V6(x,y)  =  f*’2  +  y?2  +  ^>x  +  k0*>z)z  ('7) 

The  second-order  Lagally  force  due  to  this  flow  acting  on  the  first-order  distribution  o(x,  z) 
may  be  expressed  as 

R6 uig 3 pJJ' dxdz  =  ■  >’Kj  J  6(x’ y) ^x(_x’ _y’ °> dx dy  ( 1 8) 

by  using  the  reversed  flow  principle.  For  the  classical  experiment  of  Weinblum,  Kendrick 
and  Todd  (1952)  the  second-order  corrections  R^2j^g  and  Rg2^g  have  been  evaluated,  and 
their  contribution  to  covering  the  gap  between  experiment  and  theory  is  shown  in  Figure  3. 


2.2  Relation  to  pressure  resistance 

There  is  another  analytical  relation  which  we  may  use  for  testing  the  first-order  flow 
approximation  and  for  checking  our  calculations.  The  condition  of  no  flow  through  the 
ship’s  hull  surface  may  be  expressed  as 

6,  sehfx(y>x-V)  -tpy  +efhzy>z  =  0  for  y  =  ef(x)h(z).  (19) 

Now  it  can  be  shown  that  (Eggers  1975) 

R(l)  _  Rhull  _  Rprof  +  AR  (20) 
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with 


rO 

R^uU=2 pej  J  ((^  +^)/2-V^x)  fx(x)h(z)dxdz, 


where  px,  <py  and  pz  should  be  evaluated  for  y  =  ef(x)h(z), 


RProf  =  -pelkQjf^  <£{*,  ef(x)h(0),0)  fx(x)  dx  and 
J-D  J.i 


AR  = 


6s^x(x,ef(x)h(z),  z)  dx  dz. 


Thus  AR  is  a  measure  of  the  invalidity  of  the  body  boundary  condition,  and  AR  should  tend 
to  zero  even  if  divided  by  r(').  Our  calculations,  both  for  the  Weinblum-Kendrick-Todd 
plank  with  B/L  =  0.027  and  for  a  thin  model  investigated  by  Sharma  (1968)  make  evident 
that  only  for  Ffl  exceeding  0.4,  do  we  find  AR  smaller  than  10  percent  of  R^).  Thus  we 
may  conclude  that  the  models  are  still  not  thin  enough  for  thin-ship  theory.  Numerical 
values  are  given  in  Table  l. 


2.3  Gadd's  paradox 

It  should  be  noted  that  from  naive  pressure  integration  over  the  hull,  observing  the 
change  in  wetted  area  due  to  the  first-order  wave  elevation,  we  would  arrive  at 

Rp  =  RpU,l  +  RProf,  (21) 

as  observed  by  Gadd  (1971).  The  discrepancy  in  sign  of  RProf  in  (20)  and  in  (21) 
corresponds  to  flow  of  x-momentum  through  the  wave  profile  area.  We  have  also  calculated 
Rp/R^1)  in  addition.  It  should  be  noted  that  Rjjul*  -  RProf  is  essentially  a  part  of  the 
consistent  second-order  approximation  R  ~  R^  +  R^^  +  Rg^g-  The  first  term  in  (14) 
may  be  transformed  by  partial  integration;  noting  that  pz  =  -'fixx/^0  for  z  =  0. 


Pf/a(2)^  dxdz  =  2 pe  JJ~ f(f  *>x)xh  +  (h  <pz)z0  dxdz 

=  -  2 peJJ' (hf  *x  +  Hi  <PZ dxdz  +  IpeJ' f  pz  p, 

-  IPeJJ hfx(*2  +  ^)/2  dx  dz  +  pe/k fx  dx. 


dx 


(22) 
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TABLE  1 


Weinblum- Kendrick -Todd  Plank.  B/L- 0,027 


Fn 

0/24 

0/27 

0/29 

0,32 

0,38 

0,50 

0,71 

NX 

38 

30 

28 

22 

20 

20 

20 

© 

0,96 

0,95 

0,98 

0,98 

0,96 

0,98 

0,97 

0 

0,94 

0,85 

0,99 

1,01 

0,88 

1,00 

1,01 

0 

0,98 

1,01 

1,01 

0,97 

0,98 

0,98 

0,95 

0 

0,91 

1,21 

0,99 

1,01 

1,18 

1,20 

1/17 

©  R  Lagally  /  R  far-  field 

©  («X  -  R^»')/  "hr-** 

®(«X  +  R£e£,*)/  R  far -field 
©  R  residual  /  R  far-  Field 

Sharma's  Thin  Model .  B/L-  0/05 


Fn 

0,24 

0,26 

0,32 

0,37 

0,45 

0,50 

0,71 

NX 

32 

24 

18 

18 

16 

16 

16 

©" 

0,97 

0,95 

0,96 

0,98 

0,99 

0,99 

0,98 

0 

0,79 

0,55 

0,78 

0,77 

0,99 

1,02 

1,02 

0 

0,95 

0,96 

0,93 

1,01 

0,97 

0,94 

0,92 

© 

0,96 

1,90 

1,18 

1,07 

0,91 

0/95 

0/92 

I  Extension  to  Related  Problems 

3.1  Calculation  of  displacement  field  in  the  sense  of  the  analysis  of  Noblesse. 

As  an  improvement  to  the  classical  thin-ship  theory,  Noblesse  (1974)  expanded 
coordinates  as  well  as  flow  components  in  terms  of  the  beam/length  ratio  e,  determining  a 
“real  hull”  associated  with  the  “linearised  hull”  from  which  we  may  start.  The  coordinate 
stretching  thus  achieved  is  already  inherent  in  Wehausen’s  approach  (1969)  using  Lagrangian 
coordinates,  but  Noblesse  made  evident  that  the  shift  may  be  represented  as  a  gradient  of  a 
“displacement  potential”  iHx.y.z)  rather  than  as  a  time  integral  along  streamlines.  On  the 
plane  z  =  0,  the  first-order  vertical  displacement  is  defined  as  the  first-order  wave  elevation,  i.e. 

V/g  y>x(x,  y,  0)  =  i^z(x,  y,  0)  (23) 

for  all  x  and  y.  It  is  possible  to  calculate  the  total  displacement  field  ipx,  i^y,  \pz  through 
our  program  for  y>x,  y>y,  replacing  6(x,z)  in  eq.  (2)  by  an  x-integrated  source  distribution 

a*(x,z) -f  u(x',z)  dx'. 

The  identity  (23)  was  used  as  a  numerical  check,  and  a  numerical  example  for  distortion  of 
the  wave  profile  was  performed  for  a  mathematical  ship  model  of  form  y  =  ±e(l  -x2) 

(1  -(z/D)2)  with  e  =  0.1,  D  =  0.125  and  with  Fn  =  0.25  as  shown  in  Figure  4. 

3.2  Wave  resistance  of  a  submerged  sphere. 

We  have  calculated  wave  resistance  of  a  submerged  sphere  in  steady  horizontal  motion 
through  the  Hess  and  Smith  ( 1964)  method,  modified  for  wave  effects  under  the  linearised 
free  surface  condition.  The  sphere  was  approximated  by  108  polygon  plane  elements  for  the 
case  of  submergence  depth  h  =  2a,  where  a  is  the  radius  of  the  sphere.  The  source  distribution 
was  determined  through  iteration  up  to  error  less  than  one  percent  at  “null”  points  of 
elements,  determined  from  unbounded  flow.  For  exponential  functions  from  wave  effects, 
surface  integrals  on  the  polygons  were  evaluated  by  summing  contributions  from  corner 
points  of  each  element  (Appendix  A2).  The  final  numerical  results  are  shown  in  Figure  5 
where  results  by  Bessho  (1954)  and  Kim  (1968)  are  also  shown. 
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Appendix  A:  Evaluation  of  integrals  over  polygon  areas 


Al:  Recursive  determination  of  6 i,k  -  JJxizk/(xe  +  y*+z*)  dxdz 


Let  R  “yx*+y*+z*,  and  let  us  first  consider  the  case  where  all 
polygon  sides  are  parallel  to  the  x-z  coordinate  axes.  Let 


i,k 


be  a  function  such  that  E 


i,k 


“*zk  /Rs 


then  e 


i,k 


is  the 


sum  of  El'k  evaluated  at  the  corner  points  with  proper  sign. 
For  both  i  and  k  smaller  than  two,  such  set  of  functions  is 

1,0 


_  0,0  1  .  xz 

E  *  ~y  arc  ton 

E0'1  -  -log  (z+R) 


E  -  log  (x+R) 
E  1/1  -  -R 


(Al) 


An  extension  to  arbitrary  i  and  k  can  be  recursively  found  in 
three  steps: 

1)  For  k-1  we  define  EV<'  »  -  1  /  i*(xl  *  R  +  (i-1)  (ze+y2)  £l  2/*) 


2)  For  k-0  we  define  El'°  -  -z  Ei’^'  -  y 

3)  For  i  fixed,  we  define 

E  ^  -  -^7-  [  iz1"’  E *  -  (k-1)  xW  E1,k  *  -(k-l)  y*  Ei,k  2  ] 


.2  E  i-2,0 


(AE) 


That  we  really  have  3eEl'k/3x3z  ”  X^/R3  can  be  verified 


for  the  right  hand  sides,  as  recursively  in  i  and  k  we  find 
that  Ej,'1  -xVR  ,  E  i'k  *  -  z k  /  R 
plies  a  representation 


Note  that  (A2)  im- 


.  i,k 


,i,k 


_i,k  _  0,0  _i,k  _0,1  _i,k  _  1,0  „i,k  1,1 
“r00C  +r01c  +  rwc  +r„t 


01 


(A3) 


where  the  P  '  are  homogeneous  polynominals  of  degree  i+k+1  ; 


for  both  i  and  k  odd,  only  P}(k  is  non-zero,  and  only  P  00 
is  non-zero  for  both  i  and  k  even. 


i,k 


For  arbitrary  polygons,  we  can  derive  a  similar  result  by 
application  of  Gauss'  integral  formula  (a  degenerated  form  of 

Stokes'  theorem): 
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jj F(x,z)  dxdz  -  (j)  6^x(z),z^dz  if  Gx-Fj"--  ^  H^x  z(x)^dx  if  Hz-  F  , 

where  the  line  integrals  along  the  border  have  to  be  evalua¬ 
ted  in  counterclockwise  direction.  For  a  polygon  with  N  cor- 
nerpoints  Fj»^xJ;Zjj  ,  ,  the  line  integrals  are  com¬ 

posed  of  N  integrals  from  Pj.j  to  Pj  .  (For  convenience  we  de¬ 
fine  P0  "  PN  and  ^n+i  "Pi  >  • 

Observing  that  Jx/ K3dx--l/K,  we  obtain  through  x-partial  in¬ 
tegration 

dxCtz  “'“f  x  R~~  +  (i~0  ||  x~  R  z  dx  hence 

(i-2)&l'k  -  -  (i-l)yV‘2'k  (A4) 

with  JIl1/k  -  f  J  x‘"izI</r  dz  ;  in  order  to  eliminate  £l'?/k+2 
we  can  obtain  an  analogous  relation  changing  the  roles  of x 
and  z  : 

k&l-zk+2  ,  _  (k+1)  yV*'k  -  (kti)el'k  (A5) 


J  -j  i+2(k+l 


Xj 

-  I  xl-zzk+’  /r  dx 


and  thus 

(fck-t)  6‘,k  -  iii  l'k  -  (i-os  -  MyV2-k 

(AG) 

and 

(i+k-Oe^  -  iEli3^'k',  +  (k-i)  £  illT,'k'2  -  (k-i) y* el,k'2 

(A7) 

in  particular  ^  ^  qk  _  £ 

An  evaluation  of  £ 0/0  is  given  by  Hess  and  Smith  (1964), 

thus  we  only  have  to  consider  expressions  of  type  ±  ,r  and 
V  M 

3  ,r  ,  But  these  integrals  depend  essentially  only  on  one 
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integer  parameter 
S  and  t  through 


!  Let  us  introduce  new  variables 


i 

r 


s  -  x  cos  otj  +  z  sin  04 j  j  -t  -  -  x  sinotj  4  z  cos<*j 

where  otj  is  the  angle  of  the  line  through  Pj.j  and  ?}  ,  t  is 

constant  there,  t-tj  [-length  of  perpendicular  from  origir^. 
Inversely  we  have 

X  -  S  cosaj  -  tjStnaj  z  -  s  sin  4  tj  cos  aj 

dx  -  ds  cos  Xj  dz  -  ds  sin 


x2  4  zz  -  sVtj  ,  hence 


But  the  integrals 
ft  “  1  and  A-0  as 


jL* 


r5i 

-  Js'/R 


si- 


R  -  ^sz  4  y2  +  tj 


ds  can  be  reduced  to  the  cases 


V  2 


l/*  |sR  |  J  -  (5H)  j  AM 
JL°  -  lo9  ((sj+  Rj)/(sj-i  +  Rj-0)  -  l«9  ((sj-i-Rj-i)/(sj^Rj )) 


and 


i 


1 

I 


.  _  _  .  .  ft  ax  +  bz 

A2:  Evaluation  of  integrals  J  e  dxdz  over  polygons. 
Using  Gauss'  integral  formula  mentioned  above  we  find 

3  (a;b)  -  II  exp  (ax+bz)  dxdz  ^  exp(ox(z)+bz)dz  =^-Z  j  exp  (ax(z)+bz)  dz 

Jzi-' 


Along  Fj_,  Pj  we  have  x- x,.,  +  mj  (2"^j-i)  >  Wj  -  ctg  -  A Xj  j Azj 
A*Xj  -  Xj  -  XJM  ,  A'Zj  -  zj  -  Zj.,  thus 

^(a,b)  -  X]  (exp(oxi  +  bZj)  -  cxp(axj,1  +  bzj.l)jya(amJ  +  b)  (A8) 


Grouping  this  sum  regarding  common  exponential  factors, we 
obtain 


3(°/b)  “  Xj  exp(axj  +  bzj)  f>t  j  ((aA+Xj  +  bA+Zj)(aAxj+bA'Zj)^ 


(A9) 


with 


A+xj  =  A'xJ+t  ,  A+  Zj  «  A~zJ+1  ,  5j  =  A+Xj  A*Zj  -  A'xj  A+Zj 


6j  is  the  absolute  value  of  the  cross  product  of  vectors 
Pj_,  Pj  and  F*  Pj+i  i.e.  the  product  of  their  lengths  and 
sine  of  the  angle  by  which  the  direction  of  the  boundary 
changes  at  fj  . 
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Appendix  3s  Line  integral  terms  within  the  second-order 
potential. 

Bis  Contributions  from  the  free  surface  to  tp  through  Green’s 
formula. 

In  Wehausen's  approach  (1963),  the  velocity  potential  is  ex¬ 
pressed  in  terms  of  boundary  values  over  a  closed  surface. 

Due  to  asymptotic  properties  of  the  influence  function 
(Havelock  source  potential,  singular  like  1/r)  only  contri¬ 
butions  from  the  free  surface  Sf  and  from  the  wetted  hull 
have  to  be  considered.  For  reason  of  generality,  we  shall  in 
the  following  take  Sw  as  any  control  surface  enclosing  the 
wetted  hull  (but  not  the  flow  point)  and  intersecting  Sf  ver¬ 
tically  along  a  closed  line  £  encircling  the  ship.  Let  C 
be  the  projection  of  C  on  z*0  ,  We  thus  do  not  impose  any 

boundary  consition  on  Sw  ,  nor  any  assumption  about  smallness 
of  its  lateral  extent.  Let  us  divide  Sw  into  Sc  ,  the  contri¬ 
bution  from  the  wave  profile,  and  50  ,  the  part  extending  up 
to  z»0  •  Let  us  define  corresponding  components  of  cp  such 

that 

4t£f  -  If  +  IC  +  I0  (01) 

Then,  following  Wehausen  (page  828)  1^  may  be  expressed  as 

if  -  Jj  {-$*(*/*)  ?*(*,*-?) 

+  qrt6  +  «?x6x<p  +  -  Gr<p  j  dxdy  (82) 

where  £  (x,y)  is  the  wave  elevation,  S^p  is  the  projection 
of  Sf  on  Z -  0  .  (The  dependence  of  G  on  flow  point  coor¬ 
dinates  is  suppressed  in  our  notation.)  Within  our  aim  of 
determining  cp  up  to  terms  of  order  <r3  only,  where  ^  is 
some  smallness  parameter  ultimately  related  to  the  hull 
geometry,  it  is  pertinent  to  substitute  for  its  linear 
approximation  V/g  <px(x,y,0)  and,  after  performing  a  Taylor 
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expansion  of  all  members  of  the  r.h.s.,  to  delete  all  triple 
products  of  tf  and  its  derivatives.  If  we  further  observe  for 
z-0  that  ?xx-Kfy/<irtl-0(<J),6*x+k«ei'c,i^x+6w+6H"0*  with 
Sf (x<y)*(fJW(x,y/0)+ko<|Pi;(x/y(0),we  finally  obtain  (with  all  integrands 
evaluated  for  z«0  ). 

9/V-If  -  If  (-Vfce  -  q^G  ^(f.6- -?x?yy6 

**  +<Pxx<r e* +  "  V  +  Txf  ^x+?x?Gyy  ]  <*xdy+o(<s) 

J  (B») 

Adding  -  and  subtracting  again  -  (fx  6X+ may  be 
written  as 


9/V  If  '  lj  f  8f VG  +  V (^£fy6)y+(^6x)x+(flfcfx6y)y]  dxrtV 


save  terms  of  order 
may  insert 


0(<*).  I£  C  is  the  load  waterline, 

<fx  dy  -  cfydx  -  V  dy . 


we 


Consider  now  Ic  ,  the  contribution  from  the  wave  profile 
part  of  the  wetted  hull.  Let  s  be  some  measure  of  arc  length 
along  C  so  that  C  may  be  given  as  X»x(s)  ,  y- y(s)  .  Then 


I 


c 


#/  K  (x  (s),  y (s),  z  )  6  (x  (s) ,  y  (s),z  )  -  q>  6n  |  dz  ds 

C  0 


(B5) 


where  the  index  n  stands  for  outward  normal  derivative.  In> 
serting  tf  -  V/g  Cft  (x(?),y(s),o)  ,  expanding  in  Taylor  series  and 
deleting  triple  products  of  flow  components,  we  obtain 
-r  I  _  ^  _  c  \  j.  .  n (s*\  with  intecrands  evaluated 

*c~W  JSrxM-T  6n)d9  +  °«)  for  2^0 


475 


With  <pnds --^cty+fyclx  ,  Gnd3*-6xdy  +  6ydx  for  counterclock¬ 
wise  evaluation  of  the  integral  along  C  ,  we  have 


Tc  -  -V/g  j)  |?XG  (<?xdy-cpydx)  -  ^  (6xdy-Gydx)  j  +  0(<3) 

Ic  +  If  -  tb  +  >/*.  //s  &f  e  dx  dy  +  0  (<:3)  (B6) 

where  we  have  defined  IB  *°  -  l/k0  ^ (cpGx -  £f,G)  dy  .  This  con¬ 
tribution  to  <f  could  alternatively  have  been  obtained  from  a 
Green's  theorem  approach  for  the  domain  outside  the  hull 
bounded  by  the  plane  2-0  (Eggers  1966  ). 


B2:  Reduction  of  the  couple  of  line  integrals  IB  to  integrals 
over  surfaces  plus  a  line  integral  of  higher  order. 


Let  us  consider  an  integral  expression  D  ,  symmetric  regar¬ 
ding  the  functions  G  and  ,  defined  as 

3  -  -  JJ  h  M  (?x  +  <fzGz)  dxdz  (B7) 

Sop 

where  overlining  should  mean  the  sum  of  contributions  from 
y-  +  h(x,z)  and  y--h(x;z)  ,  and  the  integration  is  over 

the  vertical  plane  y-0  which  is  cut  out  through  the  sur¬ 
face  r,t  i.e.  the  projection  Sop  of  50  . 

Through  partial  integration,  regarding  X  for  the  first,  re¬ 
garding  z  for  the  second  summand,  we  may  either  obtain 

3  -//  ((Hc)x+N*)z)  G  dxdz  -  fh(fzG  dx  +  II  h(<y(GKyhxt6,yhz)-(fv(^hxtGthz))dxdz 

Sop  r  ®op  ‘  ^  (B8) 

where  Cp  is  the  projection  of  C  on  the  x-axis } and  underli¬ 
ning  stands  for  taking  the  difference  of  the  case  y  positive 
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and  y  negative,  or 


D 


_  _  (B9) 

-ft ((h60,+(h6k)t)<p  dxdz  -  Jh&cf  dx  +  JJhf/^\+t^e)e 

s°p  Cp  Sop 


Subtracting  (B9)  from  (B8)  we  find  thus  that 


Id*  |h(x,0)(<p^-qtG)  dx 

mJl(<fGn-(friG)dS0  -  £  (h  (q»6yy"%6)- faVty6))  dS°p 

°P 

~~  [[  ^  (fyc  (<T®y-cfy®)x'*‘  ^  (tP^y_?y^)r)  d^op  (BIO) 

JJSo  p  -  - 

observing  that  the  normal  vector  n  has  the  components 


with  d50p  *  dxdz  . 


But  the  line  integral  Ic  may  be  transformed  through  x- 
partial  integration;  observing  that 
for  Z  ~  0  ,  we  find 

koId  -  I  h(-«p6w4cftet6-66f)dx 

*Lp 

=  (  (<?6x-<jxG)  dx  +  f  hhx^ex-^eL  dx  -  f  h  5fG  dx  (010 

■’Cp  j Cp  - —  Jc  P 

and  the  first  term  on  the  r.h.s.  is  just  ko  times  Ig  .  Thus 
we  can  express  IB  as 

Ib  -  ~Jo  +Jf  |f?6y-?y6) ~ h(<y6y-<ft6)y j  dxdz-t  —  J^ h%G  dx 

-  ff*1(hx(‘fe3'<f)6)x+  hz(cfGr?yG)z)  dxdz  -  j-fhhx^Gx-^ydx 
Sop  0  CP  (612) 

where  Io'f[(Tn6-?^«)dSo  is  the  third  component  of  4-Ttf  as 


defined  earlier.  The  first  line  of  the  r.h.s.  is  a  repre¬ 
sentation  of  through  sources,  normal  dipoles,  y-dipoles 
and  y-y  quadrupoles  on  S0  plus  sources  on  5^,  if  6f  is  non¬ 
zero.  The  terms  in  the  second  line,  which  are  small  of 
higher  order  with  regard  to  the  lateral  extent  of  S0  ,  con¬ 
tain  x-y,  and  z-y  quadrupoles  on  So  in  addition,  and  x- 
dipoles  on  C  .We  may  recall  that  Landweber  (1972),  invoking 
Stokes'  theorem,  even  found  a  representation  of  IB  in  terms 
of  sources,  dipoles  and  quadrupoles  on  S0  without  any  resi¬ 
dual  line  integral  (assuming  8f“0  ),  namely 

*©  *  -j“  Jf  (if  curl  J (qp6x-cfx6)?z  j)dS0 

where  eg  is  the  unit  vector  in  y-direction.  But,  as  mentio¬ 
ned,  the  last  line  of  (B  12)  is  small  of  order  0(<3)  if  h-0(4) 
as  from  now  on  we  shall  assume. 


B3:  The  singularity  system  representing  «f  up  to  0(<*)if  h 
is  O(^). 

From  (Bl),  (36)  and  (B12)  we  obtain 

4i(f  -  1/k0  jf  &fG  dxdy  -  l/k0  y  y  8fG  dx 
5fP  Jc 

+  //Sop((£f6r<f ,©)  -  h(<f6y-*fyG),)  dxdz  +  0(0  (B13) 

With  6f-0(4*),  save  an  error  0(<3)  we  may  replace  the  first 
two  terms  through  1/k0  Jf5f6  dxdy  integrating  over  the  entire 
plane  z-0  . 

Taking  now  So  as  the  hull  surface,  we  may  insert  the  body 
boundary  condition 

±?y  -  hx<rx+Mt"hxv  "or  y~±  Mx,z)  (B14) 
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Expanding  <f  and  S  in  Taylor  series  with  regard  to  y  ,  we 
may  easily  simplify  (313)  to 

4t(f-  2V  [Lg dxdz  -  2  [|sfGdxd^0(<3) 

Sop  Sop  °1J  (B15) 

or  alternatively,  using  the  Laplace  equation  prior  to  Tay¬ 
lor  expansion, 

4xcf  -  2V  jj h fG  dxdz  -  2 [f  |hcft)x+  {h<fa)z  )  6  dxdz  + . . .  (B16) 

Sop  Sop 

This  expression  obviously  does  not  show  line  integral  terms. 
But  through  partial  integration  we  may  change  to  a  dipole 
representation 

2V  fjuGxdxdz  +  2  ^f(hcj>x6x+h<fz6z)dxdz  +  IE+ •••  (B17) 

with  ^  Sop 

f  ef  2  f  2  [  (m) 

IE  .-2  J  htf^dx  —  £  Jhf.Gkdx-j  Jhx‘ f,sdx-f  _/ 1)6,6 dx 

Xe  is  the  difference  of  the  second-order  potential  for  a 
surface  piercing  ship  from  that  from  the  limit  of  a  submer¬ 
ged  thin  body  (which  may  be  flat  topped)  approaching  the  free 
surface.  For  the  latter  case  the  total  source  output  is  zero, 
i.e.  any  non-zero  tota)  source  output  results  from  the  second 
term  of  the  r.h.s.  of  (318)  if  6^  is  not  considered.  The  first 
term  of  IE-  corresponding  to  the  first  term  of  Ig-is  related 
to  a  potential  due  to  the  wave  e)r/ation  pressure  field  within 
the  waterplane  area,  the  second  is  the  degenerated  version  of 
the  second  term  fromIB,  The  resistance  component  due  toIein 
the  sense  of  Lagally's  law  for  a  symmetric  ship  is  a  degene¬ 
rated  form  of  minus  Rprof  as  could  have  been  expected  from  (22). 
The  first  term  alone  of  (318)  however  would  induce  a  resi¬ 
stance  component  -  ^  J"f x  hx  dx  corresponding  to  plus  Rp™ 

CP 
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THE  NEAR-FIELD  DISTURBANCE  IN  THE  CENTERPLANE 
HAVELOCK  SOURCE  POTENTIAL 


F.  Noblesse 

Department  of  Aeronautics  and  Astronautics 
Stanford  University,  Stanford,  California  94305  U.S.A. 


ABSTRACT 

By  "centerplane  Havelock  source  potential"  is  meant  the  linearized  velocity 
potential  of  the  steady,  inviscid,  free-surface  gravity  flow  past  a  unit  source  in  an 
oncoming  uniform  stream,  observed  at  points  in  the  vertical  plane  of  symmetry 
parallel  to  the  oncoming  stream  and  passing  through  the  source.  This  source 
potential  is  written  as  the  sum  of  three  terms:  (1)  the  potential  of  the  source  in  the 
infinite  domain,  (2)  the  "near-field  disturbance  potential"  which  is  nonoscillatory 
and  symmetric  upstream  and  downstream  from  the  source,  and  (3)  the  "wave- 
potential"  of  the  oscillatory  wave-like  disturbance  trailing  downstream  from  the 
source.  The  paper  is  concerned  with  the  numerical  and  analytical  investigation  of 
the  near-field  disturbance  potential. 

1.  Introduction 

The  success  enjoyed  by  Gadd  [1]  in  predicting  the  "residuary  resistance"  of 
a  number  of  ship  hulls  by  the  method  of  Guilloton  [2],  as  well  as  studies  of 
Wehausen  [3],  Dagan  [4]  and  Noblesse  [5]  rationalizing  Guilloton' s  method  and 
suggesting  possible  modifications,  have  called  for  the  development  of  a  numerical 
procedure  for  evaluating  the  flow  around  a  ship  hull  by  a  Guilloton -type  method. 

The  motivation  for  developing  such  a  numerical  procedure  has  recently  been 
strengthened  by  further  theoretical  developments  erf  Noblesse  and  Dagan  [6]  pointing 
to  the  possibility  of  improving  upon  the  method  of  Guilloton. 

From  the  computational  point  of  view,  the  essential  feature  of  Guilloton’s 
and  related  methods  is  that  they  involve  source  distributions  on  the  ship  centerplane 
alone,  and  furthermore  that  most  quantities  of  practical  interest,  e.  g. ,  wave 
resistance,  hydrodynamic  lift  and  moment,  sinkage  and  trim,  velocity  distribution 
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on  the  hull  and  free-surface  profile  along  the  hull,  can  be  obtained  from  flow 
variables  evaluated  at  the  ceu  iplane.  This  means  that  the  computational 
problem  in  these  methods  of  evaluating  the  (eminently  three-dimensional)  flow 
around  a  ship  hull  is  two  dimensional  in  nature,  in  that  functions  of  two  variables 
only  need  be  evaluated. 

The  basic  computational  problem  consists  in  evaluating  the  linearized 
velocity  potential,  say  <f>(x,  y,  o),  on  the  ship  centerplane  2=0,  associated  with 
a  given  source  distribution,  say  of  strength  r(x,  y),  on  the  centerplane,  i.  e. , 


4>(x,  y,  o) 


2>r 


,o;p.,  v ,  o)t(^i,  u)dtidp 


(1.1) 


where  G(x,y,  o;n,  v ,  o)  denotes  the  "centerplane"  Havelock  source  potential  and 
a  is  a  given  area  in  the  lower  half  plane  v  s  o  where  the  density  t(i*,  p)  of  the 
source  distribution  is  defined. 

The  author  has  been  engaged  in  the  development  of  a  numerical  procedure 
for  evaluating  the  centerplane  potential  <p(x,y,o)  defined  by  eq.  (1.  1)  above. 

This  work  is  not  yet  completed  however  a  report  on  its  current  state  of  develop¬ 
ment  may  be  found  in  [7],  The  scope  of  the  present  paper  is  thus  restricted  to 
the  investigation,  by  both  analytical  and  numerical  means,  of  the  behavior  of  the 
centerplane  Havelock  source  potential  G(x,  y,  o;n,  v ,  o),  a  detailed  knowledge  of 
which  is  useful  for  developing  a  sound  numerical  procedure  for  evaluating  the 
centerplane  potential  4>(x,  y,  o). 


2.  The  Centerplane  Havelock  Source  Potential 

Let  us  consider  the  steady  free-surface  gravity  flow  of  a  uniform  stream  of 
velocity  U  past  a  unit  source  located  at  a  point  S  below  the  free  surface,  see 
Fig.  1  below.  The  vertical  plane  passing  through  the  source  S  and  parallel  to 
the  oncoming  stream  U  is  a  plane  of  symmetry  for  the  flow.  This  plane  is  taken 
as  the  plane  Z  =  0  and,  in  reference  to  the  thin-ship  theory,  will  be  referred  to 
as  the  "centerplane".  The  horizontal  undisturbed  free  surface  is  taken  as  the  plane 
Y  =  0  with  the  Y  axis  directed  upwards.  The  X  axis  is  taken  parallel  to  the 
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Fig.  1.  Definition  sketch  for  the  centerplane  Havelock  source  potential. 

oncoming  uniform  stream  U  and  pointing  downstream.  The  (dimensional) 

coordinates  of  the  source  S  are  denoted  by  {X  ,  Y_  £  0,  o}  and  the  field  point  P 

where  the  flow  is  observed  has  coordinates  {X,  Y  s  0,  o}.  The  coordinates  of  the 

image  S'  of  the  source  S  with  respect  to  the  free  surface  are  then  {x  ,  -Y  ,  o}. 

b  b 

Variables  are  made  dimensionless  with  respect  to  the  acceleration  of 
gravity  g  and  the  velocity  U  taken  as  reference  quantities.  Thus,  dimension¬ 
less  coordinates  x,  y,  n,  v  are  defined  as 

{x.y.^.v}  =  (g/U2){x,Y,Xs,Ys}  (2.1) 


The  linearized  velocity  potential,  on  the  centerplane  z  =  0,  for  the  flow 
described  above  is  given  by  the  "centerplane"  Havelock  source  potential 
G(x,  y,  o>,  i/,0),  which  is  simply  denoted  by  G(x, y;n,  v)  and  is  written  in 
dimensionless  form  as 

2  2  -l/2 

G(x,y;n,  v)  =  -[(x-n)  +  (y-v)  ]  +  R(x-n,  y+y)  (2.2) 

where  R(x-n,  y+v)  is  a  function  of  the  two  variables  x-n  and  y  +  v  defined  — 
and  regular  —  in  the  lower  half  space  y+v  <0.  We  have 


R(x-ti,,y+v)  =  [(x-k*)  +  (y  +  y)  ] 


2  -i/2  4  W2  rm  ekt<y+i')+i(x"^)co80i 


4  r 

*  J  X 


dkdO 


+  4i 


e[(y+v)+i(x-vi)cosfi]sec25 


k  cos  9- 1 
2 

sec  9d9 


(2.3) 
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where  the  convention  is  made  that  only  the  real  part  of  the  right-hand  side  is  to  be 
taken.  Equation  (2. 3)  can  easily  be  derived  from  eq.  (13.  36),  p.  485  in  Wehausen 
[8].  It  must  be  remembered  that  the  equation  given  by  Wehausen  holds  for  the  case 
of  a  uniform  stream  flowing  past  a  sink  in  the  negative  x  direction. 

Let  us  introduce  the  complex  number  C  defined  by 


C  =  (y+v)sec  6  +  i(x-u)sec0 
Equation  (2.  3)  can  then  be  written  as 


2  2  -1/2  * 
R(x-n,y+v)  =  [(x-m»)  +(y+v)  ]  +' 


1(0  sec  0d0+  4i 


.  r 2  c 

i/  e 


sec  Odd  (2.  5) 


where  the  change  of  variable  k  =  y  sec  0  was  performed  in  the  double  integral, 
with  1(C)  defined  as 

/■"  eYC 

I(c)  "  fQ  ^  <2-< 

The  Cauchy-principal-value  integral  1(0  can  be  written  in  terms  of  the  complex 
exponential  integral  E^(C),  see  Appendix  1.  It  yields 

1(C)  =  eiE1(C)  +  i7rsgn(x-p)eC  (2. 1 

where  sgn(x-p)=(x-p)/|x-p|  and 


y.®  -t 

h«>  ■  /  V 


(|argC|  <  it) 


as  defined  in  eq.  (5. 1. 1)  p.  228  in  Abramowitz  and  Stegun  [9]. 
By  using  eq.  (2.  7),  eq.  (2.  5)  can  be  written  as 

R(x-Miy+v)  =  N(x-p,y+v)  +  W(x-p,y+v) 


where  N(x-p, y+v)  and  W(x-p, y+v)  are  defined  as 

2  2  -1/2  4  r  2 

N(x-fi.y-H')  =  ((x-fi)  +  (y+y)  ]  +  ~  J  e^E^sec 
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rn/2  c  2 

W(x-n,y+c)  =  8iH(x-n)  J  ewsec  6d9  (2.11) 

•'o 

In  eq.  (2. 11),  H(x-n)  is  the  Heaviside  step  function  defined  as  H(x-n)  =  0  for 
x  <  p,  and  H(x-n)  =  1  for  x>p.  Only  the  real  parts  of  the  right-hand  sides  of 
eqs.  (2. 10)  and  (2. 11)  are  to  be  taken,  in  accordance  with  the  convention  adopted 
in  eq.  (2.3).  We  have  e^E^)  =  e^E  (Q,  see  [9]  eq.  (5. 1. 13)  p.  229,  and  eq. 

(2. 10)  then  readily  shows  that  N(p,-x,  y+i>)  =  N(x-p,  y+p).  This  term,  therefore, 
represents  a  disturbance  symmetric  upstream  and  downstream  from  the  source. 
Furthermore,  N(x-p,,y+p)  represents  a  nonoscillatory  "near-field-like  distur¬ 
bance",  as  will  be  seen  in  the  following  sections.  The  term  W(x-p,y+p),  on  the 
other  hand,  is  zero  upstream  from  the  source  and  represents  an  oscillatory 
"wave-like  disturbance".  In  particular,  far  downstream  from  the  source,  the 
behavior  of  W(x-p.,y+p)  is  given  by 

W(x-n, y+v) — 8(7r/2)1,/Z  ey+1^(x-fi)  1//2sin(x-M.+7r/4);  (x-p.  »  1) 

as  can  readily  be  obtained  by  the  method  of  stationary  phase.  It  can  also  be  easily 
verified  that  W(x-p,=0,y+p  <0)  =  0,  while  W(x-p>0,  y+  r=0)  -  4ttY1(x-p.)  where 
Y^,  as  usual,  denotes  the  Bessel  function  of  the  second  kind  (see  [9],  eqs. 

(9. 1.  23)  and  (9. 1.  28),  pp.  360,  361). 

In  summary,  eqs.  (2.  2)  and  (2.  9)  yield  for  the  centerplane  Havelock 
source  potential 

G(x,y;|*.  v)  =  -1/r  +  N(x-p,y+p)  +  W(x-n,y+v)  (2.  12) 

2  2  1/2 

where  r  =  [(x-n)  +  (y-  p  )  )  denotes  the  distance  between  the  field  point  P(x,  y) 
and  the  source  S(n,  p).  Thus,  the  linearized  velocity  potential  of  a  submerged 
source  in  an  oncoming  uniform  stream  is  written  as  the  sum  of  three  terms: 

(1)  the  potential  -l/r  of  the  source  in  the  infinite  domain,  (2)  the  symmetric, 
nonoscillatory  "near-field  disturbance  potential"  N(x-p,  y+p),  and  (3)  the  "wave 
potential"  W(x-p,  y+p)  of  the  wave-like  disturbance  trailing  downstream  from  the 
source.  It  is  perhaps  worth  emphasizing  that  the  near-field  and  wave  potentials 
N  and  W  are  universal  functions  which  depend  only  upon  the  dimensionless  tin 
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terms  of  the  acceleration  of  gravity  and  the  velocity  at  infinity  upstream)  position 
vector  S'P(x-p,  y+v)  of  the  field  point  P(x,y)  with  respect  to  the  mirror  image 
S'(p, -v)  of  the  source  S(p,  v)  in  the  undisturbed  free  surface. 

The  idea  of  expressing  the  disturbance  created  by  a  source  submerged  below 
the  free  surface  of  an  oncoming  uniform  stream  as  the  sum  of  an  oscillatory  wave¬ 
like  disturbance  and  a  nonoscillatory,  symmetric,  near-field  disturbance,  is  by 
no  means  new;  see,  in  particular,  Yeung  [10]  and  Shen  and  Farell  [11],  which 
have  been  followed  rather  closely  here.  The  near-field  disturbance  potential  is 
kept  in  the  form  of  a  double  integral  in  [10],  whereas  it  is  expressed  as  a  simple 
integral  in  terms  of  the  complex  exponential  integral  in  [11],  a  device  used  by 
others  as  well,  e,  g. ,  Hess  and  Smith  [12],  and  adopted  here.  The  advantage  of 
expressing  the  near-field  disturbance  potential  in  terms  of  the  exponential  integral 
results  from  the  fact  that  we  have  an  asymptotic  expansion,  see  [9]  eq.  (5.1.51) 
p.  231,  and  —  thanks  to  Hershey  [13]  —  a  rational  approximation,  to  our  disposal  for 
evaluating  the  complex  exponential  integral. 

The  behavior  of  the  wave  potential  W(x-p,  y+v)  is  readily  understood,  and 
its  contribution  to  the  centerplane  potential  «x,  y,  o)  defined  in  eq.  (1. 1)  may  be 
easily  evaluated,  in  the  manner  of  Yeung  [10],  (see  [7]).  In  the  following  sections, 
we  will  then  exclusively  be  concerned  with  the  near-field  disturbance  potential 
N(x-(i,  y+p),  which  does  not  appear  to  have  been  thoroughly  investigated  in  the 
literature. 

totic  Expansion  of  the  Near-Field  Disturbance  Potential 


In  this  section,  an  asymptotic  expansion  for  the  near-field  disturbance 

2  2  t/2 

potential  N(x-p,y+v),  when  r'  =  [(x-p)  +(y+v)  ]  »  1,  is  derived  analytically 

by  using  the  asymptotic  expansion  for  the  complex  exponential  integral. 

Fo (r  simplicity,  the  notations  x'  =  x-p  and  y'  =  y+v  are  used.  It  is 
recalled  that  y' s  0,  while  by  symmetry  we  may  assume  x'  a  0.  The  near¬ 
field  disturbance  potential  N(x',  y')  is  given  by  eqs.  (2. 10)  and  (2. 4)  in  the  form 

,  -x/2 

N(x',y')  =  1/r '+-/  Re{e*E,(C)}sec  9d0;  £  =  y'secfl  +  ix'secO  (3.1) 


% 


where  Re{  }  means  "real  part  of".  The  change  of  variable  t  =  tan6  yields  the 
alternative  expression 


N(x',y<)  =  l/r’  +- 

7T 

For  jt|»l,  the 


/CO 

Re{eCE  (C)}dt;  C  =  y’(t2  + 1)  +  ix'(t2+l)l/2  (3.2) 

0 

asymptotic  expansion  (see  [9],  eq.  (5.1.51)  p.  231) 


eCE  (C)~  1/C  +  £  (-l)nni/Cn+1  ;  (|arg;|  <  3x/2)  (3.3) 

n^l 

is  available.  Substituting  the  asymptotic  expansion  (3. 3)  into  eq.  (3. 2)  yields 

N(x\y’)~  l/r'  Re(7>dt+  £  (-l)V’  ;  /  Re{-7-}dt  (3.4) 

*  J0  C  nil  *  J0  ; 

It  is  easily  verified  that  R{l/c}  =  y'/(y'2t2  +  r'2)  and  that  the  first  integral 
in  eq.  (3. 4)  equals  -2/r\  We  thus  obtain 


y»OD 

N(x',y')~  -l/r'  +  £  (-l)nnj  -  J  Re{-^-}dt  (3.5) 

nil  *  o  C 

It  is  convenient  to  introduce  the  notations 

<7  =  -x'/y'  ,  a  =  -r'/y'  ;  (a2  +  1  =  a2)  (3. 6) 

and  to  develop  the  analysis  formally,  ignoring  the  fact  that  y'  may  be  zero.  It 
will  be  seen  later  from  the  final  expression  of  the  asymptotic  expansion  (3. 5) 
that  no  particular  difficulties  occur  in  the  limit  case  y'  =  0.  Using  the  notations 
(3. 6)  and  the  expression  (3.  2)  for  C  readily  yields 


1  =  (t2+l)l/2  +  io 
C  21/22 


y'(t  +i) 


(f+a2) 


By  expanding  the  numerator  by  the  binomial  formula  and  taking  the  real  part,  we 
obtain 


rl  i  1  ^/“^N  l-o2*  fn/2,ae 

(i wm'11  1  m'\<'w'»/2’ 


even 
n  odd 


Substituting  into  eq,  (3. 5)  then  yields 


N,*'.y>~ -l/r'  -  £  £(  2J(-^)k;/-'T35 


n^l  (-y')11*1  k=0 


,  _  _  2  2  n+1 

0  (t  +1)  <t  +a  ) 

(3.7) 


By  using  the  expressions  (A2. 2)  and  <A2. 4)  given  in  Appendix  2  for  the 
definite  integrals  appearing  in  eq.  (3. 7),  we  get 


y  2  n!  J 

f  ,  2.n+l 

(CT  )  , 

2  n+1  1 

nai  (-y’o  ) 

n+1  2n+l 

L  a 

k  /  n+k-i  \  .  .  n+1  /  n+k-i  > 

£  )»,(■«>  *s(  j 

i=l  '  n  7  i=i  '  k-i  ' 

c  J 

'‘aHj 

)  (3.8) 

where  the  coefficients  c{  are  defined  as  in  eq.  (A2. 3)  in  Appendix  2.  Grouping 
the  first  and  last  (corresponding  to  i  =  n+1)  terms  in  the  curly  brackets  in 
eq.  (3. 8),  using  the  identity 


(see  for  instance  Spiegel  [14] ,  eq.  (3.10)  p.  4),  and  exchanging  the  order  of 
summation  on  the  indices  k  and  1,  we  obtain 


N(x',y,)~-l/r' 


V  2  nl 
nil  (-y'a2)n+1 


.  2.n+l 

JZJ _ 

2n+l 


+ 


(3.9) 
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Let  us  introduce  die  notation  a  =  -y'/r'.  Equations  (3. 6)  then  show  that 
a  =  l/a,  o2  =  (l-a2)/a2  and  -y'o2  =  r'(l-a2)/a.  By  substituting  into  eq.  (3.9), 
and  after  some  rearrangements,  we  finally  obtain 


N(r',  a)~-l/r'  -  £  2[1. 3. 5  .  .  .  (2n-l)ly  (a)/r'n+1 
nil 

where  the  functions  y  (a)  are  defined  as 
n 

y  (a)  =  an+  6  (a)/(l+a)B  ;  (0  £  a  *-y'/r'  «  1) 

n  n 


(3. 10) 


(3. 11) 


with  the  functions  6^(a)  defined  by  means  of 


«nc  .  .  x-*/  ,.i  n  n  n+l-2i  2.1-1  J  v'.n  n  n,,  2vi-l 

(1-a)  6  (a)  =  2J(-1)a1°.a  (1-a  >  +  2Ac,a  <l-«  )  (3.12) 

1=1  i=l 


and  the  coefficients  a°,  b°  and  c°  defined  as 
_  m  /  n+l\ ,  n-i+k\ 

_  m  /n+l\/n-i+k\ 

■f-El  X  )5(lsisn) 

k=l  '  2k  '  'n+l-i  ' 


n 

Ci  "  _n 


1 _  =  _1_  i(i+l)(i+2). . .  (n-l)n 


2  2 
n+1 


i-1  (2i-l)(2i+l)(2i+3). . .  (2n-l) 


;  (lsisn) 


The  functions  6  (a),  1  s  n  s  8,  have  been  determined  and  are  given 
n 

below 


62  =  -<*  (2+ofl 

*3  =  |(l+3a-15a2-18a3-6a4) 

84  =  |(4+16a-20a2-55a3-40a4-10a5) 

8g  *  ^■(l+5a-15a2-115a3-15a4+250a5+330o6+175a7+35a8) 
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6  6  =  ^(2+12a+6a2-104a3-U8a4+llla5+336a8+301a7+126a8+21a9) 

67  =  —(5+35a-91a2-1197a3-2331a4+4515a5+12229a6+3430a7 

Q  Q  1(]  11  -to 

-17654a  -27342a  -18690a  -6468a  -924a  ) 

60  =  ~(40+320a+440a2-3200a3-11768a4-64a5+34200a6+38709a7 
o  1 15 

-16752a8-78324a9-83952a10-46530a11-13728a12-17l6a13) 

A  check  of  the  manipulations  Involved  in  deriving  the  above  functions 

6  (a)  was  provided  by  the  fact  that  a  =  1  had  to  be  obtained  as  a  root  of  order 
n 

n  of  the  polynomial  on  the  right-hand  side  of  eq.  (3. 12).  A  further  check  follows 

from  the  observation  that  the  above  expressions  of  5  (a)  can  be  verified  to 

n 

yield  6^(1)  =  -2  +1,  which  by  eq.  (3. 11)  gives  y^l)  =  l/2n  in  agreement  with 

the  asymptotic  expansion  <A3. 4)  obtained  in  Appendix  3.  It  may  also  be  noted 

that  eq.  (3. 12)  readily  yields  5  (0)  =  0  when  n  is  even  and  6  (0)  =  (-l)mcn  , 

n  n  m 

with  m  =  (n+l)/2,  when  n  is  odd.  Finally,  the  Integral  in  eq.  (3. 1)  has  been 

evaluated  numerically,  and  the  resulting  values  of  N(r' ,  a)  compared  with  the 

values  given  by  the  above  asymptotic  expansion. 

However,  the  usefulness  of  the  asymptotic  expansion  (3. 10)  may  be 

investigated  directly,  i.  e. ,  without  resorting  to  a  comparison  with  numerical 

results.  Indeed,  by  evaluating  and  depicting  the  functions  yQ(a),  i  £  n  £  8, 

for  0 *  a  s  1,  it  is  seen  that  Y„.^,(a!),  0£n£3,  and  y„  (a),  l£n£4, 

have  n+1  zeros  in  0  £  a  £  1,  and  the  behavior  of  these  functions  indicates  that 

the  accuracy  of  the  asymptotic  expansion  (3. 10)  is  fairly  uniform  with  respect 

to  a.  Furthermore,  it  may  be  seen  that  the  largest  deviation  of  yQ(a)  from 

zero  is  roughly  given  by  7^(1)  =  l/2n.  A  fair  indication  of  the  usefulness  of  the 

asymptotic  expansion  (3. 10)  may  thus  be  obtained  by  simply  considering  the 

particular  case  a  =  1.  The  first  neglected  term  in  the  asymptotic  expansion  is 

8  10 

then  given  by  1. 3. 5  .. .  17/2  r'  ,  see  eq.  (A3. 4).  This  term  will  be  less  than 
«  if  r'  is  greater  than  about  3.  258/c1^10.  This  indicates  that  the  nine  term 
asymptotic  expansion  (3. 10)  should  yield  the  value  of  the  near-field  disturbance 
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potential  N(r',a)  with  an  error  not  greater  than  10  ,  10  and  5x10  for 

r'  greater  than  roughly  20,  13  and  9,  respectively.  Naturally,  for  value  of  r' 

less  than  about  9,  fewer  terms  than  the  9  given  above  need  be  used  to  obtain  the 

best  possible  accuracy  from  the  asymptotic  expansion  (3. 10).  For  instance, 

-4 

using  7,  5  and  3  terms  yield  values  accurate  to  approximately  5X10  , 

-3  -2 

5x10  and  5x10  for  r'  =  7,  5  and  3,  respectively.  In  summary,  the  nine 
term  asymptotic  expansion  given  above  may  be  used  advantageously  to  evaluate 
the  near-field  disturbance  potential  N(r' ,  a)  for  r'  larger  than,  say,  15  or  20. 
For  smaller  values  of  r',  one  must  resort  to  the  numerical  evaluation  of  the 
integral  in  eq.  (3. 1)  for  acceptable  accuracy. 


4.  Behavior  of  the  Near- Field  Disturbance  Potential  in  the  Neighborhood 
of  the  Source 

In  the  neighborhood  of  the  source,  L  e. ,  for  r'  small,  the  integral  In 
eq.  (3. 1)  defining  the  near-field  disturbance  potential  has  been  evaluated 
numerically.  This  integral  is  denoted  by  No(x',y'),  which  is  thus  defined  as 


r> r/2 


/  £»  . 

N  (x',y')  =  -  /  Re{e*E  (C)}sec  0d0;C=y'sec  0  +  ix'sec0  (4.1) 

O  7T  1 


where  the  notations  x'  =  x-n,  y'  =  y+v  were  used  again  for  simplicity.  The 
near-field  disturbance  potential  N(x',y')  is  then  given  by 

N(x',y')  =  1/r'  +  Nq(x',  y')  (4.2) 


The  numerical  evaluation  of  the  integral  (4. 1)  is  discussed  in  Appendix  4. 
The  results  are  shown  in  Fig.  2  where  the  function  Nq  1b  represented  in  terms 
of  the  polar-like  coordinates  r'  =  (x'2  +  y'2)^2  and  of  =  (l+y'/r1)1^2  =(l-a)^2. 
The  particular  value  N(r'  =  0,  a'  =  0)  is  equal  to  -4,  as  may  be  verified  from 
the  series  (A3. 3)  in  Appendix  3.  This  series  was  used  to  check  the  numerical 
calculations  for  r'  small  and  of  =  0  (i.  e. ,  x'  =  0).  As  mentioned  in  Section  2, 
the  (simple)  integral  NQ(x’,y')  is  related  to  Yeung's  [10]  double  integral  I(a,  b); 
in  fact,  we  have  N^x'.y')  =  ^/irJUy'.x').  The  function  I(y',x')  is  represented 


f 
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in  [10],  Fig.  19,  in  terms  of  the  Cartesian  coordinates  x'  and  y'. 

The  behavior  of  the  near-field  disturbance  potential  N  is  depicted  in 
Figs.  3a,  band  c.  In  Fig.  3a,  the  curves  No(r';a'),  for  a'  -0,  1/2  and  1,  are 
represented  together  with  the  curve  -2/r'.  In  agreement  with  the  asymptotic 
expansion  (3. 10),  the  curves  NQ(r'  ;cf)  are  seen  to  asymptotically  approach  the 
curve  -2/r*  as  r*  increases.  The  asymptotic  behavior  of  the  near-field 
disturbance  potential  N  appears  also  in  Fig.  3b,  where  the  curves  N(r';a'), 
for  of  -  0,  1/2  and  1,  are  depicted  together  with  the  curve  -l/r'.  Thus,  it  is 
seen  that  the  near-field  disturbance  potential  N  1b  rightly  expressed  in  the  form 
(4. 2)  for  small  value  of  r’,  say  for  r'  less  than  1  or  2.  For  values  of  r' 


greater  than,  say  2  or  3,  it  is  move  appropriate  to  write  N  in  the  form 


t 


N(x',y')  =  -1/r'  +  NJx'.y')  (4,  3) 

where  the  function  N  is  related  to  N  by  N  =  2/r'  +  N  . 

oo  o  oo  o 

A  convenient  overall  picture  of  N  is  obtained  by  expressing  it  in  the 

form 

N(x',y')  =  Q(x\y')/r'  (4.4) 

The  function  Q(x',y')  is  depicted  in  Fig.  3c  where  the  curves  Q(r,;a'),  for 
a'  =  0,  1/2  and  1,  are  represented;  and  it  is  seen  that  Q-l  as  r'-*0,  while 
Q  -•  -1  as  r'  -»  ®.  Equation  (4. 4)  yields  a  rather  simple  interpretation  of  the 
near-field  disturbance  potential  N,  namely,  N  may  be  interpreted  as  the 
potential  of  an  image  sink,  of  strength  Q(x',y'),  in  the  infinite  domain.  Thus, 
the  velocity  potential  of  a  submerged  source  in  an  oncoming  uniform  stream  may 
be  written  as  the  sum  of  three  terms;  (1)  the  potential  -1/r  of  the  source  in  the 
infinite  domain,  (2)  the  potential  Q/r'  of  an  image  sink  of  strength  Q  in  the 
infinite  domain,  and  (3)  the  wave  potential  W  of  the  wave-like  disturbance 
trailing  downstream  from  the  source.  The  function  Q(x’,y')  may  be  interpreted 
as  the  "strength  of  the  image  singularity, "  and  it  is  seen  that  the  "image 
singularity”  of  a  unit  source  approaches  a  unit  source  as  r'  -  05  (field  point  far 
from  the  source)  or  a  unit  sink  as  r'  -  o  (field  point  and  source  near  the  free 
surface  and  close  to  each  other).  The  function  Q(x',y')  is  represented  in  Fig.  4 
in  terms  of  the  Cartesian  coordinates  x'  and  y'. 

In  concluding  the  above  study  of  the  behavior  of  the  near-field  disturbance 
potential,  it  may  be  useful  to  emphasize  again  that  the  results  are  presented  in 
dimensionless  form,  with  the  acceleration  of  gravity  g  and  the  velocity  at 
infinity  upstream  U  used  as  reference  quantities.  In  particular,  the  maximum 
value  of  r'  for  which  it  is  required  to  evaluate  the  near-field  disturbance 
potential  N  in  any  given  ship  flow  problem  is  approximately  given  by  gL/U2 
-  l/F  ,  where  L  denotes  the  length  of  the  ship  and  F  the  Froude  number 
based  on  the  ship  length.  For  large  values  of  the  Froude  number  F,  r’  is  seen 
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x'  =  0 


FIG. 4  -  THE  FUNCTION  Q(x',y') 


to  be  everywhere  (i.  e. ,  for  all  couples  of  points  S,  P  Inside  the  ship)  small, 
and  N  =  l/r'  thus  appears  to  be  a  uniformly  valid  high-Froude  number  approxl 
mation  to  the  near-field  disturbance  potential  N.  On  the  other  hand,  it  should 
be  realized  that  N  =  -l/r’  is  not  a  uniformly  valid  low-Froude  number 
approximation  to  N. 
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of  the  Complex  Exponential  Integral 

Let  the  complex  number  Q,  defined  in  eq.  (2. 4),  be  written  In  the  polar 

form  Q  =  aeia,  where  a2  0  and  since  y+i/£0  and  x-n^O. 

Following  Hess  and  Smith  [12]  and  others,  see  Yeung  [10]  and  Shen  and  Farell  [11], 

the  Cauchy  principal  value  integral  1(4),  defined  in  eq.  (2.  6),  can  be  expressed 

as  the  sum  of  an  oscillatory  term  and  a  nonoscillatory  term  by  means  of  an 

appropriate  contour  integration  in  the  complex  y  plane.  Let  the  complex 

variable  y  be  written  in  the  polar  form  y=pe.  We  then  have  yQ  =ape  T  . 
yr 

The  exponential  term  e  in  the  integral  (2.  6)  can  be  rendered  monotonic 
decreasing  by  choosing  |  =  rr-o,  which  yields  yQ  =~ap.  Performing  the  contour 
integrations  shown  in  Fig.  5  below  then  yields 


Fig.  5.  Integration  contours. 


where  the  -  and  +  signs  correspond  to  the  upper  and  lower  cootours  (case 
x-t*  >0  and  x-^<0),  respectively.  This  readily  gives 


1(0  =  ±iire&  +  j  dp 

t)  p+e  “ 

Equation  (2.  7)  is  finally  obtained  by  successively  performing  the  change  of 
variables  X  =  ap  and  t  =  X+C  in  the  above  integral. 


Appendix  2.  The  Definite  Integral  f  (t2+a2)  m(t2+b2)~ndt;  (m.n^l;  a^b) 

The  expression  of  the  above  definite  integral,  which  is  required  for  the 
asymptotic  expansion  of  the  near-field  disturbance  potential  in  section  3,  could 
not  be  found  in  any  table  of  integrals,  and  thus  was  derived. 

After  fairly  lengthy  manipulations,  which  are  not  given  here,  the  following 
partial  fraction  decomposition  can  be  established 


.  2  ,  2,m(.  2  2,n 

..2  2  m  2  , 2  n 

(t  +a  )  (t  +b  ) 


m  /m+n-l-i\ 

'  h  '  n'1  >  (t^aV 

n  /m+n-l-i\  ..2  2,1 

i=l  '  m-1  >  (t  +b  ) 


n  i  1;  a  /  b)  (A2. 1) 


where  m  and  n  are  any  two  integers  greater  than  or  equal  to  one,  a  and  b 

p 

any  two  different  real  numbers,  and  (q)  denotes  the  binomial  coefficient 
Pi  /q!  (P— <1)1  as  usual. 

/2  2  -i 

(t  +a  )  dt;  (i  a  1)  may  be  obtained  from  tables  of 
integrals.  Indeed  we  have  (see  for  instance  Spiegel  [14]  eq.  (15.  30)  p.  96) 


dt 


2  2  i 

(t  +a  ) 


cos2(i_1)9d0 


21-1 


(i  2  1) 


(A2. 2) 


where  the  change  of  variable  t  =  a  tan  9  was  performed,  and  the  constant  c^  is 
defined  as 
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i;  c, 


1.  3.  5.  ■  ■  (2i-3) 

2.  4.  6. . .  (21-2)  5 


(is  2) 


or 


Using  eqs.  (A 2. 1)  and  (A2.  2),  we  readily  obtain 


)_1  9 

[21  Vi).'r 


(ui) 

(A2.3) 


„  .  2  .  2,m(.  2  2  n 

2  r  (a  -b  )  (b  -a  ) 

it  J  2  2m  2  2  n 
(t  +a  )  (t  +b  ) 


dt 


m  /  m+n-l-i\  ,  2  . : 

-£ 

i=lv  n-1  '  - 


2  L2^i 


n  /m+n-l-i\  ..2  21 

i=l  V  m-l  '  1  bZI  1 


2  2,i 


(m,nsl;  a  ^  b) 


(A2.4) 


Appendix  3.  The  Havelock  Source  Potential  Along  the  Vertical  Line  Passing 
Through  the  Source 

In  this  appendix,  the  Havelock  source  potential  is  examined  in  the  particular 
case  when  the  field  point  P  is  on  the  vertical  line  passing  through  the  source  S, 
see  Fig.  1.  Equations  (2.  4),  (2. 11),  (2.  9)  and  (2.  2)  then  show  that  the  Havelock 
source  potential  G(y,  v)  =  G(0,y,  0;0,  v,  0)  is  given  by 

G(y;v)  =  -l/|y-v  |  +  N(y+i<)  (A3. 1) 

where  by  eq.  (2.  3)  we  have 


N(y+v) 


-A.i  r'v 

y+v  x  1  J 


dk 


e(y+i>)k 

kcos20-l 


By  performing  the  change  of  variable  t  =  tan  9  and  interchanging  the  order 
of  integration  in  the  above  double  integral,  we  obtain 


N(r^>  -  ^ 


±  r dk  e(y+u)k 


dt 

t2+(l-k) 


The  Cauchy  principal  value  inner  integral  may  easily  be  seen  to  yield  zero  when 

1/2 

k  >  1,  while  for  k  <  1  it  is  given  by  jr/2(l-k)  .  We  thus  obtain 


tiil'  i  -  ii  ihifltii 
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(A3.  2) 


N(y+v)  =  -l/(y+v)-2  J 1  e^^Nl-k)-1^2** 


(y-f  y  \|[ 

By  expanding  e  in  Taylor  series  about  k  =  0,  the  following 


ascending  series  is  obtained  for  N(y+y) 

„n+2,  ,n 

yh 

,  (2n+l) 


-1  £  2D+Z(v+  fV 

=F^'4‘n?1  i.  375^77 


(A3. 3) 


An  asymptotic  expansion  for  N(y+v)  may  similarly  be  obtained  by 
-1/2 

expanding  (1-k)  in  Taylor  series  about  k  =  0.  It  yields 


+1 


1.  3.  5. . .  (2n-l) 


N(y+v)~  -  -  £  .  , , 

y+v  on-l/  ,n+l 

J  n^l  2  (-y-v) 


(A3.  4) 


Appendix  4.  Numerical  Evaluation  of  the  Near-Field  Disturbance  Potential 

Performing  the  change  of  variable  t  =  c  tan  9,  where  c  is  an  arbitrary 
positive  constant,  in  the  integral  (4. 1)  yields 

No(x’,y,)  =  JJ  f  Refc^oJdt  ;  C=J“(t2+cVif(t2+c2)1/2  (A4. 1) 
*0  c 

The  efficiency  of  the  numerical  evaluation  of  the  above  integral  may  be 
greatly  improved  by  taking  advantage  of  the  asymptotic  expansion  (3.  3)  for 
e^E^j).  The  first  three  terms  in  this  asymptotic  expansion  were  retained,  and 
eq.  (A4. 1)  was  written  as 

No<x,’y,)“rc^’Re{eCEi(C)}dt  +  !c  /  Re{?- V  Vdt  (A4-2) 

A  closed-form  analytical  expression  has  been  derived  for  the  last  integral 
in  eq.  (A4. 2)  (setting  =  0  in  this  expression  yields  the  first  three  terms  of  the 
asymptotic  expansion  (3. 10)).  The  value  of  t^  can  be  automatically  selected  so 
as  to  yield  the  value  of  Nq  to  the  specified  accuracy. 
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The  first  integral  in  eq.  (A4.  2)  was  evaluated  numerically.  Simpson's 

integration  rule  was  used,  and  the  rational  approximation  for  the  complex 

exponential  integral  E^(J)  developed  by  Hershey  [13]  to  supplement  the 

asymptotic  expansion  (3. 3)  was  used  to  evaluate  the  integrand. 

The  constant  c  in  eq.  (A4. 2)  is  arbitrary,  and  the  efficiency  of  the 

numerical  evaluation  of  Nq  does  not  appear  to  depend  upon  the  particular  value 

selected  for  c.  However,  as  r'  -o,  the  rate  dj/dt  at  which  the  point 
2  2  2  2  2  1/2 

C  =  i  +  K.  =  (y'/c  )(t  +c  )+i(x'/c)(t  +c  )  moves  along  the  parabola 
r  o  2 

Q  =  (y'/x'  )£  tends  to  zero  unless  the  constant  c  is  properly  selected.  A 

r  *  2  1/2 
convenient  choice  for  this  purpose  is  c  =  (x'  -y')  ,  which  yields 

22221/2  -l/2  2 

C  =  -a(t  +c  )+ib(t  +c  )  7  where  a  =  <r/(l-KJ),  b  =  (l+o)  '  with  <r=  -y'/x' 

2 

(we  have  OSff<»,  which  gives  0Sa<l,  0<bs  1  with  a+b  =1).  In 

addition,  the  logarithmic  behavior  of  the  exponential  integral  E^(Q  near  the 

origin  £  =  0  causes  the  computing  time  to  increase  significantly  as  r'  =  0  is 

approached.  This  may  be  remedied  by  writing  the  integrand  Reie^E^C)}  as 

Re{e^E  (C)+jtn£}-jin|c|  for  Os  ts  ttf  The  integral  f  °i n|c|dt  may  readily 

be  evaluated  analytically.  This  device,  however,  has  not  been  implemented  in 

the  computer  program,  and  the  smallest  value  of  r'  for  which  the  function 

-3 

No(r',  a’)  has  been  evaluated  is  r'  =  10  . 
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COMPUTATION  SYSTEM  FOR  SURFACE  WAVE  TRAINS 

Allen  V.  Hershey 

Naval  Surface  Weapons  Center 
Dahlgren,  Virginia  22448  U.S.A. 


ABSTRACT 

A  computation  system  has  been  developed  for  the  determination  of  the  velocity  in 
the  wave  trains  of  ships  and  submarines.  The  first  order  linear  approximation  is  used 
for  the  free  boundary,  while  full  accuracy  is  used  for  the  body  boundary.  The  body 
shape  is  expressed  geometrically  by  orthonormal  polynomials  of  surface  coordinates, 
and  is  simulated  hydrodynamically  by  continuous  distributions  of  source  density.  The 
components  of  velocity  in  the  wave  train  of  a  source  distribution  are  computed  by 
integration  over  the  source  distribution  with  the  aid  of  a  Fourier  analysis  of  the 
components  of  velocity  in  the  wave  train  of  a  point  source.  The  system  is  being  used 
to  determine  the  flux  of  momentum  in  the  wave  train  of  a  Series  60,  Block  0.60  ship 
model.  Results  so  far  have  been  limited  to  a  computation  of  pressure  distribution  and 
wave  drag  on  the  model  at  a  Froude  number  of  one  third. 


INTRODUCTION 

For  a  number  of  years  a  computation  system  has  been  under  development  at  the 
Dahlgren  Laboratory  of  the  Naval  Surface  Weapons  Center.  The  function  of  the  system 
is  the  computation  of  wave  trains  behind  ships  and  submarines.  Work  on  the  system 
has  led  to  a  general  library  of  subroutines  which  are  useful  for  many  applications. 
Included  in  the  library  are  subroutines  for  exponential  integrals,  Fresnel  integrals. 
Bessel  functions,  polynomial  approximation,  and  matrix  arithmetic. 

The  method  of  computation  consists  of  three  stages.  In  the  first  stage  the  surface 
of  the  ship  is  expressed  mathematically.  Surface  coordinates  and  surface  components 
are  computed  at  grid  points  on  the  surface.  In  the  second  stage  the  velocity  at  each 
grid  point  is  computed  for  a  unit  point  source  at  each  other  grid  point.  The  velocity 
is  derived  from  the  Havelock  integral  for  a  linearized  free -boundary  condition.  In  the 
third  stage  the  surface  of  the  ship  is  represented  by  a  continuous  distribution  of 
source  density  over  the  surface.  The  velocity  at  each  point  is  derived  from  the  source 
densities  at  other  points  through  the  application  of  integration  multipliers. 

The  second  stage  is  by  far  the  most  expensive.  A  major  objective  of  the  development 
has  been  the  design  of  accurate  algorithms  which  reduce  the  cost  of  the  second  stage 
through  the  use  of  the  coarsest  possible  grid. 

Lagrange  polynomials  are  used  in  the  present  investigation  for  the  approximation 
of  a  function  in  terms  of  its  argument.  They  are  especially  useful  because  they  express 


the  coefficients  of  powers  of  the  argument  directly  in  terms  of  discrete  values  of  the 
function.  Experience  with  rounding  errors  shows  that  the  polynomials  must  be  derived 
by  orthonormal  expansion  for  arguments  with  Chebyshev  spacing.  Other  polynomial 
expansions  are  less  effective  from  the  standpoint  of  accuracy  or  stability.  An  accuracy 
of  six  digits  can  be  achieved  with  polynomials  with  21  coefficients. 


CARTESIAN  COORDINATES  AND  SURFACE  COMPONENTS 

The  preparation  of  fair  water  lines  and  section  lines  has  been  the  goal  of  naval 
architects  for  many  years.  The  truly  fair  line  is  expressed  mathematically  by  power 
polynomials  or  by  elementary  functions  which  can  be  differentiated  indefinitely.  In  the 
present  investigation  the  water  lines  and  the  section  lines  are  expressed  by  power 
polynomials  of  such  high  degree  as  to  include  such  elementary  functions  as 
trigonometric  functions  or  elliptic  integrals. 

In  the  first  stage  the  surface  of  the  ship  is  divided  into  quadrilaterals  with  curved 
edges.  Each  quadrilateral  is  mapped  onto  a  square  or  rectangle  in  a  plane.  Isometric 
coordinates  on  the  curved  surface  of  a  quadrilateral  are  proportional  to  Cartesian 
coordinates  in  the  map.  The  Cartesian  coordinates  of  points  on  the  quadrilateral  are 
expressed  by  power  polynomials  in  terms  of  the  coordinates  in  the  map. 

Inasmuch  as  the  Series  60,  Block  0.60  ship  model  has  been  the  subject  of  experimental 
wake  and  profile  surveys,  it  is  the  natural  selection  as  a  benchmark  for  further 
analysis.  Data  on  the  hull  configuration  have  been  derived  from  a  table  of  offsets  in 
NSRDC  Report  No.  1712*.  The  hull  has  flat  sides  and  a  flat  bottom  which  are  joined  by 
a  curved  surface.  The  flat  bottom  intersects  the  curved  surface  along  a  line  which  is 
tabulated  in  the  table  of  offsets.  The  models  in  the  experimental  investigations  had 
various  stern  configurations  with  propellers  and  rudders.  Only  the  simplest 
configurations  at  the  stem  and  at  the  stern  are  within  the  scope  of  the  present  report. 

The  actual  models  which  were  used  in  the  experimental  work  had  a  length  of  20  ft 
from  fore  perpendicular  to  aft  perpendicular.  The  mathematical  models  which  have 
been  adopted  for  the  present  analysis  have  been  scaled  to  have  the  same  dimensions. 

The  tabular  data  in  the  NSRDC  report  are  too  sparse  to  define  the  configuration 
mathematically.  An  attempt  to  force  the  section  lines  to  be  tangent  to  the  flat  bottom 
caused  irreducible  wiggles  in  a  few  of  the  section  lines.  It  was  necessary  to  assume 
that  each  section  line  intersects  the  bottom  at  a  finite  angle.  The  table  of  offsets  was 
augmented  with  additional  section  lines  and  additional  water  lines  near  the  edges  of 
the  sides  of  the  model.  The  discrete  data  were  compared  with  curved  lines  in  large 
plots  which  could  be  prepared  on  a  CalComp  plotter. 

Each  side  of  the  hull  was  simulated  by  a  single  quadrilateral  which  extends  from 
the  fore  perpendicular  to  the  aft  perpendicular.  A  basic  table  of  offsets  with  27x36 
entries  was  reduced  by  least  squares  to  orthonormal  polynomials  with  21x17  coefficients. 
The  arguments  of  polynomial  approximations  were  proportional  to  the  longitudinal 
distance  to  a  cross  section,  and  to  the  lateral  distance  along  the  section  line.  The 
table  of  offsets  was  adjusted  by  trial  until  the  water  lines  and  section  lines  were  fair. 
Interpolation  with  the  orthonormal  polynomials  gave  the  Cartesian  coordinates  and 
the  surface  components  for  Chebyshev  spacing  in  the  longitudinal  distance  and  the 
distance  along  the  section  line.  The  results  of  computation  are  three  matrices  of 
Cartesian  coordinates  and  three  matrices  of  surface  components  for  a  grid  of  21x7 
points  on  the  surface  of  each  quadrilateral. 
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The  bottom  of  the  hull  was  simulated  by  a  quadrilateral  which  extends  from  the 
fore  perpendicular  to  the  aft  perpendicular.  The  arguments  of  polynomial 
approximations  were  proportional  to  the  longitudinal  distance  and  the  lateral  distance 
over  the  bottom.  The  results  of  computation  are  three  matrices  of  Cartesian  coordinates 
and  three  matrices  of  surface  components  for  a  grid  of  21x3  points  on  the  bottom. 

The  orthonormal  polynomial  representation  of  the  ship  model  is  compared  with  the 
original  data  in  Figure  1.  The  computed  curves  agree  with  the  tabular  offsets  to  within 
the  accuracy  of  the  tabular  offsets  except  near  the  stern  where  the  models  had  a 
number  of  different  configurations  and  there  is  no  single  unique  configuration. 


POINT  SOURCE 

Let  x,  y,  x  be  the  Cartesian  coordinates  of  a  point  in  the  fluid,  and  let  the  origin 
of  coordinates  be  at  the  free  surface  of  the  undisturbed  fluid.  The  x-coordinate  is 
the  distance  forward,  the  y-coordinate  is  the  distance  to  the  right,  and  the  x-coordinate 
is  the  distance  downward. 

In  accordance  with  the  usual  assumption  of  incompressible,  irrotational  flow,  the 
velocity  in  the  fluid  is  the  negative  gradient  of  a  velocity  potential  which  satisfies 
Laplace's  equation.  Under  steady  state  conditions  the  potential  in  the  moving  reference 
frame  is  given  by  the  expression 


Ux  +  <p(x,y,  x) 


(1) 


where  Ux  is  the  potential  for  uniform  flow  in  a  direction  opposite  to  the  motion  of 
the  source,  which  moves  forward  through  still  fluid  with  the  speed  U,  and  tp(x,  y,  x)  is 
the  potential  for  the  disturbance  by  the  source.  The  Cartesian  components  u.v.w  of 
velocity  in  the  disturbance  are  given  by  the  equations 


u  =  - 


dtp 


v  -  - 


dtp 


w  =  - 


dtp 


9x  dy  dz 

Let  the  configuration  of  the  free  surface  be  expressed  by  the  equation 

x  +  <(x,  y)  =  0 


(2) 

(3) 


For  steady  state  conditions  the  velocity  at  the  free  surface  is  tangent  to  the  surface 
and  the  potential  obeys  the  boundary  equation 


+  +  *1  =  o 

k  dxjdx  dydy  dz 


(4) 


Neglect  of  terms  of  second  order  leads  to  the  boundary  equation 


dt  dtp 

U-±  +  -Z  =  0 

dx  dz 


(5) 


The  motion  of  the  fluid  is  determined  by  the  Bernoulli  equation 


Figure  1.  Section  Lines  of  Series  60,  Block  0.60  Ship  Model.  •,  Tabular  Offsets  from  NSRDC  Report 
No.  1712;  Orthonormal  Polynomial  Representation;  o.  Coordinates  for  Chebyshev  Spacing  along 
Section  Line  and  along  Longitudinal  Axis. 


free  surface  the  pressure  is  constant.  Neglect  of  terms  of  second  order  leads  to  the 
boundary  equation 


Vfx+g<  =  0 


(?) 


The  free  surface  is  eliminated  from  the  equations  by  differentiation  to  give  the  equation 

(8) 

where  k0  is  a  critical  wave  number  and  is  defined  by  the  equation 


8  V  d<f  _  . 

bS  3z 


*o  = 


JL 

U 2 


(9) 


Along  the  centerline  behind  the  source  the  wave  length  X  of  the  transverse  waves  is 
given  by  the  equation 


X  = 


2n 

*o 


(10) 


Let  the  point  source  be  at  a  depth  h  below  the  undisturbed  free  surface.  Let  x.  y,  z 
be  the  Cartesian  coordinates  of  a  point  in  the  fluid.  Let  the  origin  of  coordinates  be 
at  the  undisturbed  free  surface  above  the  source. 

Analysis  shows  that  the  potential  <p  of  the  point  source  may  be  expressed  as  the 
sum  of  three  potentials  in  accordance  with  the  equation 


<p(x,  y.  z)  =  <px  (x,  y,  z)  +  <pt(x,  y,  z)  +  <p3(x,  y,  z) 


(ID 


where  <px  is  the  potential  of  the  source  in  an  unbounded  fluid,  yt  is  the  potential  of 
an  image  source  over  the  free  surface,  and  <p3  is  the  potential  of  the  surface  wave. 
The  potential  <px  is  given  by  the  equation 


Vi  = - - - 1  (12) 

(**  +  v*  +  (*  -*)*!* 

Its  derivatives  are  given  by  the  equations 


OVi  = 

X 

(13) 

dx 

(x*  +  y*  +  (z  -  A)*j* 

By  i  = 

V 

(14) 

By 

}z*  +  yz  +  (*  -  h)1}* 

By  i  = 

z  -  h 

(15) 

dz 

(x*  +  y*  +  (s  -  A)*)* 

» 


which  are  required  for  the  computation  of  flow  from  the  point  source. 
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The  potential  <fz  is  given  by  the  equation 


i 

Vz  = - T 

jz*  +  y2  +  (z  +  h)*j2 


(16) 


Its  derivatives  are  given  by  the  equations 


d<Pz 

dx 


x 

\x2  +  y2  +  (z  +  h)2)2 


d<fiz 


_ y _ 

|z8  +  y2  +  (z  +  h )2}2 


d<Pz 

dz 


z  +  h 

[x2  +  y2  +  (z  +  h)2\* 


(17) 

(18) 
(19) 


which  are  required  for  the  computation  of  flow  from  the  image  source. 

The  potential  <p3  is  expressed  as  a  Fourier  integral.  The  boundary  conditions  at  the 
free  surface  are  met  by  the  sum  of  the  potentials  if  <p3  is  given  by  the  equation 


V •  *) 


2  -c(*+h)+ <«(*cos«+ysin9) 
K0  -  K  COSZ0 


dx  dP 


(20) 


The  integration  can  be  simplified  through  the  substitutions 


<5  =  ^^|(z  +  h)  -  i(xcos  6  +  j/ sin  6)|  (21) 

and 


cos*fl  (z  +  h)  -  i(x  cos  6  +  y  sin  6) 


where  u  is  a  new  variable  of  integration.  The  function  e~*  satisfies  both  Laplace’s 
equation  and  the  '.oundary  equation  for  the  free  surface.  It  is  added  in  just  the  right 
amount  to  make  the  wave  train  trail  behind  the  source  if  the  path  of  integration  with 
respect  to  v  proceeds  along  a  straight  line  in  the  complex  plane  from  u  =  toward 
the  origin,  bypasses  the  origin  on  a  half  circle  of  small  radius  at  the  origin,  and 
continues  on  a  straight  line  to  u  =  6.  The  integrand  is  analytic  and  the  path  of 
integration  may  be  deformed  in  accordance  with  the  Cauchy  theorem  on  analytic 
functions. 


SOS 


The  potential  of  the  surface  wave  is  given  by  the  equation 

/c»  C*w  e~*  C *  eu 

y.  z)  =  —  - j-  —dude  (23) 

n  cos*0  J_„  u 

Its  derivatives  are  given  by  the  equations 

_  =  _  i  ^S_  f  -i_  f  fl  du  cos  6  dO  (24) 

ax  n  cos*ff 

dVa  r+w  e~*  r *  eu 

-  —  =  -  i  —  rr  — =  du  sin  6  dO  (25) 

dy  n  J.,  cos46  J_„.  uz 

9Va  *„*  f*w  e-a  C *  eu 

-  ~  =  +  —  i -z  — g  du  dB  (26) 

OZ  V  J_w  COS  0  J^U* 

which  are  the  foundation  for  one  method  for  the  computation  of  motion  in  the  surface 
wave.  Inasmuch  as  the  variable  of  integration  is  cyclical,  the  high  accuracy  rule  of 
integration  is  the  trapezoidal  rule.  However,  the  integrand  is  oscillatory,  and  a  large 
number  of  intervals  of  integration  are  required  when  the  point  source  is  close  to  the 
free  surface. 

A  breakthrough  in  computation  has  been  achieved  by  an  integration  by  parts  through 
many  cycles  of  oscillation  in  each  interval  of  the  integration.  It  is  convenient  to 
introduce  a  new  parameter  f  which  is  defined  by  the  equation 

t  =  tan  0  (27) 

whence  the  derivatives  of  <p3  are  given  by  the  equations 


rvTTii.-r  ^dudf 

9x  TT  J_.  u* 

£._***!  pvr 7?.-  f  •;*«* 

dy  W  J—  J-.u* 

£&..  +  ?*l  r*  d+<*)  e-r 

dx  TT  J_m  U* 


fVl  +  f*  e 


■«  r  ^ 

J—  u* 

•r.S' 


and  the  parameter  6  is  given  by  the  equation 

6  =  +  k0(z  +  h)(l  +  f*)  -  ix 0(z  +  ytW  1  +  f*  (31) 

The  integrands  of  the  integrals  are  the  products  of  monotonic  functions  of  t  and  an 
oscillatory  function  of  6.  The  factors  are  expressed  in  terms  of  a  common  parameter 
u  such  that  the  monotonic  factors  are  power  series  in  u  but  6  is  a  polynomial  of  low 
degree  in  u.  The  complex  phase  <5  is  stationary  at  two  complex  points  f,  and  tt  where 
d6/dt  is  zero. 

In  the  convergent  approximation  the  parameter  6  is  expressed  as  a  linear  function 
of  u.  and  the  monotonic  factors  are  expanded  as  power  series  in  u  by  Lagrange 
interpolation.  Integration  is  completed  with  the  aid  of  recurrence  equations.  The 
natural  path  of  integration  is  the  real  axis  in  the  f-plane,  but  this  path  passes  between 
two  singularities  where  d6/dt  =  0.  Many  intervals  of  integration  would  be  required  in 
the  vicinity  of  the  singularities.  These  can  be  reduced  to  a  single  interval  near  the 
first  singularity,  and  they  can  be  reduced  to  fewer  intervals  near  the  second  singularity, 
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if  the  path  of  integration  is  displaced  to  pass  right  through  the  first  singularity.  The 
expansions  and  integrations  are  performed  in  a  sequence  of  intervals  of  limited  range. 
The  range  of  expansion  of  Lagrange  interpolation  is  subject  to  limitations  which  are 
similar  to  the  limitations  on  the  range  of  expansion  of  Taylor  series.  In  both  cases 
the  range  of  expansion  is  limited  to  a  fraction  of  the  radius  of  that  circle  which  is 
centered  at  the  center  of  expansion  and  passes  through  the  nearest  singularity. 

The  exponential  integral  is  given  by  an  asymptotic  approximation  when  its  argument 
is  large  The  asymptotic  approximation  is  the  sum  of  a  descending  series  and  a  term 
2rrie'*  when  the  path  of  integration  encircles  the  origin.  When  ]x|  >>  n/b  ]o/I  the  points 
of  stationary  phase  are  far  apart.  The  phase  6  is  expressed  as  a  quadratic  polynomial 
which  is  centered  at  either  point  tt  or  tz.  Then  the  integration  is  completed  with  the 
aid  of  differentiations  of  the  error  function.  When  |x|~\/8|j/|  the  points  of  stationary 
phase  are  close  together.  The  phase  6  is  expressed  as  a  cubic  polynomial  in  u  such 
that  d6/du  =  0  at  the  same  values  of  u  that  d6/dt  =  0.  Then  the  integration  is  completed 
with  the  aid  of  recurrence  equations  for  the  derivatives  of  the  Airy  function. 

The  analysis  and  the  computation  of  the  wave  train  of  the  point  source  have  been 
described  in  more  detail  in  a  previous  report*. 


SOURCE  DENSITY 

The  boundary  condition  at  the  surface  of  the  ship  is  the  absence  of  flux  through 
the  surface.  The  flux  from  free-stream  flow  is  cancelled  by  flux  from  source  density 
at  the  surface.  The  flux  per  unit  area  through  the  surface  is  that  component  of  velocity 
which  is  normal  to  the  surface 

The  velocity  at  one  grid  point  on  the  surface  of  the  ship  is  the  integral  over  all 
other  grid  points  of  the  product  of  source  density,  surface  area,  and  the  velocity  in 
the  wave  train  of  a  point  source.  The  velocity  in  the  vicinity  of  a  point  source  is  the 
sum  of  three  terms.  The  first  term  is  flow  from  the  point  source,  the  second  term  is 
flow  from  its  image  source,  and  the  third  term  is  motion  in  the  surface  wave. 

Source  density  and  surface  area  are  approximated  by  power  polynomials  in  position 
over  the  length  of  the  ship.  The  wave  motion  is  approximated  by  power  polynomials 
in  position  over  a  wave  length.  The  velocity  for  source  flow  and  image  flow  is  the 
quotient  of  a  power  polynomial  and  the  cube  of  a  radical.  At  a  field  point  close  to  the 
surface  of  a  quadrilateral  the  radical  is  small.  The  radical  can  be  expanded  as  an 
ascending  Taylor  series  only  inside  a  zone  under  the  field  point.  The  radical  must  be 
expanded  as  a  descending  Taylor  series  outside  the  zone  At  a  distance  of  a  half  ship 
length  from  the  surface  of  the  ship  the  radical  can  be  approximated  by  a  power 
polynomial  over  the  length  of  the  ship,  but  at  a  closer  distance  the  expansion  converges 
rapidly  only  in  a  zone  with  a  size  equal  to  the  distance  from  the  surface  A  grid  for 
numerical  integration  must  be  subdivided  in  the  vicinity  of  the  field  point,  but  even 
then  convergence  of  the  numerical  integration  to  an  accurate  limit  is  slow.  The 
presence  of  the  radical  can  be  overcome  if  the  integration  is  performed  analytically 
in  the  rectangular  map  which  represents  the  quadrilateral.  The  field  point  near  the 
quadrilateral  is  mapped  into  a  field  point  over  the  rectangular  map.  The  position  of 
the  field  point  with  respect  to  the  map  is  the  same  as  the  position  of  the  field  point 
with  respect  to  that  plane  which  is  tangent  to  the  quadrilateral  under  the  field  point. 
Thus  the  radical  in  the  map  deviates  from  the  radical  in  the  quadrilateral  only  at  a 
distance  from  the  field  point. 


A  table  of  integrals  can  be  constructed  for  which  the  integrands  are  the  ratio 
between  the  powers  of  map  coordinates  and  the  cube  of  the  distance  from  the  point 
of  integration  to  a  field  point.  The  m,  n  th  integral  in  the  table  is  given  by  the  equation 

f+b  f+0 

<fimn  ~ - 1  du  dv  (32) 

J-b  J-a  |(u  _  x)*  H  (t/  -  y)z  + 

where  a  is  the  half  length  and  6  is  the  half  width  of  the  rectangle,  it.  v  are  the  Cartesian 
coordinates  of  the  element  of  integration  on  the  rectangle,  and  x,  y.  z  are  the  Cartesian 
coordinates  of  a  field  point.  The  integrals  of  lowest  order  can  be  derived  by  elementary 
calculus.  The  integrals  of  higher  order  can  be  derived  with  the  aid  of  three-  term 
recurrence  equations  A  mixture  of  analytic  manipulation  with  numerical  evaluation 
provides  accurate  values  of  the  integrals  even  when  the  field  point  is  in  contact  with 
the  map.  The  table  of  integrals  of  ratios  between  powers  of  map  coordinates  and  the 
cube  of  the  radical  is  multiplied  by  matrices  of  coefficients  for  Lagrange  polynomials 
in  order  to  convert  it  into  a  table  which  gives  the  integrals  of  the  ratios  of  Lagrange 
polynomials  and  the  cube  of  the  radical. 

The  details  of  the  algorithms  for  the  integration  over  the  rectangle  will  be  documented 
in  forthcoming  reports. 

From  the  taole  of  integrals  is  derived  a  set  of  integration  multipliers  which  are 
applied  directly  to  source  density  in  order  to  integrate  the  product  of  source  density, 
surface  area,  and  source  flow  General  integration  multipliers  for  Chebyshev  spacing 
are  used  for  the  integration  of  the  product  of  source  density,  surface  area,  and  wave 
motion. 

Values  of  source  density  at  each  grid  point  are  the  unknowns  in  a  set  of  equations 
which  express  the  boundary  condition  at  each  grid  point.  The  matrix  of  the  equations 
is  derived  from  the  integration  multipliers  The  matrix  is  partitioned  with  one  row 
and  one  column  for  each  quadrilateral.  Inversion  is  by  the  Gauss-Jordan  method  with 
pivot  selection  "'he  matrix  has  been  found  to  be  well  conditioned. 

That  the  rounding  error  in  the  source  density  is  in  the  seventh  digit  of  its  maximum 
value  was  determined  by  a  comparison  between  computations  with  truncated  arithmetic 
and  computations  with  rounded  arithmetic. 

The  distribution  of  source  density  defines  a  wave  motion  below  a  reference  plane 
on  which  the  linearized  free- boundary  conditions  are  met.  An  extension  of  the  wave 
motion  into  the  space  above  the  reference  plane  is  obtained  by  a  reflection  of  the 
wave  motion  through  the  reference  plane.  The  only  requirement  is  that  the  wave 
motion  above  the  reference  plane  shall  have  the  same  velocity  at  z  =  0,  and  shall 
satisfy  Laplace's  equation.  The  actual  free  surface  is  elevated  with  respect  to  the 
reference  plane.  The  free  surface  is  the  envelope  of  streamlines  which  originate 
upstream  on  the  reference  plane.  The  streamlines  can  be  constructed  by  trajectory 
integration  in  the  complete  flow  field 


PROGRAMMING 

The  computation  system  consists  of  subroutines  and  programs  which  can  be 
concatenated  to  solve  various  problems  in  connection  with  the  global  flow  of  fluid  past 
a  floating  ship.  Brief  statements  of  the  functions  of  the  subroutines  and  programs 
are  listed  in  Tables  1  and  11. 


Sll 


TABLE  I 

PRINCIPAL  SUBROUTINES 

SUBROUTINE  CHVMLT 

Prepares  arguments  and  multipliers  for  integration  at  Chebyshev  spacing. 
SUBROUTINE  ORTHOS 

Prepares  a  matrix  of  the  values  of  orthonormal  polynomials  at  discrete  values  of 
the  argument. 

SUBROUTINE  ORTHOV 

Computes  values  and  derivatives  of  orthonormal  polynomials  at  a  given  value  of 
the  argument. 

SUBROUTINE  ORTHOX 

Prepares  a  matrix  of  the  coefficients  of  powers  of  the  argument  in  the  orthonormal 
polynomials. 

SUBROUTINE  MPLNMV 

Computes  values  and  derivatives  of  a  function  which  is  expressed  as  an  array  of 
coefficients  for  a  power  polynomial. 

SUBROUTINE  CNTCRV 

Plots  contours  of  equal  value  for  any  continuous  function  of  Cartesian  coordinates 
in  a  rectangle. 

SUBROUTINE  MTRX 

Performs  matrix  arithmetic  on  entire  matrices  which  are  stored  in  core  memory. 
SUBROUTINE  PMTX 

Performs  matrix  arithmetic  on  partitioned  matrices  which  are  stored  in  disk  memory. 
SUBROUTINE  RPLTM 

Prepares  a  matrix  of  integrals  of  the  quotient  of  powers  of  surface  coordinates  on 
a  rectangle  and  the  cube  of  the  distance  to  a  field  point. 

SUBROUTINE  PSWTVF 

Computes  the  velocity  components  at  a  field  point  in  the  wave  train  of  a  point 
source. 


TABLE  II 

PRINCIPAL  PROGRAMS 


PROGRAM  LINES 

Prepares  plots  of  water  lines  from  a  table  of  offsets  by  orthonormal  polynomial 
approximation. 

PROGRAM  BODY 

Prepares  plots  of  section  lines  from  a  table  of  offsets  by  orthonormal  polynomial 
approximation. 

PROGRAM  SHAPE 

Reduces  table  of  offsets  by  orthonormal  polynomial  .■'pproximation  to  matrices  of 
Cartesian  coordinates  at  Chebyshev  spacing  along  the  longitudinal  axis  and  along  each 
section  line. 

PROGRAM  IMLTV 

Derives  matrices  of  integration  multipliers  for  surface  integration  at  Chebyshev 
spacing  along  the  longitudinal  axis  and  along  each  section  line 

PROGRAM  SHSFWV 

Prepares  a  file  of  velocities  in  the  wave  train  at  each  field  point  for  a  source  at 
each  other  point  on  the  surface  of  the  ship. 

PROGRAM  SHSFSD 

Computes  the  source  density  at  the  surface  of  a  ship  from  integration  multipliers 
and  velocities  in  the  wave  trains  of  point  sources. 

PROGRAM  SHSFVF 

Computes  the  velocity  at  the  surface  of  a  ship  from  source  density,  integration 
multipliers,  and  velocities  in  the  wave  trains  of  point  sources. 

PROGRAM  SHSFPF 

Computes  the  pressure  at  the  surface  of  a  ship  from  coordinates,  velocities,  and 
integration  multipliers. 


Not  included  in  the  tables  are  the  subroutines  for  complex  exponential  integral, 
complex  Fresnel  integral,  or  complex  Bessel  functions. 


WAVE  RESISTANCE 

The  computation  system  has  been  applied  so  far  only  to  a  model  at  a  Froude 
number  of  one  third  Inspection  of  the  listing  of  output  from  the  system  shows  some 
surprising  results.  The  integrated  source  density  below  the  reference  plane  is  a  sink, 
although  this  sink  is  balanced  by  an  image  source  above  the  reference  plane.  In  an 
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open  ship  the  sources  and  sinks  are  actually  outside  the  fluid,  and  there  is  no 
requirement  that  their  sum  shall  be  zero  below  the  reference  plane.  The  source  density 
approaches  zero  toward  the  reference  plane  near  the  bow,  but  approaches  a  finite 
value  toward  the  reference  plane  near  the  stern.  There  is  a  discontinuity  in  source 
density  at  the  reference  plane  near  the  stern,  and  the  velocity  approaches  infinity 
toward  the  discontinuity. 

The  pressure  on  the  hull  is  the  sum  of  a  hydrostatic  pressure  and  a  Bernoulli 
pressure.  The  hydrostatic  pressure  contributes  nothing  to  an  integral  of  pressure 
downward  from  the  reference  plane  except  a  buoyancy  force  The  Bernoulli  pressure 
is  low  just  below  the  reference  plane  near  the  stern,  bu*  this  region  is  above  the  wave 
profile,  where  the  surface  of  the  model  would  not  be  in  contact  with  fluid.  Along  the 
wave  profile  the  sum  of  hydrostatic  pressure  and  Bernoulli  pressure  is  zero.  Integration 
of  pressure  downward  from  the  reference  plane  includes  the  region  of  low  pressure 
near  the  stern. 

The  present  system  integrates  the  pressure  downward  from  the  reference  plane 
where  2  =  0.  The  computed  value  of  the  coefficient  of  wave  resistance  for  the  linearized 
free-boundary  condition  is  given  in  Table  III. 


TABLE  HI 

DIMENSIONS  AND  RESISTANCE 
(Computed) 

Series  60,  Block  0  60  Model 


Length 

20.0 

(ft) 

Beam 

2.666 

(ft) 

Draft 

1.067 

(ft) 

Area 

69.17 

(ft)2 

Volume 

34.00 

(ft)3 

Speed 

8.4556 

(ft)/(sec) 

Froude  Number 

0.3333 

Wave  Resistance  Coefficient 

0.0049 

The  Froude  number  is  defined  by  the  equation 

U 


Fn  = 


VgL 


(33) 


where  U  is  the  speed  of  the  model,  g  is  the  acceleration  of  gravity,  and  L  is  the  length 
of  the  model.  The  coefficient  of  wave  resistance  is  defined  by  the  equation 


Cw  = 


(34) 


where  R  is  the  wave  resistance,  p  is  the  density  of  the  fluid,  and  S  is  the  submerged 
surface  area. 


A  smaller  estimate  of  the  wave  resistance  coefficient  would  be  obtained  if  the  system 
were  modified  so  that  the  pressure  is  integrated  downward  from  the  free  surface 
Smaller  values  have  been  obtained  in  the  integrations  of  pressure  by  Gadd3  and  by 
Adee4.  The  computed  value  of  0.0049  for  the  wave  resistance  coefficient  is  less  than 
the  experimental  value  of  0.0058  for  the  total  resistance  coefficient  as  reported  by 
Moreno,  Perez-Rojas,  and  Landweber5  for  a  smooth  model. 

When  vorticity  is  included  in  the  flow  field,  the  computed  wave  resistance  will  be 
reduced  still  more  The  boundary  conditions  at  the  body  boundary  will  be  met  partially 
by  the  vortex  flow,  and  partially  by  a  diminished  source  density. 


CONCLUSION 

The  integrated  source  density  is  a  net  sink  below  and  an  image  source  above  the 
reference  plane  where  the  linearized  free-boundary  conditions  are  met.  The 
computation  system  must  be  modified  so  as  to  integrate  th**  pressure  distribution 
downward  from  the  free  surface 
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ABSTRACT 

This  paper  presents  a  numerical  solution  for  the  planing  of  a  boat  over 
the  surface  of  deep  water.  The  method  applies  to  the  case  of  a  finite 
Froude  number  and  an  arbitrary  beam,  so  that  the  restrictions  of  previous 
theories  are  avoided. 

Inviscid  linearized  potential  flow  is  used.  Thus  the  presence  of  the 
boat  is  modelled  by  the  equivalent  pressure  distribution.  The  pressure 
itself  is  represented  by  a  twodimensional  array  of  elements.  The  pressure 
is  allowed  to  vary  linearly  with  respect  to  position  within  each  element  so 
that  the  overall  distribution  is  continuous.  The  wave  pattern  produced  by 
one  such  element  constitutes  the  first  part  of  the  solution. 

The  second  part  of  the  solution  is  the  assembly  of  these  elements.  A 
kinematic  condition  is  required  at  the  centre  of  each  element.  Furthermore, 
the  Kutta  condition  is  satisfied  at  a  discrete  number  of  points  along  the 
trailing  edge,  and  the  boar  sust  be  in  equilibrium.  These  extra  conditions 
determine  the  rise  and  trim  of  the  boat,  as  well  as  the  extent  of  the  wetted 
surface. 

With  a  very  small  number  of  elements  in  the  longitudinal  and  transverse 
directions,  the  theory  predicts  the  amount  of  wetted  area  of  flat  plates  and 
prismatic  hulls  to  within  a  few  percent  of  that  derived  from  experimental 
data.  The  proportion  of  the  boat  that  rises  out  of  the  water  is  also 
computed  to  a  similar  accuracy.  The  lift  coefficient  tends  to  be  about  30t 
low  for  a  beam  Froude  number  of  two,  but  it  is  in  better  agreeaient  at  lower 
speeds. 


1. 


Introduction 


1.1  Previous  Work 

One  of  the  first  to  study  the  hydrodynamics  of  twodimensional  planing 
surfaces  was  Sretenskii  [1,  2].  He  applied  the  usual  linearized  potential 
flow  theory  to  a  flat  plate.  His  technique  represented  the  pressure  dis¬ 
tribution  by  an  infinite  series,  the  first  term  of  which  reveals  a  square- 
root  singularity  at  the  leading  edge  -  well  known  in  airfoil  theory.  Sedov 
[3]  and  Maruo  [4  to  7]  also  treated  this  problem.  Experimental  pressure 
distributions  of  Maruo  [7]  tended  to  verify  the  theory  -  particularly  at 
small  pitch  angles  and  away  from  the  singularity  at  the  leading  edge. 

The  problem  of  satisfying  the  Kutta  condition  at  the  trailing  edge, 
and  the  fact  that  the  wetted  length  of  the  boat,  and  the  height  of  its  trai¬ 
ling  edge,  should  be  treated  as  unknowns  (and  are  therefore  part  of  the  so¬ 
lution)  were  dealt  with  in  depth  by  Squire  [8] .  Cumberbatch  [9]  used  a 
high  Froude  number  approximation.  He  showed  that  a  suitably  shaped  para¬ 
bolic  plate  would  eliminate  the  leading-edge  singularity  (corresponding  to 
the  splash  jet  thrown  ahead  of  the  craft) ,  and  hence  dramatically  reduce  the 
drag  compared  to  that  of  a  flat  plate.  Wehausen  and  Lai tone  [10]  reviewed 
much  of  the  above  work. 

Nonlinear  aspects  of  twodimensional  planing  have  also  been  studied  - 
but  with  various  restrictions.  Thus  Green  [11  to  13]  solved  the  case  of  a 
flat  plate  gliding  on  a  stream  of  both  finite  and  infinite  depth  using  the 
method  of  conformal  mapping.  Wu  [14]  developed  a  singular  perturbation 
scheme  suitable  for  high  speeds.  Later  Wu  and  Whitney  [15]  derived  opti¬ 
mum  shapes  to  generate,  for  example,  maximum  lift  subject  to  certain  res¬ 
traints,  such  as  infinite  Froude  number  and  fixed  chord  length,  or  fixed 
arc-length  of  the  plate.  Doctors  [16]  made  use  of  finite  elements  to  solve 
the  linearized  case  at  finite  Bpeed.  In  this  way,  the  method  of  solution 
was  greatly  simplified,  and  the  shape  of  the  plate  could  be  arbitrary.  Cer¬ 
tain  types  of  optimum  forms  of  plate  were  also  derived  -  and  these  corres¬ 
ponded  closely  with  those  of  Cumberbatch. 

Threedimensional  planing  has  received  less  attention  due,  primarily, 
to  the  fact  that  the  extent  of  the  wetted  area  is  unknown.  This  difficul¬ 
ty  is  skirted  in  the  twodimensional  case,  in  an  inverse  manner,  by  fixing 
the  length,  and  finding  (for  example)  the  weight  supported  by  it.  The 


problem  cm  be  somewhat  alleviated  by  considering  either  a  low  aspect-ratio 
plate,  a  high  aspect-ratio  one,  or  a  case  of  high  Froude  number. 

Thus  Wagner  [17]  and  Tulin  [18]  tackled  the  first  case.  Maruo  [19] 
examined  both  low  and  high  aspect-ratio  plates.  Shen  [20]  and  Shen  and 
Ogilvie  [21]  assumed  a  high  aspect  ratio.  In  the  latter  paper  the  speed 
was  assumed  to  be  infinite  but  nonlinearity  was  included.  Wang  and  Rispin 
[22]  solved  the  problem  of  a  finite  beam- to- length  ratio  plate  at  a  high 
Froude  number.  Tuck  [23]  and  Oertel  [24]  discussed  the  aspect  of  the  un¬ 
known  wetted  area  and  its  relation  to  the  Kutta  condition  in  some  detail. 

In  the  latter  paper,  various  wetted  areas  were  assumed  (at  infinite  Froude 
number)  and  the  error  in  not  satisfying  the  Kutta  condition  was  computed. 

A  number  of  papers  presenting  experimental  results  have  also  appeared. 
These  include  work  by  Clement  and  Blount  [25],  Hadler  [26]  and  Savitsky 
[27  to  29].  Other  aspects  of  planing  surfaces,  including  porpoising  insta¬ 
bility,  are  referred  to  by  Du  Cane  [30],  Parkinson  [31],  Angeli  [32],  Payne 
[33]  and  Latorre  [34]. 

1.2  Present  Work 

The  purpose  of  this  paper  is  to  extend  the  author's  work  from  two  di¬ 
mensions  to  three.  In  particular,  the  method  will  be  applied  to  both  flat 
plates  and  prismatic  hulls,  shown  in  Fig.  1.  The  input  parameters  ares 
the  length  of  the  craft  at  rest  (Lo) ,  the  amount  of  deadrise  at  the  beam 
(d) ,  and  the  speed  coefficient,  or  beam  Froude  number  (Fg) .  All  horizon¬ 
tal  distances  in  the  results  are  nondimens ionali zed  against  the  craft  beam 
(B) ,  and  all  quantities  with  a  vertical  sense ,  such  as  pressure  (p) ,  depth 
of  the  trailing  edge  below  the  undisturbed  free  surface  (h)  and  trim  angle 
(a)  will  be  made  nondimensional  using  the  depth  of  the  center  of  the  trai¬ 
ling  edge  when  at  rest  (hg) . 

Rectangular  pyramidal  pressure  elements  of  length  4a  and  width  4b 
will  be  used.  These  overlap  in  such  a  manner  that  the  resulting  pressure 
distribution  is  continuous  in  both  the  longitudinal  and  transverse  direc¬ 
tions,  as  shown  in  Fig.  2. 

It  will  therefore  be  possible  to  do  away  with  the  abovementioned  res¬ 
trictions  on  the  Froude  number  and  the  craft  beam. 


Fig.  1  Definition  Sketch  Fig.  2  Use  of  Finite  Elements 


2.  wave  Pattern  due  to  a  Pressure  Pyramid 
2.1  Theoretical  Derivation 

Making  the  usual  assumptions  of  inviscid  linearized  flow,  then  the  po¬ 
tential  must  satisfy  the  Laplace  equation: 


$  +  $  +  a 

xx  yy  zz 


(1) 


where  x  is  measured  forward  and  z  vertically  upward.  The  problem  is 
made  steady  by  imposing  a  uniform  velocity  of  c  (the  craft  speed)  to  the 
left,  so  that  ♦  is  the  perturbation  potential.  One  must  also  satisfy  the 
free-surface  kinematic  condition: 


M 


z-0  +  c  ^x 


(2) 


where  Z  is  the  free-surface  elevation.  The  dynamic  free-surface  condi¬ 
tion,  obtained  from  the  Bernoulli  equation  is 


p  +  pgt  -  pc 


0  , 


(3) 
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where  P  is  the  water  density,  g  is  the  acceleration  of  gravity  and  p 
is  the  pressure  acting  on  the  surface.  In  deep  water  we  must  also  apply 
the  condition 

[♦.]--  -°  •  " 
The  combined  free-surface  condition  is  obtained  by  eliminating  t  from 
Eqs  (2)  and  (3): 

[*xx  +  Mjr-0  “  £Px  '  (! 


where  k0  »  g/c2  (6) 

is  the  fundamental  wave  number. 

The  solution  to  Eqs  (1),  (4)  and  (5),  subjc  t  to  the  requirement  that 
waves  should  sxist  downstream  of  the  pressure  (the  radiation  condition) ,  may 
be  obtained  by  a  double  Fourier  transform  in  the  xy  domain,  and  is  well 
known  (for  example,  see  Wehausen  and  Laitone  [10],  p.  598).  It  is 
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J  <30  , 


-n/2 


where  P  +  iQ  =  Jj  p(x,y)  exp[i(wx  +  uy)l  dx  dy  ,  (8) 

and  w  +  iu  *  k  exp(i8)  ,  (9) 

and  the  subscript  1  means  an  evaluation  at  the  pole  given  by 

kj  *  kg  sec28  .  (10) 

The  wave  elevation  may  be  found  by  substituting  Eq.  (7)  into  Eq.  (3). 
Also,  for  a  pressure  which  is  symmetrical  about  the  longitudinal  axis,  the 
range  of  the  8  integration  may  be  halved,  and  Q  «  0  .  Thus 
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k  cos(wx)  cos(uy)  P(w,u)  ^  + 

k  -  kj  J 


kj2sin(wjx)  cos(Ujy)  P(Wj,Uj)  d0 


(11) 


where  £0  is  the  hydrostatic  wave  elevation  (equal  to  -  p/pg) . 

It  is  found  easier  to  derive  the  wave  disturbance  of  the  pyramid,  by 
first  considering  that  due  to  a  rectangular  distribution  -  one  in  which  p 
is  constant  at,  say,  p0  within  an  area  defined  by  |xj  <  a'  and  |y|  <  b' , 
and  is  zero  outside.  Then 
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sin(wa' ) 
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sin(ub‘ ) 
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(12) 


We  substitute  this  result  in  Eq.  (11) .  One  can  then  combine  the  trigono¬ 
metric  functions  to  produce  integrals  involving  the  first  of  the  following 
two  auxiliary  functions  for  the  sine-  and  cosine-integrals: 


g(A) 


|  rrrdt  md  f(x) 
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sin  t 
A  +  t 


dt 


(13) 


which  are  given  in  Abramowitz  and  Stegun  [35],  p.  232.  The  final  result  is 
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III  m  1“  9 1 A  |  +  irsin|A|  -  it  sin(A)]  d«  , 
i.j.m-il  (14) 


where  A  *  [(a'  +  ix)cos0  +  m(b’  +  jyfsinejkj  .  (15) 

The  wave  disturbance  for  the  pyramid  may  be  obtained  by  integrating 
this  result  between  the  limits  0  <  a'  <  2a  and  0  <  b'  <  2b  .  Using 

J  g|A|  dA  -  sgn(A)  [j  -  f  |  A  |  ]  and  /  sgn(A)  f|A|  dA  **  g  j  A  |  +  In  |  A  |  ,  (16) 

one  finally  obtains 
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(17) 


(18) 

(19) 


2.2  The  Corner  Wave  Function 

Examination  of  Eq.  (17)  reveals  that  apart  from  the  summation  with  res¬ 
pect  to  a  ,  the  remaining  fourfold  summation  reduces  from  16  terms  to  only 
9  different  ones,  and  these  can  be  considered  to  be  contributions  from  the 
four  corners  of  the  pyramid,  the  midpoints  of  the  four  sides  and  the  vertex. 

Thus,  to  obtain  the  disturbance  at  various  distances  x  and  y  from 
a  pyramid  of  various  sizes  a  and  b  ,  one  need  only  compute  a  tw oditaensio- 
nal  array  of  values  of  the  corner  function  -  and  not  a  fourdimensional  one. 

However,  each  summand  in  Eq.  (17)  is  separately  divergent,  so  that  the 
following  even  and  odd  wave  functions  were  defined  instead: 


and 
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cot2s  y 
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cot28  l  [sin(X)  -  sin(Xg)]  d0 
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(20) 


where 

and 


X  »  xk0  and  Y  -  y  kg 

Ao  *  [*]e.o  • 


(21) 


Eq.  (17)  may  then  be  written  as 

i  -  Co  +  [  T(X-2A,Y-2B)  -  2  T(X-2A,Y)  +  T(X-2A,Y+2B)  - 

AB 

-  T(X,  Y-2B)  +  4  T(X,  Y)  +  2  T(X,  Y+2B)  + 


(cont. ) 
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+  T(X+2A,Y-2B)  -  2  T(X+2A,Y)  +  T(X+2A,Y+2B) ] 


(22) 


where  A  «  akg  and  B  -  bkfl  , 

and  the  total  disturbance  from  a  "comer"  is 

T(X,Y)  -  Fe(X,Y)  +  Fq ( X , Y )  .  (23) 

2.3  Numerical  Evaluation 

Various  numerical  techniques  for  computing  the  comer  wave  functions, 
Eq.  (20) ,  were  tested.  These  took  into  account  the  oscillating  behavior 
of  the  integrand  in  Eq.  (20b).  For  example,  as  6  approaches  ir/2  ,  the 
oscillations  become  so  cramped  that  a  change  of  variable  of  the  form 

6*  »  sin  B/coa  28 

is  suggested.  Eq.  (20a)  contains  a  similar  badly  behaved  sinusoidal  term. 

A  further  point  of  interest  is  that  when  x  =»  0  the  integrand  of  Eq.  (20a) 
has  a  logarithmic  singularity  at  0  *  0  ,  so  that  the  first  step  in  the 
numerical  6  integration  was  then  performed  separate ly . 

However,  one  must  consider  that  it  is  the  summation  in  Eq.  (22)  that 
is  required  accurately,  and  to  this  end,  it  was  found  that  the  simple  trap¬ 
ezoidal  rule  was  the  most  efficient.  The  integration  was  carried  right 
through  to  0  =  t/2  (but  with  the  last  term  equivalent  to  zero)  since  the 
integrands  die  out  quite  slowly  with  respect  to  0  .  It  was  found  that  a 

minimum  of  around  512  points  in  the  0  integral  (n„)  was  required  for  ei- 

0 

ther  the  even  or  odd  term.  With  n.  =  1024,  the  maximum  error  in  the  tra- 

0 

pezoidal  rule  was  found  to  be  SxlO-6  for  |x|  and  |y|  <  1  .  (Only 

positive  values  of  X  and  Y  need  to  be  confuted.) 

2.4  Results 

The  comer  wave  function  is  shown  in  Figs  3a  and  b.  The  curves  show 
very  little  curvature  for  the  range  of  argument  values  computed  and  this  has 
accuracy  implications  when  considering  the  summation  in  Eq.  (22).  The 
curves  in  Fig.  3a  are  even  with  respect  to  X  and  therefore  have  a  dis- 
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Fig.  3  Corner  Wave  Function 

(a)  Even  Component  Fig.  3  Com  (b)  Odd  Component 

continuity  in  gradient  at  X  *■  0  .  Those  in  Fig.  3b  are  odd  with  respect 
to  X  .  Both  sets  of  curves  are  even  with  respect  to  Y  . 

The  wave  field  itself,  for  a  square-based  pyramid  (a  =»  b)  travelling  at 
two  different  speeds  is  shown  in  Figs  4a  and  b.  The  maximum  error  in 
Fig.  4a  was  found  to  be  about  0.005  -  although  the  usual  deterioration  in 

accuracy,  due  to  what  is  essentially  a  fourfold  differentiation  in  Eq.  (22) , 
might  suggest  a  still  worse  absolute  error.  The  accuracy  in  Fig.  4b  is 
somewhat  better  due  to  the  wider  spacing  of  the  field  points  in  the  sum. 

(A  measure  of  the  error  is  also  provided  by  the  degree  of  smoothness  in  the 
way  the  wave  dies  away  ahead  of  the  pyramid.) 

A  further  test  of  accuracy  is  displayed  in  Figs  5a  and  b.  Here,  a 
comparison  is  made  with  the  twodimensional  limit  of  the  wave  disturbance 
for  an  infinitely  wide  element  (b  ■  •»)  given  by  Doctors  [16] ,  and  that  ob¬ 
tained  by  summing  up  a  series  of  threedimensional  elements  placed  side-by- 
side  and  overlapping  by  the  required  2b  .  Any  difference  between  the  two 
would  be  attributed  to  the  number  of  elements  sunned  -  as  well  as  any  error 
in  the  nwerical  integrations. 


3. 


Combining  the  Elements 
3.1  Use  of  Identical  Elements 

It  had  been  planned  to  use  elements  with  an  arbitrary  length  4a  which 

would  depend  on  the  transverse  position  of  its  centroid.  Thus  the  length  of 

the  wetted  surface,  which  varies  between  L  and  L  ,  could  be  composed  of 

c 

an  integral  number  of  elements.  Unfortunately,  the  previously  mentioned 
accuracy  of  the  corner  wave  functions  did  not  permit  interpolation  between 
computed  points.  Thus  the  pyramid  base  dimensions  had  to  be  a  whole  mul¬ 
tiple  of  the  spacing  of  points  used  in  computing  Fig.  3. 

The  array  of  elements  shown  in  Fig.  2  is  symmetrical  about  the  longi¬ 
tudinal  axis  of  the  boat.  Taking  into  account  the  image  element,  one  ob¬ 
tains  the  wave  elevation  at  a  field  point  i  (x^,  y^)  due  to  a  source  el¬ 
ement  j  (Xj ,  Yj)  of  unit  pressure  as 

y^Yj)  +  ttx^x^,  y^Yj)  •  (24) 

The  kinematic  condition  on  the  hull  requires  that  the  sum  of  all  such 
influences  at  each  field  point  must  equal  the  height  of  the  hull  there. 

Thus 

n  „  , 

P  2  dyi 

T  K..p.  =  -h+ax.  +  — - —  for  1  <  i  <  n  .  (25) 

j«l  13  3  i  B  -  -  P 


In  this  equation  the  unknown  depth  of  the  center  of  the  trailing  edge,  the 
trim  angle  and  the  deadrise  have  been  taken  into  account.  Note  that  B  , 
which  has  two  meanings,  is  the  craft  beam  here.  Eq.  (25)  produces  n 
equations  (the  number  of  field  points) ,  but  there  are  n^  +  2  unknowns  - 
the  additional  two  being  h  and  a  . 

An  extra  pair  of  equations  is  obtained  by  considering  equilibrium  of 
the  boat  with  respect  to  weight  and  center  of  gravity: 


and 


i 

pW  =  S  l  p.  , 


j=l 


1  -  r* 

—  W  x  =  S  l  p  x 

j=l  3  3 


(26) 
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where  W  is  the  weight  of  the  boat  and  x  is  the  longitudinal  position  of 
its  center  of  gravity.  The  nominal  area  of  each  element  is  given  by 

S  =  4  a  b  .  (27) 


3.2  Kutta  Condition 

Assuming  an  initial  estimate  of  the  wetted  area  shape ,  one  can  obtain 

the  best  number  of  elements  along  each  buttock  line  and  solve  the  n  +  2 

P 

equations  given  by  Eqs  (25)  and  (26) . 

One  must  also  satisfy  the  Kutta  condition  at  the  trailing  edge.  From 
a  physical  point  of  view  this  seems  to  be  sufficient.  It  also  gives  an  ex¬ 
tra  equation  for  each  buttock  -  required  to  solve  the  wetted  length  at  each 

such  line.  Oertel,  in  fact,  gave  a  mathematical  argument  supporting  this. 

Incidentally,  in  the  nonlinear  viscous  situation  with  surface  tension,  there 
is  effectively  a  Kutta  condition  to  be  applied  along  the  entire  perimeter  of 
the  craft. 

From  the  estimated  wetted  area  and  the  resulting  pressure  distribution, 
the  error  in  not  satisfying  this  condition  is 

"p  2  d  y 

e.  =  7  K.  .  p.  +  h  -  — - —  for  1  <  i  <  n  ,  (28) 

1  j=i  3  B  -  -  y 

where  n  is  the  number  of  buttocks  used  and  now  x.  =  0  in  Eq.  (24). 

y  1 

A  correction  to  each  wetted  length  can  be  made  by  using  an  -dimensi¬ 
onal  Newton-Raphson  technique  (see  Carnahan,  Luther  and  Wilkes  [36] ,  p.  319). 
By  incrementing  each  buttock  line  by  one  element  in  turn,  the  various  gra¬ 
dients  can  be  obtained  from  the  changes  in  the  error  given  by  Eq.  (28). 

Hence 

3e , 

-r—“— ■  *  he. /2a  (for  the  change  in  the  j'th  buttock)  ,  (29) 

dL .  1 

3 

and  the  required  alterations  to  the  lengths  are  given  by 


3e. 

y  -r— =  e.  for  1  <  i  <  n  .  (30) 

-i  3L-i  3  1  -  -  y 
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This  set  of  equations  can  be  solved  by  inversion  in  the  usual  way. 

The  iteration  can  proceed  until  the  predicted  changes  in  length,  AL.  , 
are  less  than  the  nominal  element  length,  2a  . 


4.  Results 

4.1  Presentation  of  Data 

From  the  dimensions  of  the  boat  in  the  hydrostatic  condition  (i.e.,  at 
rest),  one  can  derive  its  weight  and  center  of  gravity: 


and 


W*  = 


W 

pgB2hfl 


X*  W* 


x  W 

pgPhJJ" 


I  L0*<3  -  3  d*  +  d*2) 

^•L0*2(4  -  6  d*  +  4  d*2  -  d*3) 


(31) 


for  use  in  Eq.  (26)  .  (Variables  indicated  by  an  asterisk  have  been  nondimen- 
sionalized  as  described  in  the  Introduction.) 

An  initial  estimate  of  the  wetted  length  was  obtained  from  the  follow¬ 
ing  formula  for  the  location  of  the  center  of  pressure,  taken  from  Savitsky 
[27] : 


x*  =  £*{0.75  -  1/  [2 . 39  +  5.21  (Fn/L*)2]}  ,  (32) 

where  L  is  the  average  wetted  length.  This  empirical  formula  indicates 
that  there  is  no  effect  of  deadrise  on  the  center  of  pressure  (for  any  moving 
wetted  length) . 

Savitsky  also  gave  an  experimental  formula  for  the  lift  coefficient 
for  a  flat  plate: 

CT  «  ^ - -  =  a1*1  (0.0120  i*V2  +  0.0055  L*5/2/F  2)  , 

L  ~pV2B2  B 

valid  for  2°  <  a  <  15°  .  However,  to  make  a  comparison  with  our  linear 
case,  we  let  a  -*  0  and  express  the  angle  in  radians  to  obtain 

C./a  =  57.29  (0.0120  L*1/2  +  0.0055  L*5/2/F  2)  .  (33) 

L  B 

For  a  prismatic  surface  with  a  deadrise  angle  of  g  ,  the  following  erapiri- 
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cal  formula  was  given: 


4.2  Results  for  a  Flat  Plate 

Figs  6a,  b  and  c  present  results  for  the  planing  of  a  flat  plate  at 
four  different  beam  Froude  numbers,  and  make  comparisons  with  Savitsky's 
experimental  curves.  Following  his  method,  the  abscissa  used  is  the  aver¬ 
age  wetted  length.  Examining  firstly  the  variation  of  hydrostatic  length 
with  wetted  length,  in  F_g.  6a,  the  theory  is  seen  to  be  close  to  the  ex¬ 
periment,  and  underpredicts  by  only  about  4*.  The  weak  trend  of  decree ~ 
ing  hydrostatic  length  with  decreasing  Froude  number  is  also  verified. 

Excellent  agreement  for  the  immersed  length  is  also  displayed  in 


1  ™  T< 
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length  due  to  Increasing  deadrise  is  confirmed  closely. 

The  wetted  area  below  the  undisturbed  free  surface,  in  Fig.  7b,  is  not 
predicted  as  well  as  for  the  case  of  the  flat  plate  (Fig.  6b) .  However, 

the  correct  trend  due  to  variations  in  deadrise  is  verified.  It  was 

found  that  the  overall  length  of  the  boat,  L  ,  was  in  better  agreement  with 
these  empirical  curves.  (Savitsky  noted  that,  in  practice,  there  is  no 
build-up  of  water  ahead  of  the  keel  of  a  prismatic  hull  at  small  angles  of 
trim:  that  is  L  =  .  However,  the  theory  indicated  that  L  >  by 

perhaps  5%  and  this  is  undoubtedly  partly  due  to  the  small  number  of  ele¬ 
ments  used.) 

Finally,  the  lift  coefficient  is  shown  in  Fig.  7c.  For  length-to-beam 
ratios  less  than  1.5,  the  agreement  is  poor,  rather  similar  to  the  case  of 
the  flat  plate  in  Fig.  6c.  The  fact  that  the  empirical  formula,  Eq.  (34) , 
indicates  no  effect  of  deadrise  on  lift  coefficient  at  small  angles  of  trim 
seems  to  be  corroborated.  One  needs  more  computed  points  to  confirm  this. 


4.4  Pressure  Distributions 

The  last  set  of  results  displays  sample  longitudinal  pressure  distri¬ 
butions.  An  example  where  only  one  buttock  line  of  elements  is  used  on 
each  side  of  the  centerline  (n  =1),  for  a  flat  plate,  is  shown  in  Fig.  8a. 
Various  length-to-beam  ratios  are  considered.  The  general  form  of  the  dis¬ 
tribution  is  as  one  would  expect:  a  peak  near  the  leading  edge  -  represen¬ 
ting  the  singularity  produced  by  the  linear  theory  is  evident.  However, 
oscillations  in  the  curves  also  occur,  and  a  region  of  negative  pressure 
near  the  stern  is  seen  in  two  cases. 

These  are  probably  due  to  two  causes:  the  imprecision  of  the  values 
of  in  Eq.  (25)  ,  referred  to  previously,  and  the  fact  that  in  general 

a  whole  number  of  elements  will  not  fit  into  the  length  of  the  plate  (lea¬ 
ving  a  discrepancy  in  a  critical  region) . 

The  quality  of  the  pressure-distribution  curves  deteriorates  when  we 
pass  onto  the  cases  of  two  and  three  buttock  lines  (n^  =  2  and  3)  in 
Figs  8b  and  c,  respectively.  Unrealistic  oscillations  are  predicted. 
However,  the  mean  curves  tend  to  be  rather  better.  It  would  appear  that 
the  reason  the  very  encouraging  data  points  presented  in  Figs  6  and  7  do 
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Fig.  6  Pressure  Distributions 
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Fig.  8  Cont.  (b)  Flat  Plate  (ny  s  2) 


Fig  8  Cont.  (c)  Flat  Plate  (ny=3) 


Fig  8  Cont. (d)  Prismatic  Hull  (nys  2) 


not  display  this  feature  is  that  they  represent  an  integrated  effect  of 
the  pressure  distibution. 

An  example  of  the  distribution  of  pressure  for  a  prismatic  surface  with 
d/hQ  =  0.25  is  shown  in  Fig.  8d.  A  similar  oscillatory  behavior  is  obser¬ 
ved. 


5.  Concluding  Remarks 
5.1  Present  Work 

The  theoretical  results  presented  in  Figs  6  and  7  indicate  that  the 
basis  of  the  method  given  here  is  sound.  This  is  certainly  so,  when  one 
considers  that  part  of  the  error,  when  making  comparisons  with  experiments, 
must  be  due  to  nonlinear  effects,  and  viscosity,  which  are  of  course  strictly 
ignored.  Furthermore,  the  empirical  results  themselves  represent  fitted 
curves. 

One  difficulty  associated  with  the  Newton-Raphson  iteration  given  in 
Eqs  (29)  and  (30)  was  that  the  predicted  wetted- length  changes  tended  to  be 
overestimated  by  around  100  -  150%.  This  was  presumably  due  to  the  finite- 
difference  method  of  computing  the  gradients.  (It  might  also  be  related 
to  the  singularity  line  at  the  leading  edge.)  As  a  result,  the  iteration 
frequently  did  not  converge  when  used  in  the  form  shown  -  but  instead,  the 
lengths  oscillated  about  the  correct  values . 

This  problem  was  overcome  by  introducing  a  multiplicative  damping  fac¬ 
tor  to  the  right-hand  side  of  Eq.  (30) .  A  value  of  0.5  cured  the  oscilla¬ 
tions  and  consequently  convergence  was  usually  achieved  in  2  or  3  iterations. 


5.2  Future  Work 

The  first  stage  of  refinement  to  the  procedure  should  be  to  improve  the 
accuracy  of  the  results  for  the  disturbance  due  to  a  pressure  pyramid.  It 
is  felt  that  a  staple  brute- force  approach  -  increasing  the  number  of  points 
in  the  6  integrals  in  Eq.  (20)  will  not  suffice.  This  is  due  to  the  argu¬ 
ment  of  the  various  functions,  namely  1  ,  rapidly  approaching  infinity  at 
the  upper  limit  of  the  integration.  Instead,  it  might  be  possible  to  recast 
the  integrals  in  a  different  form. 
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A  procedure  more  likely  to  succeed  is  to  derive  asymptotic  expressions 

for  the  corner  functions,  F  and  F  ,  valid  for  small  values  of  x  and  y 

e  o 

{the  high-speed  limit).  This  would  allow  a  completely  arbitrary  pyramid 
base  size  to  be  used,  and  thus  permit  the  elements  to  be  precisely  fitted 
into  the  wetted  lengths. 

With  such  analytic  expressions,  the  numerical  differentiation,  utilized 
in  Eq.  (29),  could  be  avoided.  This  would  eliminate  the  abovementioned 
problem  of  divergence  in  the  iteration. 
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ABSTRACT 

The  pressure  distribution  on  a  body  moving  near  a  free  surface  is 
calculated  by  numerically  differentiating  the  velocity  potential  on  the 
body’s  surface.  This  potential  is  obtained  from  a  given  potential  inside 
the  body  surface  through  a  singularity  kernel  for  a  doublet.  The  resulting 
wave  resistance  and  lift  for  two-  and  three-dimensional  bodies  are  com¬ 
pared  with  available  data.  The  advantage  of  this  approach  in  comparison 
to  the  usual  source  distribution  method  is  discussed.  An  extension  of  the 
approach  to  the  problem  of  a  body  moving  in  the  free  surface  is  also 
presented. 

1.  Introduction 

There  are  two  methods  commonly  used  in  computing  hydrodynamic  forces  and 
moments  acting  on  a  body  moving  in  or  beneath* a  free  surface;  namely,  the  singularity 
method  and  the  method  of  direct  solution  of  the  field  equations  using  finite  difference  or 
finite  element  numerical  techniques.  There  are  certain  advantages  as  well  as  disadvantages 
associated  with  each  method.  In  a  singularity  method,  the  Laplace  equation  and  the  far- 
field  boundary  conditions  are  automatically  satisfied  by  choosing  a  proper  kernel  function. 
However,  it  is  quite  tedious  to  compute  the  pressure  distribution  on  the  body  surface  from 
the  singularity  distribution.  On  the  other  hand,  in  a  direct  solution  method,  the  velocity 
potential  on  the  body  surface  is  computed  first,  so  that  the  body  pressure  distribution  can 
be  readily  obtained.  However,  to  satisfy  the  Laplace  equation  and  far-field  conditions,  a 
finite  difference  or  finite  element  method  requires  a  large  number  of  meshes  and  thus  a  large 
amount  of  computation.  It  is  the  intent  of  the  present  paper  to  describe  an  inner-potential 
doublet-distribution  method  which  takes  advantage  of  the  two  currently-used  methods. 

The  motion  of  a  body  in  an  irrotational  and  incompressible  fluid  generates  a  potential 
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field  in  a  fluid  which  in  turn  generates  a  dynamic  pressure  distribution  on  the  body  surface. 
This  pressure  distribution  can  be  expressed  in  terms  of  the  velocity  potential  on  the  body 
surface.  Thus,  the  forces  and  moments  on  a  moving  body  can  be  evaluated  once  the  poten¬ 
tial  on  the  body  surface  is  known.  A  body  moving  in  an  infinite  fluid  may  be  represented 
by  either  a  sink-source  distribution  or  a  doublet  distribution  on  the  surface  of  the  body. 
However,  as  shown  in  Lamb1,  if  the  body  is  represented  by  a  doublet  distribution,  the 
potential  on  the  body  surface  simply  becomes  the  sum  of  the  doublet  strength  and  the 
velocity  potential  inside  of  the  body  surface.  There  is  no  such  one-to-one  correspondence  if 
the  body  is  represented  by  a  source-sink  distribution.  Brard3  showed  that  the  above  conclu¬ 
sion  also  applies  to  a  body  moving  under  a  linearized  free  surface.  For  a  body  moving  on  the 
free  surface,  Brard  showed  that  an  additional  line  distribution  of  sources  and  doublets  on  the 
contour,  C,  of  the  intersection  of  the  body  surface  and  the  undisturbed  free  surface,  is 
required  when  the  Kelvin  singularity  is  used  as  the  kerne)  function.  However,  the  correspond¬ 
ence  between  the  velocity  potential  and  the  doublet  strength  is  unaltered;  the  correspondence 
is  the  same  as  that  for  the  submerged  case. 

Theoretically,  one  may  choose  any  type  of  singularities  in  representing  a  moving  body. 

A  source-sink  distribution  is  customarily  used.3,4  For  numerical  computations,  it  was 
suggested  by  Pien  and  Chang5  that  the  use  of  a  doublet  distribution  on  the  body  surface  will 
have  an  advantage  over  the  source-sink  distribution  because  of  the  above  mentioned  corre¬ 
spondence  between  the  velocity  potential  on  the  body  surface  and  the  strength  of  the  doublet. 
Pien6  has  calculated  the  velocity  potential  for  infinite-fluid  body-motion  problems  using 
the  method  proposed  by  Pien  and  Chang5.  He  showed  that,  for  the  same  accuracy  of 
computed  pressure  coefficients,  the  use  of  a  doublet  distribution  requires  fewer  control  panels 
than  needed  when  using  a  sink-source  distribution.  It  has  to  be  emphasized  that  in  the 
approach  of  Pien  and  Chang,  the  doublet  distribution  is  determined  from  the  known  velocity 
potential  inside  the  body  surface  and  the  velocities  are  calculated  by  a  finite  difference 
scheme  from  the  doublet  strength  obtained.  It  is  thus  a  combined  singularity  and  finite 
difference  method  which  is  different  from  the  customarily  used  doublet-distribution  method.7 
In  the  traditional  method  the  doublet  distribution  is  determined  from  the  normal  velocities  on 
the  body  surface  and  the  velocities  on  the  surface  are  calculated  from  the  doublets  through 
integration.  The  reason  the  relationship  between  doublet  strength  and  velocity  potential 
has  not  been  used  in  calculating  velocities  is  that  the  inner  potential  was  never  considered  in 
the  previous  doublet  methods. 

The  present  paper  applies  the  approach  of  Pien  and  Chang5  to  both  linearized  free  surface 
problems  and  unsteady  infinite  flow  problems.  In  the  next  section  a  brief  summary  of  the 
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approach  will  be  given.  In  the  following  section,  applications  to  four  particular  problems  will 
be  described:  (I)  infinite  fluid  unsteady  flow  problem;  (2)  free-surface  problem  for  submerged 
axisymmetric  body;  (3)  free-surface  problem  for  submerged  two-dimensional  lifting  body;  and 
(4)  free-surface  problem  for  surface-piercing  body. 


2.  Formulation  of  Inner -Potential  Doublet  Distribution  Approach 
2.1  Determination  of  Velocity  Potential  on  Body  Surface 

In  order  to  distinguish  the  doublet-distribution  approach  proposed  by  Pien  and  Chang5 
from  the  previous  doublet-distribution  methods,  we  will  call  the  method  of  Pien  and  Chang 
the  inner-potential  doublet-distribution  approach.  The  details  of  this  approach  are  described 
in  Reference  5.  Only  a  brief  summary  of  the  basic  method  will  be  presented  here. 

A.  Submerged  Body 

Let  SB  be  a  closed  surface  which  represents  the  surface  of  a  body  submerged  in  a  fluid 
region  RQ;  let  SQ  be  the  outer  boundaries  of  the  region  RQ,  and  Rj  be  the  space  occupied  by 
the  body.  Then,  from  Greens  theorem,  the  velocity  potentials  <t>Q  and  $j,  in  R0  and  R;  can 
be  expressed  as 


*»"■'  ’  -  S^,So[G,P  QI  IS 

*.|P> -  h  JX  [GIP' 01  lOr  -  *i<Q1  as  PeRi 


°-r,  JIH, ^  [0<p-  Q>  ^  -  ♦•'O'  tj2]  115  P*R. 

and  ( 

°-4 r,Jj[  PeR0 

bB 

Here,  G  is  a  Green  Function  with  a  1/r  singularity  at  P,  Q  is  a  field  point  and  n  and  n' 
denote  the  unit  vector  normal  to  the  surface,  directed  interior  to  the  regions  R0  and  Rj. 
respectively.  If  the  normal  velocities  30o/3n  and  30j/3n'  are  continuous  through  the  body 
surface,  Sg,  addition  of  Equations  (1)  and  (2),  shows  that 


iff 


3G(P,< 


♦o(P'  PeRo 


0,(P)  PeR, 
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with  D  determined  from  Equation  (7). 

To  obtain  the  velocity  potential  on  the  body  surface  is  simple  if  the  two  assumptions 
which  lead  to  Equations  (8)  and  (9)  can  be  easily  fulfilled.  Unfortunately,  this  is  not  so  for 
an  arbitrary  fluid  region  RQ  because,  for  an  arbitrary  boundary  SQ,  one  may  face  difficulties 
in  formulating  a  G  satisfying  condition  (41.  Yet,  many  problems  in  naval  hydrodynamics  do 
have  a  simple  boundary  SQ  and  the  required  G  can  be  found  easily.  For  example,  G  is  1/r 
for  an  infinite  fluid,  (l/r)-(l/r*)  for  a  semi-infinite  fluid  with  a  rigid  wall,  and  G  is  a  Kelvin 
singularity  for  linearized  free-surface  problems;^  in  these  cases  r  and  r*  are  the  distances 
between  a  field  point  and  the  source  point  and  the  image  source  point,  respectively.  To 
generate  a  velocity  potential  <t> j,  which  satisfies  the  requirement  that  d<t>0/d n  =  d<t> j/dn  is  not 
difficult.  It  is* 
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0,  =  -  ux  -  vy  -  wz  +  e\|  +  <-1x2  +  SX3  <  10t 

where  u.  v  and  w  are  the  velocity  components  of  the  moving  body  in  the  directions  of  the  X-. 
y-  and  /-axes,  respectively;  and  X|-  Xi-  X3  are  the  velocity  potentials  generated  by  a  unit 
rotation  of  the  body  surface  Sg  with  respect  to  the  x-,  y-.  /-axes,  respectively.  For  a  body 
undergoing  only  translation  motion  0(  becomes  -ux-vy-w/.  It  is  independent  of  the  shape  of 
the  body  and  the  fluid  boundary  S  .  In  this  paper  only  velocity  potentials  generated  by 
translation  motions  will  be  discussed.  Without  loss  of  generality,  the  body  will  be  considered 
as  moving  only  along  the  x-a.xis. 

B.  Bodies  in  Free  Surface 

The  linearized  tree-surface  problem  for  a  surface  piercing  body  differs  from  that  of  a 
submerged  body  in  two  respects.  First,  the  contour  C.  which  is  the  intersection  of  the  undis¬ 
turbed  free  surface  and  the  ship  hull  is  a  boundary  of  the  free  surface.  Second,  the  ship  hull. 
SB  is  not  a  closed  surface  as  it  is  for  a  submerged  body.  Because  of  the  contour  C.  the 
condition  (41  is  no  longer  satisfied  in  R0  when  a  Kelvin  singularity  is  used  as  G.  Because  the 
surface  Sg  is  not  closed,  one  does  not  have  a  closed  fluid  region  R;  unless  some  imaginary 
surface,  such  as  the  undisturbed  free  surface  enclosed  in  the  body  surface,  is  also  considered 
as  a  part  of  the  body  surface.  With  the  above  two  modifications  Brard-  showed  that  the 
velocity  potentials  0O  and  0,  are  given  by 


dv  = 


(0O(P) 

PeR0  (11) 

LlP) 

PeR:  (12) 

respectively,  where  K0  =  U^/g  is  the  wave  number  and  g  is  the  acceleration  of  gravity.  In 
comparison  with  Equations  (5)  and  (6)  for  a  submerged  body,  an  additional  integral  around 
the  contour  C  is  required  for  a  surface  piercing  body.  It  is  interesting  to  note  from  Equations 
1 1  1 1  and  ( 12)  that,  as  is  the  case  of  a  submerged  body,  the  body  surface  is  again  represented 
by  a  doublet  distribution  alone  and  the  strength  of  the  doublet  is  again  the  difference  of 
velocity  potentials  on  the  inside  and  the  outside  of  the  body  surface. 

In  summary,  for  a  body  moving  along  the  x-axis.  the  velocity  potential  on  the  body 
surface  is 


*0'  ox 

0,.(P)  =  D(Pl  +  0:(P)  and — r —  =  -U—  P  on  SR  (13) 

0  1  on  dn  B 

providing  that  the  singularity  function.  G,  is  chosen  properly.  The  doublet  distribution  D  for 
the  surface-piercing  body  is  obtained  from 
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Numercially,  Equation  (14)  is  r>-  *  convenient  to  work  with.  A  later  section  discusses  some 
modifications  whu  will  be  made  when  we  apply  the  inner  potential  doublet  distribution 
method  to  surface  piercing  bodies. 


2.2  Evaluation  of  Pressure  Distribution 

In  an  irrotational  flow,  the  pressure,  p,  on  a  body  surface  can  be  expressed  in  terms  of 
the  velocity  potential,  <t>0 ,  through  Bernoulli’s  equation8 

p  =  p  j^-7,V(0o-Ux),2  + ju2}  +C(t)  (15) 

where  p  is  the  density  of  the  fluid,  V  is  the  gradient  operator  and  c  is  the  Bernoulli  constant. 
Since  V(<t>0  +  Ux)  can  be  decomposed  into  Vn(4>0  +  Ux)  and  VS(0O  +  Ux),  where  Vn  and  Vs 
denote  the  gradient  components  in  directions  normal  and  tangent  to  the  body  surface,  respec¬ 
tively;  Vn(0o  +  Ux)  is  identically  zero  on  the  body  surface.  Thus,  in  a  numerical  evaluation 
of  the  body  pressure  only  a  knowledge  of  the  velocity  potential  on  the  body  surface  is 
needed.  Note  that  the  Bernoulli  constant,  c,  is  only  a  function  of  time  t  for  an  irrotational 
flow  and  does  not  result  in  net  forces  and  moments  on  the  body.  In  the  inner-potential 
doublet-distribution  method,  <j>0  is  obtained  directly  from  (13)  after  the  doublet  distribution 
is  determined  from  (14).  A  finite  difference  (or  a  finite  element)  scheme  can  be  developed 
to  calculate  +  Ux)  and  then  the  body  forces  and  moments  associated  with  the  surface 

gradient  can  be  calculated.  In  the  numerical  examples  given  later  the  relative  tangential 
velocities  VS(0O  +  Ux)  are  calculated  by  a  first-order  finite  difference  scheme  for  three- 
dimensional  bodies  and  by  a  second-order  finite  difference  scheme  for  two-dimensional 
bodies.  For  details  of  the  scheme  one  is  referred  to  Pien6. 

The  term  d<t>/d t  and  its  associated  forces  and  moments  are  also  evaluated  from  the 
doublet  distribution  D.  Following  Lamb1,  we  write  d<pa/dl  =  9(U0j)/9t  where  is  the 
solution  of 

-X=i/fs^  +x)f dS 

SB 

and  we  define  the  so-called  added  mass  by 

SB 
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By  comparing  the  above  definition  of  <f> j  with  expression  (7)  for  the  doublet  distribution  D, 
it  is  easily  seen  that  0t  =  -  x  +  D/U.  Thus,  once  the  doublet  distribution  is  known  one  can 
obtain  the  forces  and  moments  associated  with  30o/3t  through  simple  integrations. 

If  G  is  time  independent,  by  the  definitions  above,  both  D/U  and  the  added  mass,  A,  are 
also  time  independent  and  the  force  associated  with  30o/3t  is  proportional  to  the  acceleration: 


3(UA)  .  3U 

~ir  =  A^r 


(16) 


To  conclude  this  section,  we  state  that  the  inner-potential  doublet-distribution  method  is 
indeed  a  combination  of  the  singularity  and  finite  difference  methods  (or  finite  elements 
method)  since  it  determine  the  velocity  potential  0O  fron.  a  given  singularity  function  G  and 
evaluates  the  velocities  from  D  through  a  finite  difference  scheme. 


3.  Unsteady  Flow  Without  a  Free  Surface 

The  method  outlined  in  the  previous  section  was  used  by  Pien6  to  calculate  the  velocity 
field  about  an  arbitrary  body  moving  in  an  infinite  fluid.  In  this  section,  some  calculations  of 
added  mass  and  force  which  are  proportioned  to  U2  will  be  presented  for  both  infinite  and 
semi-infinite  fluids. 


3.1  Infinite  Fluid 

The  added  mass.  A,  of  a  body  moving  in  an  infinite  fluid  is  calculated  from  Equation 
(16).  In  determining  D,  G  has  been  chosen  as  1/r  and  0j  as  -Ux.  Table  1  presents  computed 
added  mass  for  some  Series  58  bodies  of  revolution.  Included  in  Table  I  are  the  added 
masses  calculated  independently  by  Landweber9.  The  two  computations  agree  well. 
Landweber’s  results  were  obtained  from  a  traditional  doublet  distribution  method.10  However, 
as  was  stated  by  Landweber9,  the  calculation  by  the  traditional  method  was  quite  cumbersome 
and  he  formulated  another  approximation  which  was  very  good  for  the  cases  he  investigated. 

3.2  Semi-infinite  Fluid 

In  an  infinite  fluid,  the  added  mass.  A,  is  constant  if  the  body  is  rigid.  However,  when 
a  body  is  moving  uniformly  in  a  semi-infinite  fluid  near  a  flat  wall,  the  added  mass  may  no 
longer  be  time  independent  even  though  the  body  is  rigid;  it  will  be  a  function  of  the  relative 
body  position  with  respect  to  the  rigid  wall.’  The  added  mass  for  a  sphere  moving  away 
from  a  wall  is  given  by  Lamb’  as  A  =  (2/3)ptra2(l  +  3a2/8y2  +  •••),  where  a  is  the  radius  of 
the  sphere  and  y  is  the  distance  of  its  center  from  the  wall.  The  present  method  has  been 
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applied  to  calculation  of  the  added  mass  of  a  sphere  with  varying  y.  Figure  1  presents  the 
resulting  added  mass,  in  terms  of  a/y.  In  comparison  with  the  theoretical  result  of  Lamb 
(solid  line),  the  present  results  seem  to  be  accurate. 


TABLE  1 

Table  of  Added  Mass  Coefficients  of  Series  58  Models 


Model  No. 

Present  Results 

Landweber’s  Results 

4154 

0.0865 

0.0866 

4155 

0.0628 

0.0629 

4156 

0.0480 

0.0480 

4158 

0.0312 

0.0310 

4159 

0.0221 

0.0219 

4160 

0.0381 

0.0385 

4161 

0.0378 

0.0378 

4162 

0.0376 

0.0375 

4163 

0.0374 

0.0374 

4164 

0.0405 

0.0404 

4165 

0.0383 

0.0382 

Due  to  the  presence  of  the  wall,  the  pressure  force  contributed  to  the  y-force  from  the 
perturbation  velocity  term  of  Equation  (15)  is  not  zero,  but  is  given  by  pU2(3ira2/8) 

(a4/y4  +•■)■  Figure  2  shows  the  present  numerical  values  as  well  as  the  theoretical 
values  for  the  y-force.  It  is  seen  (hat  the  numerical  values  are  almost  identical  with  the 
theoretical  values  when  a/y  <0.5  .  The  deviation  of  the  numerical  calculation  from  the 
theoretical  approximation  for  large  values  of  a/y  is  due  to  the  large  variation  of  the  velocity 
when  the  sphere  is  close  to  the  wall.  In  this  case  more  panels  are  necessary  for  better 
accuracy. 


4.  Force  on  a  Body  Beneath  a  Free  Surface 

With  the  Kelvin  singularity  distribution  for  three-dimensional  flow  given  by. 


G  = 


r 


n 


r*  r°°  /sec^e-k'(2f-z-zo)  +  M\ 

/  dd  /  hm[ - - - - -  dk 
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(17) 


the  system  of  Equations  (7),  (8)  and  (9)  represent  the  flow  induced  by  a  body  moving  under 
a  linearized  free  surface,  where  £3  =  (x  -  xQ)  cos  8  +  (y  +  yQ)  sin  9.  f  is  the  position  of  the 
undisturbed  free  surface,  r*  =  y/ (x  -  xQ)2  +  (y  -  yQ)2  +  (z  +  zQ  -  2f)2,  and  (x0.y0.z0)  is  the 
position  of  the  singularity.  Numerical  evaluation  of  G  presents  no  difficulties  with  respect  to 


Figure  i  -  Added  Mass  of  a  Sphere  Figure  2  —  Force  on  a  Sphere  Moving 

Moving  in  a  Direction  in  a  Circular  Direction 

Perpendicular  to  a  Wall  Perpendicular  to  a  Wall 


the  first  two  terms  in  the  right-hand  side  of  Equation  (17),  but  the  third  term  involves  not 
only  a  double  integration  but  an  oscillatory  integrand.  Nevertheless,  the  degree  of 
difficulty  can  be  reduced  if  one  rewrites  G  in  terms  of  the  exponential  function11,  Ej,  and 
changes  the  order  of  integration  so  that  one  integrates  Equation  (17)  first  over  the  surface, 
ds,  and  then  over  the  angle  d 6.  Following  Havelock1^,  we  rewrite  Equation  (7)  in  the  form 
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which  in  the  two-dimensional  case  reduces  to. 
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For  the  two-dimensional  ease,  it  is  seen  that  the  integral  term  in  Equation  ( i  8)  can  be 
calculated  from  (19)  or  its  asymptotic  expansion  for  large  Z.  For  the  three-dimensional  case, 
evaluation  of  this  integral  term  takes  most  of  the  computing  time.  The  integral  for  the  three- 
dimensional  case  can  be  considered  as  an  integral  of  equivalent  two-dimensional  cases.  The 
computer  time  required  for  calculation  will  depend  on  how  many  numerical  integrations  of 
equivalent  two-dimensional  cases  are  required  to  approximate  the  true  integral.  Our  prelimi¬ 
nary  calculations  have  shown  that  fairly  good  accuracy  can  be  achieved  without  dividing  the 
angle  into  small  intervals  when  one  applies  a  Gaussian  integration  method  to  the  surface 
integrations  at  given  angles.  A  similar  integral  form  has  been  evaluated  by  Huang  and  Wang13 
in  a  study  of  the  wave  resistance  of  a  moving  pressure  on  a  free  surface.  They  showed 
convergence  of  the  integral  even  when  singularities  and  field  points  are  both  located  at  an 
undisturbed  free  surface.  The  behavior  of  this  integral  with  respect  to  integration  over  Q  was 
also  investigated  by  Yeung14.  To  evaluate  the  approach  the  present  method  has  been  applied 
to  some  simple  bodies  whose  forces  are  known  analytically.  Figure  3  shows  the  wave 
resistance  and  lift  for  a  submerged  circular  cylinder.  The  forces  are  plotted  against  submerg¬ 
ence  Froude  number.  The  asterisk  in  Figure  3  indicates  the  present  result,  while  the  broken 
line  and  solid  lines  are  the  analytical  results  of  first  order  and  second  order  approximations 
of  the  body  boundary  conditions  due  to  Havelock12.  The  present  result  agrees  well  with  the 
second  order  approximation.  This  is  not  unexpected  because  Havelock12  has  shown,  for  this 
particular  case,  that  the  forces  contributed  from  terms  Higher  than  the  second  order  are 
indeed  negligible.  Giesing  and  Smith13  have  also  obtained  similar  results  from  a  sink-source 
singularity  distribution  method. 

Figure  4  shows  a  comparison  of  the  calculated  wave  resistance  of  a  body  of  revolution 
(Series  58  Model  4164)  with  experimental  data.  Figure  5  compares  the  wave  resistance  of  a 
submerged  sphere  with  the  approximate  analytical  results  of  Havelock16  and  Bessho17. 

While  not  very  obvious,  the  agreement  in  Figure  5  is  not  as  good  as  it  is  for  the  two-dimen¬ 
sional  cases.  Nevertheless,  we  consider  that  the  present  method  has  potential  for  general 
applications,  because  the  number  of  panels  used  in  the  above  calculations  was  only  60  and 
computing  times  between  5  to  1 5  minutes  on  a  CDC  6700  computer,  depending  upon  the 
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Figure  3  -  Comparison  of  Wave  Resistance  and  Lift 
on  Circular  Cylinder  Calculated  by  Present 
Method  and  Theoretical  Approximations 


Froude  number.  If  more  panels  are  used  and  a  more  efficient  program  is  written,  we  believe 
that  more  accurate  computations  can  be  achieved  in  reasonable  times.  Because  the  purpose 
of  this  paper  is  not  to  demonstrate  a  superior  accuracy  for  the  present  approach,  but  is  to 
evaluate  the  general  applicaton  of  the  approach,  we  will  not  discuss  further  the  numerical 
scheme  required  for  improved  results. 


5.  Submerged  Lifting  Body 

The  system  of  equations  developed  earlier  for  bodies  deeply-submerged  or  near  a  free 
surface  can  only  be  applied  to  potential  flows  without  circulation.  In  problems  associated 
with  lifting  bodies,  Equations  (7),  (8)  and  (9)  can  only  be  used  to  obtain  the  part  of  the 
velocity  potential  which  contributes  no  circulation;  that  is,  if  one  writes  <pQ  as 
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Figure  4  —  Comparison  of  Calculated  and  Experimentally 
Deier/iined  Wave  Resistances  for  Model  4646  of  Series  58 


=  *0l  +  0o2  +  ^03- 


(20) 


where  <t>0 1  is  the  only  velocity  potential  when  the  body  develops  no  lift  and  (0o2  +  0o3)  are 
additional  velocity  potentials  necessary  to  form  a  lifting  body,  with  #o2  contributing  no 
circulation,  then  Equations  (7),  (8)  and  (9)  are  only  applicable  to  #ol  and  0o2.  The  deter¬ 
mination  of  0O,  has  been  discussed  and  demonstrated  in  the  previous  sections;  only  the 
calculations  of  0o2  and  0o3  will  be  discussed  here. 

To  produce  lift,  a  certain  vorticity  distribution  is  necessary.  Let  0o3  be  the  velocity 
potential  induced  by  a  horseshoe  vorticity  distribution;  from  Equations  (20)  and  (9)  one  has 
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Figure  S  —  Comparison  of  the  Calculated  Wave  Resistance 
of  a  Sphere  with  Theoretical  Approximations 


and 

^(P,'i^BD2<Q>^fds'  PeR°  ,2:i 

Taking  the  normal  derivative  of  (22),  and  evaluating  this  at  Pe  Sg,  we  have 
3^o2(P)  1  CP  9  9 

^r=^4BD2<Q)^  NG(P  0)dS  Po"Sb  (23) 

After  the  doublet  distribution  D2  is  determined  from  (23)  for  an  assumed  <t>0 3,  0o2  tan  be 
calculated  from  (22).  For  each  assumed  0o3,  one  obtains  a  corresponding  0o2;  0o2  +  0o3  is 
not  uniquely  determined  without  further  physical  constraints  on  0o3.  In  a  lifting  body 
problem,  one,  in  general,  first  assumes  that  the  positions  of  the  trading  free  vortices  are  known. 
Second,  one  assumes  that  the  Kutta  condition  is  satisfied  at  the  trading  edge.  Then  applying  these 
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constraints  to  0o3  for  a  known  0op  the  total  velocity  potential  <t>ol  +  0q2  +  4>q3  is  obtained 
through  (20),  (22),  and  (23). 

For  lifting  body  problems,  the  present  method  adopts  the  same  fundamental  physics  as 
is  used  in  other  methods.  It  differs  from  other  methods  only  in  the  numerical  approach.  In 
satisfying  the  Kutta  condition,  velocities  are  not  calculated  through  the  singularity  kernel  for 
the  velocity;  instead  velocities  are  calculated  from  the  doublet  distribution  on  the  body 
surface  by  a  finite  difference  scheme.  It  is  known  that  velocities  obtained  from  integration 
of  the  potentials  due  to  singularities  on  the  body  surface  are  very  sensitive  to  the  distribution 
of  singularities  on  each  control  panel.  The  present  method  avoids  this  difficulty. 

The  pressure  distribution  over  two-dimensional  foils  has  been  calculated  by  the  present 
method.  The  calculations  were  done  with  0o3  representing  the  velocity  potential  generated 
by  a  two-dimensional  vortex  located  in  the  center  of  the  foil.  The  strength  of  the  vortex  was 
obtained  from  the  Kutta  condition,  30O/3S  =  0  on  the  trailing  edge,  by  a  finite  difference 
scheme,  where  the  derivative  is  taken  on  the  body  surface  along  the  direction  perpendicular 
to  the  trailing  edge. 

Figure  6  shows  the  computed  pressure  coefficients  over  some  deeply  submerged  NACA 
foils18.  Calculated  results  agree  well  with  experimental  results.  Figure  7  shows  the  pressure 
distribution  on  the  upper  surface  of  a  12-percent  thick-symmetric  Joukowski  hydrofoil  at  5° 
angle  of  attack  for  three  different  submergence  depths.  The  calculated  results  are  in  fair 
agreement  with  the  experimental  results  of  Parkin,  etc.  However  at  much  shallower  submer¬ 
gence,  not  shown  here,  the  calculated  results  agreed  poorly  with  the  experimental  results. 

This  disagreement  was  also  reported  by  Giesing  and  Smith15.  The  discrepancy  between 
numerical  calculation  and  experimental  results  is  possibly  due  to  the  use  of  a  linearized  free 
surface  condition. 

6.  Surface  Piercing  Body  -  Ship 

In  a  previous  section,  we  have  shown  that,  with  a  linearized  free-surface  condition,  a 
ship  can  be  represented  by  a  doublet  distribution  on  the  ship  hull  and  a  line  of  horizontal 
doublets  and  sources  on  the  contour,  C,  which  is  the  intersection  of  the  ship  hull  and  the 
undisturbed  free  surface.  However,  numerically,  if  one  uses  only  singularity  methods  to 
calculate  the  doublet  distribution  from  this  representation,  the  calculation  will  be  very 
complicated.  This  is  not  only  because  the  singularities  are  not  disturbed  over  a  closed 
surface  as  in  the  submerged  body  cases,  but  also  because  the  constraint  between  the  strength  of 
the  sources  and  the  velocity  on  the  contour  requires  a  tedious  calculation  of  velocities  from 
the  singularity  distribution.  We  have  found  that  if  velocity  potentials  are  specified  only  on 
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Figure  7  -  Calculated  and  Experimental  Pressure  Distributions 
on  a  Joukowski  Hydrofoil  with  Various  Depth  Submergences 


and 


30o 

»o  =  D-Ux-=-U£ 


on  SB 


where  Sg  and  Sj  are  the  surface  of  the  ship  hull  and  the  undisturbed  free  surface  inside  the 
hull,  respectively,  Cf  and  Ca  are  the  forward  and  aft  portions  of  the  waterline  contour,  the 
difference  D+  -  D"  denotes  the  jump  of  D  on  Ca  when  approached  from  Sg  and  S-,,  and  a 
is  a  speed  dependent  constant. 
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Equation  (24)  can  be  derived  as  follows;  since  anywhere  inside  of  the  ship  hull 


and 


where  $  *  and  0O**  are  single-valued  potential-functions  and  Sf  is  the  undisturbed  free  surface 
occupied  by  fluid.  If  <p  *  and  <t>0**  satisfy  '  -Ux  +  4>*  -  0o**)/9 n  =  0  on  Sg,  one  has  that 


(26) 


or 


where  D  =  -  (-Ux  +  -  0O* * ).  Note  that,  since  9(0*  -  0o**)/9n  =  U  9x/9n  the  solution  is 

0O**  "  0*1  0O  =  D  -  Ux. 

If  0 j*  is  the  velocity  potential  generated  by  a  linear  vertical  doublet-distribution  on  the 
surface  S-,,  one  obtains  Equation  (24)  through  the  use  of  the  tree-surface  condition  for  both 
0*  -  0O**  and  G. 

It  is  seen  in  (24)  that  a  ship  may  be  represented  by:  (1)  normal  surface  doublets  on  Sg 
and  S-,  where  the  surface  doublet  distribution  is  continuous  on  the  forward  contour.  C,-.  and 
discontinuous  on  Cg;  (2)  horizontal  doublets  on  the  contour  Ca,  whose  strengths  are  the  jumps 
across  the  contour  of  the  surface  doublets  divided  by  KQ:  and  (3)  sources  on  Ca.  whose 
strengths  are  proportional  to  the  differences  in  the  x-component  velocities  on  the  forward  and  aft 
portions  of  the  hull.  In  the  present  method,  the  source  strength  on  Ca  can  be  expressed  in 
terms  of  a  doublet  distribution  over  the  contour  Ca  through  a  finite  difference  scheme.  (For 
a  two-dimensional  body,  the  line-integral  term  is  identically  zero).  Physically,  one  may 
interpret  the  above  representation  in  terms  of  an  equivalent  submerged  body  with  a  flat  top 
moving  at  an  infinitesimal  distance,  e— *o.  below  the  free  surface.  Since  the  ship  hull  and 
flat  top  have  different  slopes,  no  solution  may  be  possible  unless  additional  singularities  are 
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distributed  on  the  corner  to  make  up  for  the  velocity  jumps  there.  In  the  present  method 
these  additional  singularities  are  expressed  in  terms  of  local  surface  doublets.  The  determina¬ 
tion  of  the  strengths  of  the  surface  doublets  does  not  require  the  calculation  of  a  velocity 
kernel.  Thus,  a  considerable  amount  of  numerical  calculation  can  be  eliminated  in  comparison 
to  other  singularity  methods.  Table  2  gives  the  velocity  potentials  calculated  for  a  two- 
dimensional  surface-piercing  ellipse.  The  dimensions  of  the  ellipse  are  shown  in  Figure  8.  The 
solutions  were  found  to  be  stable  with  respect  to  the  choice  of  control  points.  The  speed 
dependent  constant  a  increases  with  increasing  speed.  It  is  0.85  and  0.93  for  U~/gL  of  1.28 
and  3.4,  respectively.  However,  since  the  uniqueness  of  the  solution  for  this  problem  has  not 
yet  been  proved,  the  significance  of  the  result  is  subject  to  further  study. 


7,  Concluding  Remarks 

The  numerical  method  developed  by  Pien  and  Chang5  and  Pien.6  for  calculating  the 
potential  field  generated  by  a  moving  body  has  been  shown  to  possess  the  virtues  of  singularity 
methods  and  finite  difference  schemes.  The  method  differs  from  the  usual  finite  difference 
schemes  in  that  the  velocity  potential,  <t>0,  on  the  body  surface  is  calculated  from 
a  singularity  method  through  a  kernel  function.  Unlike  the  finite  difference  scheme,  this 
method  satisfies  the  Laplace  equation  and  the  far-field  boundary  conditions  automatically 
through  the  singularity  function  and  thus  many  fewer  control  points  are  required  than  in  a 
finite  difference  scheme.  This  method  also  differs  from  the  customarily-used  singularity 
method  which  calculates  the  velocities  from  singularities  through  the  velocity  kernel.  As 
shown  by  Hess  and  Smith5,  the  calculation  of  tangential  velocities  through  a  singularity 
kernel  for  velocity  requires  a  good  approximation  of  the  singularity  distribution  over  each 
panel.  The  present  method  allows  one  to  evaluate  the  velocities  from  a  finite  difference 
scheme  and  eliminates  the  lengthy  computation  of  the  velocity  kernel.  Therefore,  the  present 
numerical  scheme  is  more  efficient  than  the  earlier  singularity  methods.  The  approach  of 

Pien  and  Chang  incorporates  the  advantages  of  both  a  singularity  method  and  a  finite  I 

difference  scheme.  However,  there  are  cases,  where  the  fluid  region  is  arbitrary  and  G  is  j 

not  known,  then  the  method  by  Pien  and  Chang  may  not  be  applied  whereas  a  finite 

difference  scheme  can  still  be  used.  ! 
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TABLE  2 

Velocity  Potential  for  a  Surface -Piercing  Ellipse 


Position  of  Center  of  Pane?  (Potential  +  (Jx)/L  x  U 


St  =  0.78 

N 

O 

U 

Panel  No. 

X/L 

Y/L 

UZ 

If 

(  1 

0.99965 

0.00000 

1.10831 

1.07484 

2 

0.99687 

0.00000 

1.10595 

1 .07225 

3 

0.98791 

0.00000 

1.09834 

1.06390 

4 

0.96894 

0.00000 

1.08218 

1.04621 

5 

0.93652 

0.00000 

1.05438 

1.01579 

6 

0.88772 

0.00000 

1.01269 

0.97017 

7 

0.82024 

0.00000 

0.95514 

0.90723 

8 

0.73272 

0.00000 

0.88036 

0.82549 

9 

0.62431 

0.00000 

0.78772 

0.72428 

10 

0.49524 

0.00000 

0.67731 

0.60368 

J 

11 

0.34654 

0.00000 

0.55004 

0.46474 

12 

0.18008 

0.00000 

0.40740 

0.30905 

S. 

.  13 

0.00000 

0.00000 

0.25302 

0.14066 

'  14 

-0.18008 

0.00000 

0.09865 

-0.02773 

15 

-0.34654 

0.00000 

-0.04404 

-0.18345 

16 

-0.49524 

0.00000 

-0.17131 

-0.32240 

17 

-0.62431 

0.00000 

-0.28176 

-0.44302 

18 

-0.73272 

0.00000 

-0.37439 

-0.54423 

19 

-0.82029 

0.00000 

-0.44920 

-0.62600 

20 

-0.88772 

0.00000 

-0.50672 

-0.68892 

21 

-0.93652 

0.00000 

-0.54838 

-0.73464 

22 

-0.96894 

0.00000 

-0.57609 

-0.76492 

23 

-0.98792 

0.00000 

-0.59223 

-0.78261 

24 

-0.99687 

0.00000 

-0.59983 

-0.79096 

25 

-0.99965 

0.00000 

-0.60218 

-0.79355 

rl(> 

-0.99965 

-0.00561 

-0.61348 

-0.80315 

'  27 

-0.99687 

-0.02142 

-0.65595 

-0.83427 

28 

-0.98791 

-0.04481 

-0.70009 

-0.86141 

29 

-0.96894 

-0.07256 

-0.73388 

-0.87481 

30 

-0.93652 

-0.10375 

-0.75000 

-0.86964 

31 

-0.88772 

-0.13681 

-0.74285 

-0-84159 

32 

-0.82029 

-0.17037 

-0.70834 

-0.78789 

33 

-0.73272 

-0.20301 

-0.64473 

-0.70667 

34 

-0.62431 

-0.23323 

-0.54935 

-0.59708 

I 

35 

-0.49524 

-0.25951 

-0.42351 

-0.45944 

36 

-0.34654 

-0.28027 

-0.26857 

-0.29531 

C 

37 

-0.18008 

-0.29389 

-0.08717 

-0.10708 

SB 

38 

0.00000 

-0.29871 

0.11458 

0.09977 

39 

0.18008 

-0.29389 

0.32024 

0.30796 

' 

40 

0.34654 

-0.28027 

0.51060 

0.49928 

41 

0.49524 

-0.25951 

0.67973 

0.66845 

42 

0.62431 

-0.23323 

0.82474 

0.81270 

43 

0.73272 

-0.20301 

0.94352 

0.93011 

44 

0 . 82029 

-0.17037 

1.03538 

1.02009 

45 

0.88772 

-0.13681 

1.10061 

1.08306 

46 

0.93652 

-0.10375 

1.14074 

1.12057 

47 

0. 96894 

-0.07256 

1.15708 

1.13486 

48 

0.98791 

-0.04461 

1.15558 

1.12969 

49 

0.99687 

-0.02142 

1.13946 

1.10986 

'  50 

0.99965 

-0.00561 

1.11619 

1.08358 
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ABSTRACT 

Consider  the  problem  of  calculating  the  free  streamline  of  progressive 
waves  in  arl  inviscid,  incompressible  fluid.  Assume  that  the  motion  is 
irrotational  and  two-dimensional  and  that  the  bottom  is  horizontal.  The 
problem  is  reformulated  in  terms  of  Nekrasov's  nonlinear  integral  equa¬ 
tion  which  is  solved  by  an  iterative  procedure  developed  by  Bueckner. 

This  technique  is  then  used  to  obtain  the  form  of  the  free  streamline,  the 
total  flow  field,  the  relationship  between  A/h  and  c  /gh  (the  dimension¬ 
less  parameters  that  describe  the  flow),  and  the  form  of  the  highest  wave. 

1.  Introduction 

The  problem  of  finding  free  streamlines  in  hydrodynamics  is  an  old 
and  very  difficult  one.  The  apparent  difficulty  stems  from  the  fact  that 
the  problem  is  a  mixed  Dirichlet-Neumman  boundary  value  problem  in  which 
part  of  the  boundary  is  unknown.  Thus  to  solve  this  problem  it  is 
necessary  to  calculate  the  form  of  the  free  boundary  under  the  condition 
that  the  pressure  on  it  is  constant.  This  constant  pressure  condition 
will  be  referred  to  as  the  free  boundary  condition. 

In  this  paper  we  shall  be  concerned  with  steady  progressive  free- 
surface  waves  in  an  inviscid,  incompressible  fluid.  We  shall  assume  that 
the  motion  is  irrotational  and  two-dimensional  and  that  the  bottom  is 
horizontal.  The  results  will  include  also  the  case  of  a  fluid  of  infinite 
depth. 
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Much  work  has  been  done  on  this  problem.  The  results  begin  with  the 
work  of  Franz  J.  V.  Gerstner,  [1],  (in  which  he  showed  that  a  properly 
chosen  trochiodal  profile  satisfies  the  free  boundary  condition  exactly) 
and  extend  to  several  of  the  papers  being  presented  at  this  conference. 

For  an  excellent  review  article  of  work  prior  to  1960  we  refer  the  reader 
to  the  paper  of  Wehausen  and  Laitone,  [2].  We  shall  include  here  only  the 
historical  facts  that  are  somewhat  pertinent  to  this  paper. 

Stokes  in  1849  and  1880,  [3]  and  [4],  solved  the  problem  numerically 
by  using  a  perturbation  scheme,  but  calculated  solutions  using  only  the 
third  order  terms .  He  found  that  the  scheme  converged  slowly  for  values 
of  depth/wave  length  (h/X)  that  were  not  small.  It  was  at  this  time  that 
Stokes  also  showed  that  the  highest  free-surface  wave  (assuming  that  such 
a  wave  exists)  would  include  an  angle  of  120°  at  the  crest.  Several  other 
people  have  extended  Stokes'  perturbation  scheme.  The  most  recent  exten¬ 
sion  is  that  of  L.  W.  Schwartz,  [5],  in  which  he  calculates  the  expansion 
to  a  high  order  of  accuracy  with  a  computer. 

Existence  of  periodic  gravity  waves  was  proved  by  Nekrasov,  [6],  [7] 
and  [8],  and  Levi-Civita,  [9],  using  perturbation  techniques.  Nekrasov's 
method  involved  reducing  the  problem  to  one  of  solving  a  nonlinear  integral  1 
equation.  Both  of  the  results,  however,  were  true  in  some  neighborhood  of 
the  expansion  parameter.  Krasovskii,  in  [10]  and  [11],  used  topological 
techniques  on  Nekrasov's  integral  equation  to  prove  existence  of  waves  for 
all  values  of  the  Froude  number  in  a  given  interval. 

In  this  paper  we  use  Nekrasov's  integral  equation  to  obtain  numerical 

solutions  to  the  free-surface  wave  problem.  We  solve  the  integral  equation 

by  a  method  of  successive  approximations  that  was  developed  by  Hans  F. 

Bueckner,  [12],  for  the  integral  equation  associated  with  the  case  of 

infinite  depth.  For  certain  initial  guesses  it  can  be  proved  that  this 

iterative  technique  converges  to  nontrivial  solutions.  This  method  enables 

us  to  calculate,  in  addition  to  the  form  of  the  free  streamline,  the  total 

flow  field  associated  with  the  problem  and  the  relationship  between  the 
2 

Froude  number  (c  /gh)  and  the  amplitude  of  the  wave/depth  of  the  fluid 
(A/h).  A  review  of  several  other  problems  that  have  been  studied  numeri¬ 
cally  by  this  same  method  appears  in  [13]. 
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Section  2  gives  a  brief  sketch  of  the  derivation  of  Nekrasov's  inte¬ 
gral  equation,  repeated  here  because  there  are  several  intermediate 
equations  that  we  shall  need.  Section  3  contains  a  description  of  the 
numerical  technique  and  a  brief  discussion  of  how  this  technique  was 
implemented.  Section  4  is  devoted  to  a  discussion  of  our  results, 
including  a  comparison  of  our  results  with  those  of  Schwartz,  [5],  and 
Salvesen  and  von  Kerczek,  [14],  (The  results  of  Salvesen  and  von  Kerczek 
are  obtained  by  solving  the  problem  of  the  steady  two-dimensional  flow 
past  a  submerged  line  vortex  by  finite  differences.  The  flow  far  down¬ 
stream  from  the  vortex  becomes  a  train  of  periodic  progressive  waves.) 


2.  Derivation  of  Nekrasov's  Integral  Equation 

As  was  pointed  out  in  the  Introduction,  the  numerical  scheme  that  we 

discuss  in  this  paper  solves  Nekrasov's  integral  equation.  Since  we  need 

several  of  Nekrasov's  intermediate  equations  in  order  to  derive  the  method 

2 

of  calculating  the  total  flow  field  and  in  order  to  calculate  the  c  /gh 

versus  A/h  curves,  we  include  here  a  brief  derivation  of  Nekrasov’s 

integral  equation.  For  a  more  complete  derivation  see  [8]  or  [15]. 

We  are  considering  a  periodic  wave  moving  with  constant  velocity  c 

from  right  to  left  on  the  surface  of  an  inviscid,  incompressible  fluid 

that  is  at  rest  at  infinity.  We  assume  that  the  motion  is  irrotational. 

The  bottom  is  horizontal,  and  the  depth  of  the  undisturbed  fluid  is  h.  If 

a  constant  velocity  c  from  left  to  right  is  superimposed  on  the  fluid,  the 

wave  form  is  reduced  to  rest  in  space,  the  motion  becomes  steady,  and  the 

velocity  at  infinity  becomes  c  from  left  to  right.  The  motion  of  the 

fluid  contained  in  one  wave  length  will  now  be  studied. 

The  form  of  the  free  surface  is  unknown,  but  we  can  map  the  region 

occupied  by  the  fluid  onto  a  known  region  in  the  Z-plane  (Z  =  X+iY=rext). 

Determination  of  the  mapping  function  will  lead  to  the  form  of  the  free 

surface.  Let  the  known  region  be  R  =  { 2 :  rQ  <.  r  <_  1  and  -tr  <_  t  <_  ir), 

where  r  is  between  0  and  1  and  is  yet  to  be  determined.  Denote  the 
o 

mapping  by 


z  =  F(Z) 
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and  let  corresponding  points  in  the  two  planes  be  denoted  by  the  same 
letter. 


f 


z-plane 


Z-plane 


Figure  1. 

We  map  the  crest  into  the  point  (1,  0)  in  the  Z-plane  and  the  line 
CM  into  the  line  CM  in  the  Z-plane,  which  we  take  to  lie  on  the  X-axis. 
This  function  will  map  M2T2  and  M1T1  ^nto  t  =  *  and  t  =  -it,  respectively. 
See  Figure  1. 

We  see  that  a  jump  discontinuity  is  required  when  going  from  to 
This  jump  can  be  provided  by  a  term  of  the  form  log  Z.  The 

remainder  of  the  function  can  then  be  written  as  a  Laurent  expansion  in  R. 
Thus  it  is  sufficient  for  F  to  be  of  the  form 


F(Z)  =  Clog  Z 


K  -  l 
o 


n=2 


n  -  1 


=*  z1'" 


n=0 


a.D- 
n  +  1 


Zn+1]. 


(2) 


Let 


f(Z)  =  l  a  Zn 


(3) 
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in  R,  where  a  ^  =  0.  We  then  see  that 

f  .  F'(Z)  <«> 

The  point  Z  =  r  ext  must  map  onto  a  point  on  the  bottom  of  the  channel  so 

x  -  ih  =  F(r  e*^).  We  see  that  if  we  choose  K  =  0,  r  =  exp(-2uh/A)  and 
o  o  o 

write  F  as 


F(Z) 


-  I 

n=l 


dn(  Z 
t\  r 


■)], 


(5) 


where  the  d  are  given  in  terms  of  the  a  and  must  be  real,  then  the 
n  n 

imaginary  part  of  F(r  e  c )  will  be  -h. 

We  next  consider  the  flow  in  the  Z-plane.  The  boundary  conditions 
for  the  problem  are  as  follows: 

♦  =  0  in  the  free  streamline  (r  =  1);  (6) 

<li  =  ili  ;  a  constant,  on  the  bottom  (r  =  r  );  (7) 

1  [  n’  o’ 

j  (u  -  iv)dz  =  c,  where  T  is  the  line  segment  (8) 

r 

x  -  ih,  -  ^  <  x  <  y.  (Note  that  expression  (8)  is  actually  the  definition 
of  the  wave  speed  c.)  It  is  not  hard  to  see  that  the  complex  potential 


w 


icl 

2ir 


log  Z 


(9) 


satisfies  the  boundary  conditions  (6)  -  (8)  for  this  flow  in  the  Z-plane. 

Let  Q(r,  t)exp[i8(r,  t)]  be  the  velocity  at  the  point  (r,  t),  where 
Q  is  a  real  function.  Then 

-  =  Q(r,  t )exp[i9(r,  t)]  =  -  ^  =  c/(l  +  Zf(Z)).  (10) 


So  if  we  let 


'  : 

X  ’ 


! 


i 


1  +  Zf(Z)  =  exp[T(Z)], 


(11) 


T(Z)  can  be  written  as 
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T(Z)  =  s(r,  t)  t  i9(r,  t) 


(12) 


where 

c  exp[-s(r,  t)]  =  Q(r,  t).  (13) 

Solving  (11)  for  T  yields 

00 

T(Z)  =  log  [1  +  Z  f(Z)]  =  l  bnZn  (14) 

n=-“ 

where  the  bn  are  obtainable  from  the  in  equation  (3).  Since  Q  and 

hence  s  must  be  real  for  r  =  r  ,  T(r  e1*)  must  be  real.  It  is  sufficient 

o  o 

to  express  T  as 

oo 

T(Z)  =  Cq  t  l  cn(ro"nZn  +  rnnZ‘n),  (15) 

°  n=l 

where  the  c  are  real, 
n 

We  are  most  interested  in  the  flow  on  the  free  streamline.  Hence  we 
introduce  the  special  notation  that  8(t)  =  6(1,  t)  and  s(t)  =  s(l,  t). 

Then  6  will  give  the  direction  of  the  tangent  along  the  free  streamline 
and  s  along  with  equation  (13)  will  give  the  fluid  speed. 

The  purpose  of  the  work  done  since  equation  (9)  has  been  to  express 
our  problem  in  a  convenient  form  for  applying  our  last  major  piece  of 
information,  namely  Bernoulli's  equation.  Theoretically,  the  plan  at 
this  time  is  to  use  the  fact  that  since  the  surface  is  a  streamline, 
Bernoulli's  equation  for  constant  pressure, 

2 

Q  (1,  t)  +  2gy  =  constant,  (16) 

must  be  satisfied  in  order  to  calculate  one  of  the  sets  of  coefficients 
dn,  an,  bn,  or  c^,  any  of  which  would  determine  F.  This  method  is,  in 
fact,  the  one  used  by  Stokes,  [3],  [4],  and  Schwartz,  [5].  They  let  r=l 
in  equation  (10)  and  substitute  into  Bernoulli's  equation  (16)  to  obtain 
a  system  of  equations  that  determine  the  an>  They  then  calculate  the  an 
by  using  various  perturbation  schemes.  Our  approach  is  somewhat  different. 
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We  use  equation  (16)  to  obtain  eventually  an  integral  equation  for  9(t). 

Assuming  that  we  solve  for  9(t)  we  could  then  find  the  an-  We  shall  see, 

however,  we  never  have  to  use  the  a  . 

n 

We  proceed  by  differentiating  (16)  to  get 


dt  ' 


Since  Z  =  e  on  the  free  streamline,  (4),  (11)  and  (12)  give 


(17) 


dz 

dt 


-  exp  [s(t)  +  i9(t)]. 


(18) 


Equating  the  real  and  imaginary  parts  of  equation  (18)  then  yields 

^  =  -  2^  exp[s(t)]  cos  8(t )  (19) 

^  exp[s(t)]  sin  9(t).  (20) 


Then  equations  (13),  (17)  and  (20)  yield 

e  3s^  =  (~  +  [  sin  9(x)  dx  )  (21 

2ircz  w  Jq 

where  ^  is  the  arbitrary  constant  of  integration. 

Thus  we  have  established  a  relationship  between  s  and  9.  The  next 
step  is  to  obtain  another  relationship  between  s  and  9,  which  leads  to  an 
equation  in  9  alone.  Since  we  have  already  obtained  the  auxiliary 
equations  that  we  shall  need,  all  we  now  desire  is  the  integral  equation. 
Thus  we  shall  do  the  next  part  in  a  briefer  fashion. 


The  next  step  is  to  calculate  the  coefficients  in  equation  (15)  in 
terms  of  s  by  considering  T  on  the  free  surface,  i.e.  for  r  =  1.  With  a 
fair  amount  of  manipulation  we  can  write  T  as 
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V 


where  K  is  the  half  period  of  the  Jacobi  elliptic  sine  and  the  last  inte¬ 
gral  is  interpreted  as  a  Cauchy  principal  value.  It  can  easily  be  shown 
that  the  first  integral  in  (22)  is  zero.  Then  integration  by  parts  yields 


T(elt ) 


.  I"  sn^<t  +  xfi  x_lr  .  fit 

*  r’ lo£  s  L 


sn— (t  +  x) 

s'(x)  log  — - - dx.  (23) 

sn— (t  -  x) 

ir 


But  the  first  terra  is  just  s(t)  so  equating  the  imaginary  parts  of  equation 
(23)  yields 


,.±  r 

2"  j. 


s'(x)  K(x,  t)  dx. 


K  K 

where  K(x,  t)  =  logfsn— (t  +  x)/sn— (t  -  x)3.  This  is  the  desired  second 

IT  TT 

relationship  between  s  and  6.  Substitution  of  the  s  function  from 
equation  (21)  then  yields 


f it 

Ct)  =  rr  f 


sin  8(x) 


611  ^ -it  1  +  u  /x  sin  6  (u)  du 
o 


K(x,  t)dx. 


The  symmetry  of  our  functions  then  allows  us  to  write  this  as 

0<t)  =  £  f  - (x) -  K(x,  t)dx.  (25) 

•*0  1  +  uf  sin  9  (u)  du 

o 

The  above  equation  is  the  integral  equation  due  to  Nekrasov  (in  a 

class  of  integral  equations  that  were  called  Milne-Thomson  integral 

equations  by  the  author  and  W.  E.  Conway  in  [13])  that  will  yield  the  form 

of  the  free  streamline  for  the  problem.  We  shall  show  in  the  next  section 

how  to  solve  equation  (25).  In  the  remainder  of  this  section  we  show  how 

2  .  . 

to  calculate  the  free  streamline,  the  c  /gh  -  A/h  relationships,  and  the 
total  flow  field  given  that  we  know  0(t).  Before  proceeding,  however,  it 
is  worthwhile  to  note  the  following  facts  about  our  problem  and  the  inte¬ 
gral  equation.  In  deriving  the  equation,  we  have  assumed  that  the  wave 
length,  X,  and  the  fluid  depth,  h,  were  known.  Thus  it  is  necessary  to 
choose  X  and  h,  both  of  which  appear  in  equation  (25)  indirectly  through 
K,  the  half  period  of  the  Jacobi  elliptic  sine.  K  can  be  found  in  a  book 
of  tables,  [16]  page  610,  from  the  Nome  q  =  r*  ~  exp[ -4nh/X] . 
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The  Free  Streamline.  Once  0(t)  and  u  have  been  found  it  is  fairly  easy  to 
calculate  the  form  of  the  free  streamline.  We  wish  to  use  equation  (19) 
and  (20).  From  equation  (21)  we  see  that 


-s(t)  =  (3£A)-1/3(I+  f  sin  e(T)  dT)-l/3 

2ttc2  y  j0 


s  ( t )  •  . 

Thus  we  know  e  up  to  a  multiplicative  constant  and  can  write 


s(t)  _  s(0) 


=  e  (1  +  M 


sin  0  t)  dr) 


(26) 


(27) 


Since  we  know  that  x(0)  =  0  and  x(ir)  =  -X/2,  we  can  integrate  equation  (19) 


along  with  equation  (27)  to  get  e  We  then  have 

,  ft 


.  V  A 

x(t)  =  -  2V 


s(0 ) 
e 

s(t) 


COS  0(t)dT. 


Equation  (20)  gives  y  up  to  an  additive  constant  as 


y(t )  =  y(0) 


X  f  s(t)  . 
—  e  si 

2"  I 

•  A 


sin  0(T)dt. 


(28) 


(29) 


The  constant  y(0)  is  calculated  by  equating  the  real  and  imaginary  parts  of 


equation  (5)  with  z  =  elt  to  get 

x(t)  =  -  ~  [t  +  J  dn,  -n  n,  .  , 

2*  — — (r  +  r  )sin  nt], 

n=l  no  o 

OP  j 

/ .  v  X  r  an,  -n  nN 

y(t)  =  -r—  A  “Hr  -  r  )  cos  nt. 

2lT  L  r\  n  rs 


n=l 


n  o 


(30) 

(31) 


Then  solving  equation  (30)  for  dn  we  get 


-4nr 


n 


"  X(1  +  r2n) 

o 


x*(t)  sin  nx  di ,  d  =  1,  2, 
n 


(32) 


where  x*(t'  =  x(t)  +  cr"  If  we  then  insert  d„  into  equation  (31)  and 
2ir  n 

interchange  the  summation  and  integration,  we  get 


y<t)  =  7 


w  »  2n 

[  y  —  r9---  sin  nr  cos  nt]x*(x)dT. 


o  n=l  1  +  r 
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Then 


y(0)  =  —  [  [  7  —  —  r%—  sin  nx]x*(x)dx.  (33) 

if  j  <  «  ,  2n 
Jo  n=l  1  +  r 

o 

Thus  since  x*  is  known,  we  can  calculate  y(0).  We  use  the  technique 
described  above  to  circumvent  the  necessity  of  using  finite  Fourier  series 
to  calculate  y(0).  It  should  be  noted  that  all  of  the  calculations  in 
this  paper  are  performed  without  ever  calculating  a  Fourier  series  expan¬ 
sion,  a  fact  which  we  feel  is  to  our  advantage. 

2 

The  relationship  between  c  /gh  and  A/h.  In  order  to  obtain  the  relation- 
2 

ship  between  c  /gh  and  A/h  we  must  be  able  to  calculate  c.  (We  have  g,  h 
and  A  =  |y(tr)  -  y(0)  | .  )  If  we  combine  equations  (26)  and  (28)  with  the 
fact  that  x(it)  =  -  A/2,  we  get 

-  4  =  -  (--S^-)  1/3(i  +  [  sin  8(£)dE)  1//3cos  8(t)dt 

'  ^  }o  2xrc  y  Jo 

or 

2  2  fTf  TT 

fr  =  C  +  sin  8(C)dC)  1/3cos  e(x)dt]  3.  (34) 

gh  2b  Jo  v  jQ 

2 

Thus  for  given  values  of  8,  t -  A  and  h  we  can  calculate  A/h  and  c  /gh  and 
represent  them  on  a  graph. 

Total  Flow  Field.  One  method  for  calculating  streamlines  that  are  not 

free  streamlines  is  to  use  equation  (5).  The  d  could  be  calculated  from 

n 

equation  (3.2)  so  the  method  would  be  to  fix  r  and  vary  t  in  equation  (5). 
(We  note  that  the  streamlines  in  the  Z-plane  are  r  =  constant  and  that 
streamlines  will  map  onto  streamlines.) 

Our  approach  is  essentially  the  same  as  the  one  described  above 
except  that  we  shall  manipulate  our  equations  so  that  we  can  integrate  to 
find  the  x  and  y  values  rather  than  use  the  finite  Fourier  series.  We 
shall  do  this  in  the  same  way  we  calculated  y(0). 

We  note  that  if  we  put  Z  =  re1*  in  equation  (5)  and  equate  real  and 
imaginary  parts  we  get 
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x(r,  t)  =  -  +  £  —  C(^-)n  +  sin  nt} 

n=l  ‘o 


(35) 


and 


00  ^ 

y(r,  t)  =  tr~  (log  r  +  £  —  [(— )n  -  (-Q-)n]  cos  nt}.  (36) 

2w  n=l  n  r<5  r 

If  we  substitute  the  values  for  dn  given  by  equation  (32)  into 
equations  (35)  and  (36)  and  interchange  the  order  of  summation  and 
integration,  we  obtain  the  following: 


x(r,  t)  =  -  —  t  +  L  (r,  r  ,  t,  i)x*(r)dT 

2ir  rr  1  o 
J  o 

and 

X  2  f’ 

y(r,  t)  =  —  log  r  +  -  I  L2(r,  rQ,  t.  t)x*(t)dt 


(37) 


(38) 


where 

«>  2n  r2n 

L.(r,  r  ,  t,  t)  =  7  — - - —z —  sin  t  sin  t 

*1*  o  *  H/ .  \ 

n=l  r  (1  +  r  ) 
o 

and 


L„(r,  r  »  t,  t)  =  7  - ? —  cos  nt  sm  nt. 

2  o  t,,n,  2n> 

n=l  r  (1  +  r  ) 
o 

These  kernel  functions  would  have  to  be  tabulated  -  or  hopefully  written 
in  closed  form  (which  the  author  has  not  been  able  to  do)  -  and  then  the 
values  of  x(r,  t)  and  y(r,  t)  for  fixed  r  and  varying  t  can  be  found  and 
plotted. 


3.  Numerical  Technique 

In  [12]  H.  F.  Bueckner  developed  an  iterative  technique  for  solving 
the  integral  equation  associated  with  the  problem  handled  in  this  paper 
in  a  fluid  with  infinite  depth.  The  author  in  [17]  showed  that  this 
method  would  apply  also  to  equation  (25).  It  is  this  technique  that  we 
shall  discuss  in  this  section. 
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We  consider  the  Hilbert  space  X  with  inner  product  (  ,  )  and  norm 
||  ||  and  suppose  that  T  :  X  ■*  X  is  a  compact  operator.  We  wish  to  solve 
the  eigenvalue  problem 

x  =  uT(x).  (39) 

In  order  to  express  the  problem  considered  in  this  paper  in  this  form  we 
rewrite  integral  equation  (25)  as 


u(t)  =  v  sin  [— -  [  - — — -  K(t,  t)dt]  (40) 

11  Jo  1  +  u(£)d£ 

where  u(t)  =  m  sin  6(t).  The  iterative  procedure  used  is  a  common  one.  We 
suppose  that  we  have  an  initial  approximation  to  the  solution,  and  the 
eigenvalue,  uq,  we  then  define 


x  =  u  T(x  ),  u  =  --a*  T' ^  (for  x  i  9).  (41) 

ntl  n  n  n  ||2 


To  obtain  a  result  which  ensures  convergence  of  the  sequence  (xn,y  ) 
•we  assume  the  following  additional  conditions  on  T: 


(Cl)  T  is  continuously  differentiable  on  X.  Let  T'(9)  =  L. 

(C2)  The  spectral  radius  of  L,  denoted  by  r,  is  nonzero;  L  has 
exactly  one  eigenvalue,  X,  of  absolute  value  r,  and  the 
invariant  manifold  associated  with  X,  X^,  is  an  eigenmanifold . 
(C3)  The  dimension  of  X^  is  one. 

We  can  then  state  the  following  theorem. 


THEOREM.  Suppose  that  x  satisfies  (i)  j|x  ||  =  1  and  (ii)  w(x)  <  w’;  and 
that  |  ci |  is  sufficiently  small.  Then  if  we  let  x^  =  ax,  the  sequence 
{(xr,  u^)}  will  converge  to  a  nontrivial  solution  of  equation  (39). 

The  function  w  and  the  constant  w*  are  given  in  terms  of  constants 
that  arise  in  the  proof  of  the  above  theorem.  We  shall  not  prove  the 
above  theorem  and  hence  shall  not  exhibit  w  and  w' .  The  reason  for  this 
omission  is  that  though  the  theorem  does  give  sufficient  conditions  under 
which  we  are  guaranteed  a  nontrivial  solution,  it  is  difficult  to  verify 
that  these  conditions  are  satisfied.  Furthermore,  the  numerical  results 
indicate  that  actually  a  much  stronger  theorem  is  available.  Iteration 
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(41)  has  been  run  for  approximately  forty  (xq,  pq)  pairs  and  never  once  has 
convergence  not  occurred  (obvious  numerical  convergence).  Moreover,  we  have 
not  chosen  a  "sufficiently  small"  coefficient  on  xq.  Also,  as  can  be  seen 
in  [13],  this  iteration  has  been  run  on  several  integral  equations  that  do 
not  satisfy  the  hypothese  and  the  technique  still  converges. 

There  are  no  theoretical  results  concerning  the  rate  of  convergence 
of  this  numerical  technique.  Bueckner  states  in  [12]  that  the  sequence 
seems  to  converge  much  like  a  geometric  series  with  ratio  1/2.  The  author 
also  observed  this  to  be  the  case.  At  times  the  convergence  seems  even 
better  than  the  1/2  ratio. 

In  order  to  calculate  the  form  of  the  free  streamline  of  the  highest 
wave,  we  use  a  variation  of  iteration  (41).  We  rewrite  equation  (25)  as 


6(t)  = 


sin  0(x) 


K(t,  t)di. 


(42) 


3lr  ^o  —  +/T  sin  0(?)d5 

v  o 

fix  p  at  some  large  value  and  let  u(t)  =  sin  0(t).  Equation  (42)  can  then 
be  expressed  as 


u(t)  = 


3tt 


u(t) 


r* 

o  -  +/T  u(c)d5 
P  o 


K( t ,  t )dx  =  T(p,  u). 


(43) 


We  then  choose  an  initial  approximate  solution,  uq,  and  use  the  iteration 


untl  =  T(U’  UnK  (44) 

Bueckner  in  [12]  stated  that  he  found  this  technique  to  be  unsatisfactory. 

We  found  that  it  did  quite  well  for  large  values  of  p.  With  large  values 

of  p  it  did  not  perform  as  well  as  iteration  (41)  did  for  smaller  values 

of  y ,  but  this  is  to  be  expected.  When  y  gets  large  we  are  very  near  a 

solution  that  is  difficult  mathematically  (in  fact,  its  existence  has  still 

not  been  proved).  The  difference  in  our  results  in  using  iteration  (44)  and 

Bueckner's  statement  probably  results  from  the  fact  that  he  indicated  that 

he  tried  to  use  u  ,  =  pT(u  )  in  place  of  iteration  (41)  for  small  values 
n+1  n 

of  p.  We  fix  p  in  our  iterative  scheme  in  a  much  different  way. 

The  iteration  techniques  were  implemented  in  the  most  obvious  way. 

We  used  the  trapazoidal  rule  to  integrate  T(un_^)  at  each  step.  The  problem 
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of  getting  the  Jacobi  elliptic  sines  into  the  machine  was  solved  by  using  a 
technique  due  to  H.  E.  Salzer,  [18]. 

4.  Numerical  Results 

The  iterative  techniques  discussed  in  Section  3  have  been  applied  by 

the  author  many  times.  References  [15]  and  [17]  give  the  form  of  several 

free  streamlines  in  a  fluid  of  infinite  and  finite  depth.  In  [19]  the 

2 

author  calculated  36  values  of  (A/h,  c  /gh)  and  numerically  drew  the 

2 

curves  relating  the  parameters  A/h  and  c  /gh.  This  system  of  curves  is 
given  in  Figure  2. 

.8 

.7 

£ 

.5 

.3 
.2 
.1 

.5  I.  1.5 

Figure  2 

2 

The  curves  (1)  -  (6)  are  the  graphs  of  A/h  versus  c  /gh  for  values 

of  h/A  =  0.6,  0.3,  0.2,  0.15,  0.13655,  and  0.10632,  respectively. 

2 

Curve  (7)  is  the  limiting  case  of  A/h  versus  c  /gh  for  the  highesc 
wave . 

It  should  be  noted  that,  besides  the  36  points  calculated  numerically, 

2 

there  <  ■•e  six  points  plotted  on  the  c  /gh-axis  that  were  found  using  the 
expression  (see  [2],  page  660) 

c^/gh  =  ^  tanh(mh).  (45) 
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The 


Also  we  note  that  there  are  two  bounding  curves  in  Figure  2. 
curve  bounding  the  system  on  the  right  is  given  by 

c2/gh  =  1  +  (A/h)  -  (l/10)(A/h)2  -  ( 3/20)( A/h ) 3  +  ( 9/400 )( A/h  )4 .  (46) 

This  is  a  second  order  approximation  to  the  relationship  between  A/h  and 
2 

c  /gh  for  the  solitary  wave  (see  [2],  page  711). 

The  curve  that  bounds  from  above,  (7),  is  the  relationship  between 
2 

A/h  and  c  /gh  for  the  highest  wave.  This  curve  is  graphed  using  the 
numerical  values  calculated  by  the  iterative  technique  (44)  on  equation 
(43).  These  values  were  calculated  fixing  p  at  values  between  3000  and 
4000. 

The  majority  of  the  new  numerical  results  calculated  were  done  in 
order  to  compare  our  results  with  those  of  Schwartz,  [5],  and  Salvesen 
and  von  Kerczek,  [14]. 

Schwartz  in  [5]  used  perturbation  techniques  to  calculate  the  free 
2 

streamlines  and  the  A/h  -  c  /gh  relationship.  Since  we  calculated 
2 

(A/h,  c  /gh)  points  for  different  values  of  h/X,  it  is  difficult  to  com- 

2 

pare  the  results.  For  this  reason  we  have  calculated  several  (A/h,  c  /gh) 

values  for  hA  =  .145,  .256,  and  .366.  (The  value  of  .145  was  used  instead 
of  .146  (as  Schwartz  used)  so  that  we  could  also  use  these  values  to 
compare  with  Salvesen  and  von  Kerczek.)  The  values  calculated  are  given 
in  Table  1. 


h/X(q) 

. 145( . 

.161) 

. 2  56 ( , 

.04) 

.  366(  , 

■  01) 

(.133, 

.799) 

(.230, 

.  588) 

(.260, 

.457) 

(A/h,  c2/gh) 

(.327, 

.822) 

( .346, 

.617) 

(.182, 

.436) 

(.626, 

.947) 

(.473, 

.664) 

( .355, 

.490) 

(.660, 

.957) 

(.495, 

.668) 

( .371, 

.493) 

Table  1 

To  compare  the  above  results  with  those  of  Schwartz  we  have  drawn 
the  part  of  Schwartz's  system  of  curves  that  is  applicable.  (See  Figure  3) 
On  these  curves  we  have  plotted  our  values  associated  with  these  values 


of  h/A.  It  should  be  noted  that  there  is  fair  agreement  between  our 
results  and  those  of  Schwartz.  The  values  are  closer  for  smaller  values 
of  h/A. 


Figure  3 


In  [14]  Salvesen  and  von  Kerczek  obtain  results  that  for  h/A  =  .145, 

2 

A/h  =  .3  and  c  /gh  =  .841.  This  point  is  plotted  in  Figure  3  as  a  star. 

As  can  be  seen,  the  point  fits  fairly  well  on  both  Schwartz's  and  our 
curves . 

Finally,  since  the  main  emphasis  of  the  method  discussed  in  this 
paper  was  on  calculating  free  streamlines ,  in  Figure  4  we  give  profiles  of 
three  surface  waves . 

We  close  this  section  and  the  paper  with  a  brief  discussion  of  the 
numerical  integration  that  was  used  and  the  convergence  criterion.  The 
results  given  in  [15],  [17]  and  [19]  were  obtained  from  trapezoidal  rule 
integration  by  breaking  the  interval  [0,  7r]  into  400  pieces.  The  400 
figure  was  essentially  arbitrary.  A  limitation  of  available  computer  time 
led  the  author  to  experiment  with  fewer  partition  points.  Most  of  the  new 
calculations  given  in  this  paper  were  done  using  100  partition  points  in 
[0,  »].  The  scheme  behaved  nicely  and  understandably  was  much  faster. 

Some  calculations  were  done  with  fewer  than  100  points  and  again  conver- 
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ABSTRACT 


The  wo-dimensional  boundary-value  problems  for  time- 
harmonic  free-surface  flow  in  water  of  arbitrary  bottom 
topography  are  considered.  A  novel  and  versatile  approach 
for  the  solution  of  these  types  of  problems  is  presented 
in  this  paper.  The  inner  region  of  changing  topography  is 
described  by  an  integral  relation  while  the  outer  regions 
of  constant  depths  are  characterized  by  eigenfunctions. 
Pressure  and  flux  fields  of  the  two  representations  are 
matched  at  the  radiation  boundaries.  The  resulting  "hybrid" 
integral  equation  is  solved  numerically.  The  method  is 
applied  to  a  variety  of  radiation  and  scattering  problems. 
Test  computations  agree  well  with  existing  results.  New 
results  for  a  number  of  realistic  geometries  are  also  given 
to  illustrate  the  versatility  of  the  method. 

1.  Introduction 

Hydrodynamic- force  coefficients  for  two-dimensional 
objects  in  or  near  a  free  surface  are  of  particular  relevance 
to  ship-motion  or  platform-motion  theory.  The  term  radiation 
problem  applies  to  situations  where  the  body  oscillates  in 
otherwise  calm  water,  while  scattering  problems  usually  refer 
to  cases  where  the  body  is  held  fixed  in  a  train  of  incident 
waves.  The  two  types  of  problems  are  mathematically  and 
physically  related.  The  radiation  and  scattering  properties 
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of  an  object  depend  not  only  on  its  own  geometry,  but  also 
strongly  on  the  physical  features  of  the  environment.  The 
advent  of  supersize  vessels  and  huge  offshore  structures  has 
made  the  consideration  of  effects  of  restricted  water  impor¬ 
tant.  This  paper  presents  a  new  technique  of  solving  the 
radiation  and  scattering  problem  in  water  of  complicated 
boundary  configuration,  a  subject  which  has  not  received 
much  attention  in  the  literature. 

A  brief  review  of  existing  solution  methods  for  the  type 
of  problems  being  considered  is  in  order.  The  classical  work 
is  due  to  Ursell  (1948)  who  solved  the  heaving  problem  of  a 
circular  cylinder  in  an  infinite  fluid  using  a  sequence  of 
singularities  located  at  the  origin.  A  more  versatile  formu¬ 
lation  for  general-shaped  bodies  consists  of  distributing  the 
so-called  wave-sources  on  the  body  contour.  The  strength  of 
these  sources  is  obtained  by  solving  a  Fredholm  integral 
equation  of  the  second  kind  [Lebreton  and  Margnac  (1966) , 

Frank  (1967)].  This  approach  is  still  applicable  when 
the  water  depth  is  not  constant,  in  which  case  the  unknown 
strength  in  the  integral  equation  will  also  include  that  part 
of  the  bottom  boundary  that  is  varying.  If  the  depth  changes 
from  one  limiting  value  to  another,  on  the  opposite  side,  the 
problem  is  considerably  more  complicated.  A  variety  of 
approaches  have  been  used  by  previous  workers  to  tackle  scat¬ 
tering  problems  associated  with  certain  simple  geometries. 
Bartholomeusz  (1957)  obtained  a  long-wave  solution  for  propa¬ 
gation  over  a  step  of  finite  height  by  considering  an  integral 
equation  which  was  arrived  at  by  matching  the  potential  above 
the  step.  Newman  (1965)  provided  results  for  the  transmission 
and  reflection  coefficients  over  an  infinite  step  by  matching 
wave-maker  solutions  for  the  two  regions.  Miles  (196^) 
considered  a  more  exact  solution  of  the  unequal-depths  problem 
by  using  Schwinger's  variational  formulation.  Hilaly  (1967) 
treated  the  same  problem  by  matching  eigenfunction  expansions. 
All  these  problems  as  well  as  the  more  general  case  of  a  non- 
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step-  <e  transition  can  be  handled,  in  principle,  by  exploit¬ 
ing  a  Green  function,  if  available,  that  satisfies  the  bottom 
conditions  on  both  sides  of  the  transition  region.  Evans 
(1972)  in  fact  derived  this  function.  The  resulting  expres¬ 
sion  is  quite  complex.  To  this  author's  knowledge,  no  appli¬ 
cation  of  it  to  practical  problems  has  yet  been  made.  Bai 
and  Yeung  (1974)  investigated  two  new  approaches  for  treating 
the  problem  of  general  bottom  topography.  One  method  utilizes 
a  variational  formulation  with  the  fluid  domain  represented  by 
finite  elements;  minimization  of  a  certain  functional  then 
leads  to  the  solution  of  the  problem.  The  other  approach  con¬ 
sists  of  applying  the  simple  source  function  for  an  infinite 
fluid  to  a  finite  fluid  domain,  resulting  in  an  integral 
equation  along  the  fluid  boundary  that  has  to  be  solved.  Chan 
and  Hirt  (1974)  used  an  initial-value  problem  formulation  and 
a  finite-difference  mesh  to  tackle  the  problem. 

The  method  described  in  this  paper  stems  from  the 
author's  earlier  work  (Yeung  (1973),  also  Bai  and  Yeung 
(1974)]  in  which  case,  the  inner  region  where  all  the  geo¬ 
metrical  changes  occur  is  described  by  Green's  theorem  using 
the  source  function  for  an  infinite  fluid.  However,  instead 
of  applying  a  radiation  condition  at  a  large  distance  from 
the  origin  of  disturbance,  we  now  match  the  flux  and  pressure 
fields  at  the  "radiation  boundaries"  with  solutions  in  the 
outer  fields  represented  by  eigenfunction  expansions.  The 
location  of  the  radiation  boundary  can  now  be  chosen  arbi¬ 
trarily  close  to  the  body,  thus  shortening  the  length  of  the 
contour  which  bounds  the  inner  field.  The  method  is  found  to 
be  highly  efficient  from  the  computation  viewpoint. 

2.  The  Boundary-Value  Problems 

Consider  the  two-dimensional  motion  of  an  inviscid  fluid 
with  a  free  surface,  as  shown  in  Figure  1.  The  bottom  topo¬ 
graphy  can  be  arbitrary,  but  must  approach  some  asymptotic 
depths  h  ,  ft  which  need  not  be  equal.  Fluid  motion  may  be 
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Figure  1.  Coordinate  System  and  Notation 
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generated  by  the  oscillation  of  the  body  or  by  an  incident  wave 
system  impinging  on  the  body.  If  the  flow  is  assumed  irrota- 
tional  and  time-harmonic  of  angular  frequency  O'  ,  the  fluid 
motion  can  be  described  by  a  velocity  potential  function, 

=  (Rt rf-(-t))  ,  <?=  <P,  + 

where 

o((-t)  =  (Re.[aCt)l  •  (&[ 


(2.1a) 


(2.1b) 


with  cX  ("t  )  being  the  amplitude  of  the  body  motion.  ^f(X,J|-) 
is  the  unknown  complex- valued  spatial  function  which  satisfies 
Laplace's  equation  in  the  fluids 

=  0  (2.2) 

and  the  following  linearized  boundary  conditions: 


*3 

^  =  0 

or 

$■ 

(2.3a) 

<Pr>=  0 

cm 

Sa, 

(2.3b) 

<P»  =  J<S) 

on 

So  f 

(2.3c) 

where  v 

=  '  r 

being 

the  acceleration  of 

gravity,  <,F 

is  the  undisturbed  free  surface,  $B  the  bottom  surface,  and 
$«  the  wetted  portion  of  the  body  in  its  equilibrium  position. 
If  "n  is  the  unit  inward  normal  of  the  body  with  components 
(  n*  r  yy ) ,  the  functions  associated  with  the  inhomogeneous 
boundary  condition,  -fc$) >  f°r  sway,  heave  and  roll  motion  of  the 
body  are  rix  ,  n>j.  ,  and  (Xhj-^nx)  respectively.  Aside  from  the 
conditions  (2.3),  a  radiation  condition  must  be  imposed  in 
order  to  render  the  problem  unique.  This  may  be  stated  as  that 
all  propagating  waves  must  be  outgoing. 

Once  is  known,  the  linearized  hydrodynamic  force  or 

moment  (about  0)  acting  on  the  body  can  be  obtained  from  the 
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time-dependent  Bernoulli's  equation  and  are  usually  written  in 
terms  of  components  in  phase  with  the  body  acceleration  and  the 
body  velocity.  For  instance,  for  the  heave  motion  we  have 


c/t-t)  Li)  ,  (2.4) 

where  yy  and  ^  yy  are  t^ie  added-mass  and  damping  coeffi¬ 
cients  for  heave  and  are  defined  in  terms  of  the  solution  of 
CP(x,y),  corresponding  to  f(s)  =  n  ,  by 

So 

Coupling  coefficients  also  exist  if  more  than  one  degree  of 
freedom  of  motion  occurs. 

If  one  is  concerned  with  the  diffraction  problem,  the 
definition  used  in  (2.1)  is  still  applicable  provided  we  choose 
a,  =0  and  aa=l/cT  .  In  this  work,  it  will  be  more  convenient 
to  solve  for  the  total  potential  known  usually  as  the  scattering 
potential  defined  by 

Cf  =  (ps  ^  cp0  (2.6) 

where  CPI  is  the  incident-wave  spatial  potential,  defined  by 


i  1  ~  <F  eJi  m;V  e 


=  /' J 


(2.7) 


and  q  is  the  so-called  diffraction  potential.  Hence,  for 
the  incident-wave  problem,  the  scattering  potential  defined  by 
(2.6)  satisfies  (2.2),  (2.3a)  and  (2.3b)  but 

<Pn  =  ®  on  .  (2.8) 

The  inhomogeneity  will  come  from  the  radiation  boundaries  as 
detailed  in  the  next  section. 

The  free-surface  elevation  ^(x,y)  for  either  type  of 
problem  can  be  obtained  from  the  dynamic  boundary  condition  on 
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the  free  surface  and  is  given  by 


$(x.t)  =»-&£  [  Y(X)e"*rt  ]  (2.9) 

with 

Yix)  =  v<?cx,«>)  (a,  +  i (2i) .  (2.10) 


Nothing  has  been  said  so  far  about  how  the  two  types  of 
problems  are  related.  Such  relations  can  be  most  conveniently 
obtained  by  the  application  of  Green's  second  formula.  This 
was  indicated  in  a  recent  work  by  Newman  (1975)  pertaining  to 
the  case  of  equal  asymptotic-depths.  The  results  can  be  gener¬ 
alized  for  the  unequal-depths  case.  For  this  latter  case,  there 
exist  two  sets  of  transmission  and  reflection  coefficients, 
corresponding  to  the  two  different  directions  of  incidence  of 
the  propagating  waves.  The  two  sets  are  somewhat  related  as 
indicated  by  Kreisel  (1949)  and  Newman  (1965).  If  (R,.T;  )  , 
(R».Ti  )  denote  the  reflection  and  transmission  coefficients 
due  to  incident  waves  from  the  left  and  the  right  respectively, 
i.e. 


(2.11a) 


(2.11b) 


(2.11c) 
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then 


R.R*  +  ( t>Yir)  =  l 

(2.11) 

R»R»*  +  TxTS  (d-/d-  )  =  t 

(2.12) 

D'T*  -  ID" 

(2.13) 

50 

n 

£ 

(2.14) 

t*/t.  -  R'/r, 

(2.15) 

pi  _  ^  -Ji  -t 

cl  211*11*  t  i 

(2.16) 

These  are  useful  relations  for  checking  consistency  of  the 
numerical  solution.  The  well-known  Haskind's  relation  remains 
basically  the  same: 


Fj 


(2.17) 


where  hj  is  the  exciting  force  or  moment  in  the  j-th  direc¬ 
tion  due  to  a  unit-amplitude  incident  wave  and  Yj  is  the  com¬ 
plex  wave-amplitudes  due  to  the  forced  oscillation  of  the  body 
or  any  part  of  the  bottom  contour  (i.e.,  if  we  are  interested 
in  the  force  on  that  particular  portion)  in  the  j-th  direction. 
Finally,  if  Ai ,  Bi  denote  the  radiation  wave-amplitudes  of  two 
independent  solutions  (or  experiments)  of  the  radiation  problem. 


R. 

1 

'4*8.  -  A.  BT 

T. 

"  ax-atb; 

fA.B*-4!8.:  IT/D* 

which  can  be  used  to  obtain  the  coefficients  (  R. ,T  )• 
(Tz  ,Rt  )  then  follow  from  (2.13),  (2.14)  and  (2.15). 
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3.  The  Method  of  Solution 

We  illustrate  the  method  of  solution  by  applying  it  to  the 
forced-motion  or  radiation  problem.  The  treatment  for  the 
scattering  problem  requires  only  slight  modification.  First 
let  ,  2_  *  be  two  artificially  chosen  vertical  boundaries 
subdividing  the  fluid  domain  into  an  inner  region  of  changing 
geometry  and  two  outer  regions  of  constant  depths.  These  are 
denoted  by  regions  I,  II,  and  III  as  shown  in  Pig.  1.  Let  P  be 
a  field  point  in  Region  I,  and  Cl  be  a  variable  point  on  the 
boundary  of  this  region.  Application  of  Green's  second  iden¬ 
tity  to  <P  and  Jlj  ,  /l  being  the  distance  between  P 
and  Q.  ,  then  yields 

2tt<p<P)=£  (3-1) 

where 


^ ,  vf  being  variables  of  integration  along  $  .  Here  A  & 
denotes  an  infinitesimal  arclength  element  along  the  boundary. 
On  ,  5®  *  and  ,  the  normal  derivative  of  <p  is 

either  known  or  expressible  in  terms  of  <f>  itself.  Hence 
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Consider  now  regions  II  and  III.  Since  the  fluid  depth  is 
constant,  the  solution  in  either  one  of  these  regions  may  be 
written  in  the  form  of  eigenfunction  expansions  [Wehausen, 
1969],  viz., 

for  XR  (3.3) 

and 


<?(*.!)  =  Pi  +  J  (C  d»»;  cat  IT) 

0  £c*l  K  £r{  *  Cos  YY)~  h" 

for  <x  ^  jX^  (3.4) 

with  the  coefficients  A,  and  CK  being  unknown.  The 
eigenvalues  m.  ,  <c  l«^  ,  k*  I »  Z  •  •  •  •  are  roots  of  the  trans¬ 
cendental  equation: 

■m  wll  =  *r/<fc  (3.5) 

where  m  represents  either  fl),  or  •  The  functional 

forms  of  (3.3)  and  (3.4)  have  been  chosen  so  that  represents 
outgoing  waves  to  the  right  and  left  in  Regions  II  and  III, 
respectively.  If  we  now  make  use  of  these  representations  of 
and  substitute  them  into  (3.2),  i.e.,  if  we  match  at  2.+ 
and  the  potential  (which  is  proportional  to  the  fluid 
pressure)  and  the  normal  velocity  of  the  inner  regions  with 
those  of  the  outer  regions,  we  may  rewrite  (3.2)  as: 


Mi 


K 


* 
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-K^  „  6) 

where  the  functions  and  are  defined 

by  the  following  integrals: 


The  superscripts  in  (3.6)  are  used  to  designate  the  wave  number 
7n®  and  depth  h  on  the  appropriate  side.  Physically,  one  may 
think  of  the  last  four  terms  of  (3.6)  as  a  vertical  distribution 
of  sources  and  normal  dipoles  of  certain  assumed  forms  on  the 
"radiation  boundaries".  The  functional  form  of  this  distribu¬ 
tion  is  chosen  to  satisfy  Laplace's  equation.  This  idea  follows 
from  one  type  of  treatment  used  by  Yeung  (1973),  in  which  case, 
an  exponentially  decaying  distribution  was  used  on  the  radia¬ 
tion  boundary  to  represent  the  behavior  of  an  outgoing  wave 
in  water  of  infinite  depth.  The  present  expansion  is  evidently 
a  more  complete  treatment.  In  practice,  only  a  finite  number  of 
terms  in  the  series  of  (3.6)  will  be  taken;  we  denote  this  by 
and  Nt  . 

Referring  to  (3.6)  we  see  that  the  velocity  potential,  Cp  , 
will  be  known  everywhere  if  is  known  on  the  boundary 
,$pv  •  an d  the  coefficients  of  the  expansions  are 
known.  To  obtain  an  equation  for  the  Q  (&)  ,  we  simply  let 


* 


* 
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the  field  point  approach  the  aforementioned  boundary.  The  fol¬ 
lowing  "hybrid"  integral  equation  then  results. 


ir<PCP)+  Q-t 


-K  ?**■[$  ♦<]+!<  ^  [-1 1  Gil 


for  PC  $eu  Spv 

(3.9) 


If  we  now  place  the  point  P  at  (  1  )  distinct  locations 

on  Z+  »  and  (  H  +1  )  distinct  locations  on  £  ,  we  shall 

have  enough  Rations  to  determine  the  unknown  coefficients  of 
the  expansions.  Whence,  making  use  of  (3.3)  and  (3.4)  on  the 
left-hand  side  of  (3.6)  and  observing  that  the  J*K'S  give  a 
finite  contribution  when  the  limit  of  ft.-*  o  is  taken,  we  get 


|  -|c$)  h  al$  f 

^  for  p€  Z+  (3.10) 
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with  a  similarly  modified  expression  for  p£  .  It  was 
found  that  the  choice  of  these  so-called  control-points  on 
or  3L_  ,  with  everything  else  held  constant,  have  no  effects 
on  the  numerical  solution  of  the  problem.  Of  course,  one  must 
not  choose  two  points  to  be  so  close  that  they  become  numeri¬ 
cally  indistinctive.  (3.9)  and  (3.10)  thus  are  a  rational 
system  of  equations  for  the  solution  of  the  problem  under  con¬ 
sideration.  On^  caution  however  one  should  take  in  solving 
(3.9)  and  (3.10)  is  that  it  is  more  desirable  to  absorb  the 
exponential  factor  following  G„  by  defining  new  coeffi-^ 

/W  ** 

cients,  say  £*  ,  representing  the  product  cf  the  two. 

This  will  prevent  certain  column  elements  of  the  matrix  of  the 
linear  equations  representing  equations  (3.9)  and  (3.10),  which 
will  be  discussed  later,  from  becoming  excessively  small  if 
or  have  a  large  value. 

For  the  scattering  problem,  we  observe  that  the  represen¬ 
tation  of  (3.3,  and  (3.4)  is  incomplete.  If  the  right-moving 
incident  wave  is  of  amplitude  in  Region  III,  the  scattering 

potential  is 


<P 


=  [Ate 


+A,e 


aitvyt.-)  +?  r  2® 

Ce^SiCh"  ,£l  dosm^~  (3.11) 


The  quantity  A0  in  (3.3)  is  now  proportional  to  the  ampli¬ 
tude  of  the  transmitted  wave.  By  (2.8)  the  third  integral  of 
(3.2)  now  vanishes.  Transposing  all  unknown  quantities  to  the 
left-hand  side  of  the  equation,  we  obtain  the  following  equation 
as  the  analog  of  (3.9) 


-wq>tp>  +  (  v&ty*  +J  <F(£lp,-,dj*]4S 


-A.  [Je  +*G.  ]  +■£  c*  [~JK  +  G-~  ] 


(-«?'♦*«;'] 


(3.12) 


The  inhomogeneity  now  occurs  on  the  left  radiation  boundary. 

The  analog  of  (3.10)  can  also  be  obtained  in  a  similar  fashion. 
Once  the  system  of  equations  is  solved,  the  complex-valued 
transmission  and  reflection  coefficients  are  simply  given 
respectively  by 


T.  =  ti/At 

R  ~  K/ A* 


(3.13) 


It  is  worthwhile  to  note  in  passing  that  in  classical  el¬ 
liptic  boundary-value  problems,  one  normally  specifies  either 
the  potential  or  the  normal  derivative  on  the  boundary.  In  our 
present  approach,  an  indirect  specification  of  both  Q  and  CPn 
on  and  Z_  is  accomplished  by  requiring  them  to  be  expand¬ 
able  in  the  y-direction  as  a  sequence  of  orthogonal  functions 
with  unknown  coefficients.  Although  such  a  type  of  "boundary 
condition"  is  hardly  discussed  in  the  theory  of  partial  differ¬ 
ential  equations,  we  have  experienced  no  difficulty  in  finding 
a  stable  numerical  solution,  which  will  be  discussed  next. 


4.  Solution  by  the  Method  of  Discretization 

By  the  method  of  discretization,  the  integral  equations 
(3.10)  and  (3.11)  for  the  unknown  continuous  function  OMQ.) 
can  be  reduced  to  a  set  of  linear  algebraic  equations.  First, 
a  set  of  grid  points  is  chosen  along  the  contour  $o  ,  , 

and  in  Region  I.  Let  these  be  denoted  by  (  ^  ,^  )  ,  as 

defined  in  Figure  2.*  For  a  sufficiently  fine  grid,  the  unknown 
Q>  (  fi. )  between  each  pair  of  consecutive  grid  points  may  be 


See  page  584. 
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approximated  by  a  constant  function  CP^  .  If  equation  (3.10) 
is  evaluated  now  at  a  set  of  control  points  denoted  by 
on  the  boundary,  the  following  discretized  representation  is 
possible: 


+  +  A>  Sjo  +  J; 


for  i=  f.2, . ,NX  (4.1) 

i  =  . , 

■■  ,Hr 

where  Sij  is  the  Kronecker  delta  and  the  values  of  ^  in  the 
first  sum  are  identical  to  those  of  i  .  The  influence  coef¬ 
ficients  C..  and  £  are  defined  by  integrals  as  follows: 

.  f  9cj  -f*  j  =  {’ . 

Qj  j  ^  ■  fi+l- . >  Net  (4.2) 

I  6(q-p^}  jot  J  *  Nj-h, . >  Ma  » 

4  j.^l, . ,Kr*. 

with  Qj\  and  P~  being  line  integrals  over  a  small  segment 
*  4  « 

^  * 

Pti  (4-3) 


®i|  (5j  .7j ;  .7r  )•  f  ^  ^ 


(4.4) 


1 


£  -  e1^  [  tjfci-i-V- i&SS'p] 

4*  -  +  (£<Vt9;))  <«•» 
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with  the  and  ^ic  defined  by  (3.8)  and  (3.9).  In  Equation 

(4.5),  the  top  and  bottom  signs  are  to  be  associated  with  the 
right  and  left  radiation  boundaries  respectively. 

If  the  control  points  are  located  on  Z+  ,  Equation 
(3.11)  is  to  be  used.  The  corresponding  form  for  it  is: 


£  c:  s;  - 1 

k-i  K  3  o  ° 


(4.6) 


for 


where  for  obvious  reasons,  NR  .  The  are  defined 

t  -  ^  f-T  + 


Ml+  1  equations  for  "L  )  on  can  also  be  written 

in  a  similar  manner.  Therefore  combining  these  with  (4.1)  and 
(4.6)  we  have  altogether  linear  equations  for  Nr  unknowns 
which  can  be  solved  simultaneously.  Of  course,  much  of  the 
efficiency  and  feasibility  of  the  method  will  obviously  depend 
on  our  ability  to  handle  integrals  defined  by  (4.3),  (4.4), 

(3.8) ,  and  (3.9).  The  integrals  and  Glzj  can  be  eval¬ 

uated  analytically  in  a  rather  straightforward  manner,  but  the 
Jl  's  and  Or  '  s  have  no  simple  closed-form  solution.  While 

(3.8)  does  not  pose  any  problem  for  numerical  quadrature,  (3.9) 
requires  more  careful  consideration  because  of  the  oscillatory 
behavior  of  its  integrand,  particularly  when  K  is  large.  It 
can  be  shown  that  these  source  and  normal  derivative-integrals 
can  be  written  in  terms  of  standard  exponential  integrals  with 
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complex  arguments.  Namely,  define  the  complex  numbers 


3,-  m  (a  +  ij) ,  ^  =  m  [a*t(j+lo] ,  |)N<o  (4.8) 


then 


F(a,^)  -f  —™<rh,wW(4‘+<r7,3]1d7 

/  *  -M*1  i  x 

=  -TS^n(a)€  <U9*rvt(^  h) 

+  j-Jrn  [ e%  E,(3.)  +  e5'  £,(->,)) 

-i  V-je^V'E, (>,)^V3'e, (->.)] l4-” 

0  ^ 

(J(a,  s  mj  c<9o  [  &*+  ^J-7)1] 


4 


,/5  .  -|AJw> 

1TC<90W(  htw)e 


=  tj  [  aN-jp  - 

-  i  M  e* 6(50  -  e3E, (-3.)]  (4. 

+  i  J«  [  e"V'  E,(J. )-  e^V 3  E,(-J.>] 


io: 


where  the  exponential-integral  special  function  E,C^J  is 
defined  to  be 


E, 


■  / 3 f  <-"■ 


(4.11 


A  preponderance  of  techniques  is  available  in  the  literature 
for  efficient  evaluation  of  this  special  function. 


5.  Results  and  Discussions 

The  present  method  of  solution  has  been  applied  to  a  num¬ 
ber  of  radiation  and  scattering  problems.  In  all  cases  where 
existing  results  are  available  and  are  known  to  be  correct,  the 
present  computation  yields  very  good  agreement.  As  an  example, 
the  heave  added-mass  and  damping  coefficients  (or  wave  ampli¬ 
tude  ratio)  for  a  circular  cylinder  as  well  as  a  rectangular 
cylinder  in  water  of  finite  but  constant  depth  are  shown  in 
Figures  3.  For  the  rectangular  case,  these  are  compared 
with  Lebreton  and  Margnac  (1966)  who  used  the  Green-function 
integral-equation  technique  to  solve  the  problem.  For  the  cir¬ 
cular  case,  results  are  compared  with  Bai  and  Yeung  (1974)  ob¬ 
tained  by  two  different  methods.  The  present  calculations  are 
consistent  with  the  author's  previous  calculations  using  the 
fundamental-singularity  distribution  method.  For  a  circular 
cylinder  in  water  depth  of  h/a  =  2.0,  the  current  calculations 
yield  a  limiting  value  of  added-mass  coefficient  equal  to  0.500 
as  the  frequency  goes  to  zero.  This  value  is  found  to  be  con¬ 
sistent  with  that  obtained  by  an  alternative  approach  of  con¬ 
sidering  the  limiting  boundary-value  problem  (Newman  and  Yeung, 
1975) .  The  corresponding  limiting  value  of  the  rectangular 
cylinder  is  0.822.  Yeung  (1973)  showed  that  for  a  fluid  with 
different  depths  on  each  side,  the  damping  coefficient  is  re¬ 
lated  to  the  asymptotic  wave-amplitudes  by 


mv  +  ir 

z 

D~ 

1  a  1  1 

* 

=  I 


(5.1) 


This  equation  provides  a  consistency  check  of  the  integral  of 
the  potential  on  the  body.  Equation  (2.5),  and  the  asymptotic 
wave-amplitude  defined  by  the  first  term  of  the  eigenfunction 
expansion,  Equations  (3.3)  and  (3.4).  In  all  results  shown, 
Equation  (5.1)  is  satisfied  very  accurately. 

Figure  4  shows  the  hydrodynamic  coefficients  of  a  bulbous 
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Heave  added-mass  coefficients  and  wave-amplitude 
ratios  of  circular  and  rectangular  cylinders 


r 


* 


cylinder  undergoing  sway  or  heave  motion  in  water  of  varying 
depth.  A  sinusoid  is  used  to  represent  the  transition  region. 
Results  for  the  constant  depth  case  with  the  depth  being  the 
average  of  the  two  sides  are  also  shown.  For  the  particular 
configuration  considered,  forces  associated  with  the  heave  mode 
are  much  less  sensitive  to  the  change  in  bottom  topography  as 
compared  to  those  of  the  sway  mode.  Coefficients  associated 
with  the  sway  mode  also  become  practically  indistinguishable 
for  the  two  cases  when  va.  Z’O.Z.  This  corresponds  to  a  mean 
depth/wave-length  ratio  of  approximately  0.463.  We  observe 
that  the  phenomenon  of  radiationless  frequency  for  heave  occurs 
also  in  water  of  finite  depth.  Furthermore  there  exists  a 
frequency  range  in  which  the  sway  added  mass  becomes  vanishingly 
small  and  even  slightly  negative.  Similar  occurrences  of  nega¬ 
tive  added-mass  coefficients  were  observed  by  Ogilvie  (1963) 
when  he  considered  the  swaying  force  on  a  submerged  circular 
cylinder  near  the  free  surface. 

Turning  our  attention  now  to  scattering  problems,  we  show 
in  Figure  5  the  total  wave  amplitude  function  YT(x)  due  to  a 
right-moving  wave  propagating  over  a  sinusoidal  hump.  The 
results  obtained  earlier  by  Bai  and  Yeung  (1974)  using  a  finite- 
element  method  have  been  incorrectly  given.  The  complex  wave 
function  YT(x)  is  defined  as 

Yrf-X)  =  *e  *  +  Yd  (X)  H  'fzf’O  (5.2) 


where  the  first  term  after  the  first  equality  sign  represents 
the  incident  wave  and  the  second  the  diffracted  waves. 


The  scattering  characteristics  of  a  finite-size  step  are 
given  in  Table  1  and  are  compared  with  Hilaly  (1967) .  By 
Equation  (2.11) : 


ylrf+ly-T  =  t  , 


r  »  mr 


(5.3) 


; 
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va 

Fig.  4  Force  coefficients  for  bulbous  cylinder 
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Fig.  5  Amplitudes  of  diffracted  and  total  waves 
for  a  sinusoidal  hump.  (moh-0.5) 
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where  Y+  and  Y  ,  being  the  resulting  wave  amplitudes  cor¬ 
responding  to  unit-amplitude  incoming  wave,  are  essentially 
the  transmission  and  reflection  coefficients  respectively. 

Here,  J  evidently  represents  the  group-velocity  ratio.  The 
agreement  as  can  be  seen  is  quite  good 

Our  method  is  next  applied  to  determine  the  reflection 
ability  of  a  steep  hump  located  in  front  of  a  step.  The  speci¬ 
fic  geometry  of  the  hump  is  shown  in  Figure  6,  with  the  results 
presented  also  therein.  Transmission  characteristics  of  a 
finite-size  step  without  the  hump  are  also  plotted  for  the  pur¬ 
pose  of  comparison.  A  considerable  increase  in  the  reflection 
coefficient  occurs.  However,  one  would  still  consider  the 
performance  of  the  hump  as  a  submerged  breakwater  to  be  rela¬ 
tively  poor. 

6.  Concluding  Remarks 

We  have  examined  in  this  paper  a  very  versatile  method  for 
solving  the  two-dimensional  time-harmonic  free-surface  flow 
problem  for  a  fluid  of  arbitrary  bottom  topography.  The  method 
is  quite  stable.  Results  obtained  always  satisfy  consistency 
and  energy  checks  very  well.  Generally  speaking,  the  numerical 
accuracy  is  not  as  good  for  scattering  problems  when  the  reflec¬ 
tion  coefficient  is  vanishingly  small.  This  corresponds  to 
situations  in  which  the  wave  frequency  is  fairly  high.  For 
low  to  moderately  high  frequency,  the  technique  discussed  here 
represents  a  simple  yet  potent  tool  for  investigating  the  hydro- 
dynamic  interaction  of  bodies  with  their  physical  environment 
which  can  be  made  as  realistic  as  possible. 
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Table  1.  Reflection  and  Transmission  Coef¬ 
ficients  of  a  Finite-height  Step 


vh~ 

R1 

T1 

Eqn  (5.3), 

L.H.S.= 

|rxI 

arg  Rx ( 0 ) 

|taI 

arg  T  (°) 

0.03395 

.4269 

-163.14 

.5799 

4.99 

1.00025 

.4273* 

-163.26* 

.5797* 

4.97* 

1.00001 

0.04365 

.4242 

-160.86 

.5846 

5.64 

1.00016 

.4246 

-161.00 

.5846 

5.61 

1.00001 

0.05813 

.4201 

-157.86 

.5918 

6.46 

1.00011 

.4205 

-158.02 

.5917 

6.44 

1.00005 

0.06644 

.4134 

-153.73 

.6035 

7.56 

1.00002 

.4138 

-153.93 

.6034 

7.53 

1.00007 

0.12115 

.4016 

-147.68 

.6244 

9.04 

.99980 

.4021 

-147.94 

.6244 

9.02 

1.00008 

0.20031 

.3774 

-137.97 

.6679 

11.07 

.99938 

.3777 

-138.32 

.6681 

11.04 

1.00031 

0.39260 

.3158 

-120.25 

.7803 

13.05 

.99851 

.3162 

-120.83 

.7810 

13.03 

1.00023 

1.09093 

.1458 

-90.67 

1.0395 

7.61 

.99760 

.1470 

-91.99 

1.0407 

7.69 

1.00025 

•Taken  from  Hilaly(1967) .  His  phase  angle  a  is  related  to  the  present 
notation  by:  a  =  -(it  +  arg  R)  . 
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ABSTRACT 

A  review  is  presented  of  recently  developed  numerical  techniques 
which  have  been  successful  in  other  areas  of  fluid  dynamics  but  which,  to 
the  author's  knowledge,  have  had  little  or  no  application  to  the  chal¬ 
lenging  field  of  ship  hydrodynamics.  The  topics  have  been  selected  to 
complement  the  topics  covered  in  other  papers  of  this  conference,  as 
judged  from  the  preliminary  program. 

The  principal  topics  covered  are  as  follows:  parabolic  marching 
equations,  which  are  intermediate  to  the  full  Navier-Stokes  equations  and 
the  classical  boundary  layer  equations;  semi-analytic  (or  semi -discrete) 
methods;  vortex  filament  methods;  high-order  finite  difference  and  spline 
methods;  analytical  and  numerical  coordinate  transformations;  semi-direct 
methods,  which  use  direct  (non-iterative)  linear  equation  solvers  in  a 
non-time-like  iteration  to  solve  nonlinear  problems;  and  the  adaptation 
of  a  pseudo-spectral  method  based  on  the  Fast  Fourier  Transform  to  non¬ 
periodic  problems. 

Also  presented  is  a  cursory  discussion  of  the  cell  Reynolds  number 
limitations  and  some  recent  comprehensive  contributions  to  the  rapidly 
growing  literature  of  computational  fluid  dynamics. 

1 .  Introduction 

The  literature  on  numerical  techniques  applicable  to  fluid  dynamics 
has  become  enormous.  The  writing  of  Ref.  1  was  completed  in  mid-1972  and 
contains  about  1250  references.  It  is  not  complete  -  I  had  accumulated 
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roughly  another  400  references  which  I  did  not  cite  (or  read)  and  I  missed 
others.  Since  then,  the  number  of  publications  has  increased  consider¬ 
ably.  It  was  no  trouble  at  all  to  come  up  with  the  additional  130  refer¬ 
ences  (all  appearing  since  mid-1972)  cited  in  the  review  paper  (Ref.  2\ 
which  was  compiled  in  the  fall  of  1974.  If  Ref.  1  were  being  written 
today,  it  would  probably  need  a  50?  increase  in  the  number  of  citations, 
these  having  been  published  in  the  roughly  three-year  intervening  period. 

I  do  not  think  that  it  is  possible  for  anyone  to  keep  up  conscien¬ 
tiously  with  this  literature,  unless  perhaps  they  are  willing  to  make  it 
a  full  time  job  and  do  no  original  work  themselves.  Survey  papers  and 
meetings  such  as  this  present  conference,  therefore,  can  be  valuable  in 
the  cross-fertilizing  of  neighboring  fields,  e.g.,  advances  by  workers  in 
aerodynamics  and  plasma  physics  may  find  applications  in  ship  hydrodyna¬ 
mics. 

It  is  in  that  spirit  that  this  review  is  written.  The  citations  used 
here  are  far  from  complete,  and  the  entire  field  of  numerical  techniques 
has  not  been  covered.  Rather,  the  topics  have  been  selected  to  complement 
those  topics  covered  in  other  papers  at  this  conference,  as  judged  from 
the  preliminary  program.  To  my  knowledge,  these  numerical  techniques 
have  had  little  or  no  application  as  yet  to  the  challenging  field  of  ship 
hydrodynamics. 


Comprehensive  Publications 


Refs.  3-16  are  comprehensive  publications  in  computational  fluid 
dynamics  which  have  appeared  since  mid-1972.  Of  these.  Refs.  3-7  are 
each  the  work  of  one  or  two  authors,  and  Refs.  8-16  are  proceedings  from 
specialists  meetings,  like  this  one.  I  will  offer  some  personal  opinions 
on  these  latter  published  proceedings. 


There  is  a  growing  trend  towards  rather  uncritical  publication  in 
book  form  of  the  proceedings  of  specialists  meetings.  Contributed  papers 
for  these  meetings  are  accepted  usually  on  the  basis  of  an  abstract  or 
extended  sunnary,  sometimes  of  unfinished  work.  The  people  who  accept 
the  papers  are  not  selected  by  an  editorial  board  of  an  established 
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archive  journal  (except  perhaps  for  Refs.  9  and  10).  The  acceptance  pro¬ 
cedure  does  not  Involve  any  Iterations,  i.e.,  the  abstract  Is  read  and 
either  accepted  or  rejected,  without  the  stately  point-counterpoint  of 
author  submittal,  referee  criticism,  author  rebuttal,  etc.,  etc.,  which 
often  precedes  publication  In  an  archive  journal.  The  invited  papers  are 
"accepted"  by  the  organizing  committee  just  on  the  basis  of  the  author's 
past  work,  often  before  even  a  title  Is  agreed  upon.  For  both  contributed 
and  invited  papers,  the  published  work  is  sometimes  frankly  acknowledged 
to  be  Incomplete. 

It  therefore  is  very  interesting  to  me  in  my  experience  with  these 
published  proceedings,  that  (1)  the  usefulness  of  these  papers,  on  the 
average,  equals  or  surpasses  that  of  papers  in  refereed  archive  journals, 
(2)  the  papers  usually  are  more  timely  than  journal  papers,  and  (3)  the 
usefulness  of  the  contributed  papers  as  a  whole  surpasses  that  of  the 
invited  papers. 

The  disadvantage  of  this  trend  is  that  no  vehicle  exists  for  the  pub¬ 
lication  of  criticism.  This  disadvantage  is  partially  offset  by  the  free 
exchange  of  healthy  criticism  and  skepticism  at  the  meetings  themselves, 
all  the  more  so  when  the  discussion  sessions  are  also  published  in  the 
proceedings,  as  in  Refs.  14  and  15.  This  disadvantage  is  further  minimi¬ 
zed  by  the  clearly  discernible  trend  away  from  published  criticism  or  com¬ 
ments  in  the  archive  journals.  However,  it  is  still  a  disadvantage. 

I  propose  to  professional  societies  like  the  AIAA  and  APS,  and  to 
the  editorial  staff  of  journals  such  as  the  Journal  of  Ship  Research  and 
the  Journal  of  Computational  Physics,  that  they  consider  the  advisability 
of  opening  their  journals  to  technical  conments  and  replies  on  papers 
which  did  not  appear  in  their  journals  but  which  have  been  published  and 
widely  distributed  in  proceedings  of  specialists  meetings. 

3.  Parabolic  Marching  Equations 

The  Parabolic  Marching  Equations  are  a  system  intermediate  to  the 
classical  Prandtl  (or  higher-order)  boundary  layer  equations  and  the  full 
Navier-Stokes  equations.  Davis  (Ref.  17)  used  this  concept  with  great 
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success  as  early  as  1968  in  the  calculation  of  the  hypersonic  viscous 
shock  layer.  One  of  the  original  contributions  for  incompressible  flows 
was  by  Patankar  and  Spalding  (Ref.  18)  who  solved  3D  flow  through  a  rec¬ 
tangular  channel.  The  flow  has  a  parabolic  or  initial-value  character 
in  the  z-direction  (primary  flow  direction)  but  an  elliptic  character  in 
the  x-y  plane.  There  is  no  difficulty  in  neglecting  the  streamwise  diffu¬ 
sion  terms  in  the  momenta  equations,  but  ellipticity  in  z  also  occurs  be¬ 
cause  of  the  pressure.  The  pressure  can  be  specified  as  P(z),  or  can  be 
iterated  to  allow  for  more  rapid  changes  in  channel  geometry.  Briley 
(Ref.  19)  solved  similar  problems,  but  with  some  important  differences  in 
the  detailed  calculations. 

Other  related  systems  are  the  viscous  shock-layer  equations  used  by 
Eaton  and  Larson  (Ref.  20)  for  symmetry-plane  calculations  of  the  blunt- 
body  shock-layer;  the  "boundary  region  equations"  or  "parabolized  Navier- 
Stokes  equations"  used  by  Lin  and  Rubin  (Ref.  21)  which  include  cross- 
flow  diffusion  and  streamwise  pressure  gradients;  and  the  "corner-layer 
equations"  used  by  Ghia  (Ref.  22)  and  others.  Other  references  to  earlier 
work  may  be  found  in  Ref.  1  (p.  306). 

The  parabolic  marching  equation  approach  appears  to  be  preferable  in 
some  respects  to  the  3D  boundary  layer  equations.  It  does  not  require 
separate  solutions  and  definitions  of  the  inviscid  and  viscous  flow  re¬ 
gions,  and  requires  no  search  for  the  "edge"  of  the  boundary  layer.  Also, 
large  separation  of  the  cross  flow  velocity  components  (e.g.,  swirling 
flow  in  a  duct)  can  be  acconmodated. 

4.  Semi -Discrete  Methods 

The  basic  idea  in  semi-discrete  (or  equivalently,  semi -analytic) 
treatment  of  partial  differential  equations  is  to  have  one  coordinate  con¬ 
tinuous,  at  least  formally.  The  problem  then  becomes  one  of  solving  a 
coupled  set  of  ordinary  difference  equations  along  the  remaining  coordin¬ 
ate  11ne(s);  hence,  the  name  "method  of  lines"  is  often  used.  In  the 
continuous  coordinate,  the  solution  may  be  expressed  as  a  power  series, 
as  in  the  work  of  Underwood  (Ref.  22).  Usually,  the  idea  is  to  apply  the 
efficient  and  robust  "canned"  numerical  solvers  for  ordinary  differential 


equations  to  the  "continuous"  coordinate.  Actually,  this  procedure 
yields  a  discretized  solution  in  this  "continuous"  coordinate  also,  but 
the  technique  appears  to  the  user  as  though  it  were  continuous,  with 
essentially  negligible  error  in  that  coordinate.  (For  example,  the  tech¬ 
nique  could  be  set  up  on  a  hybrid  digital-analog  computer  with  that 
coordinate  represented  by  continuous  real  time  on  the  analog  components.) 
Earlier  references  on  semi -analytical  methods  may  be  found  in  Ref.  1, 
pg.  312. 

Jones  et  al .  (Ref.  24)  have  reviewed  the  concepts  of  method  of  lines 
for  elliptic  equations,  and  have  presented  a  fourth-order  accurate  method 
of  lines  which  requires  only  the  relatively  simple  tri-diagonal  solutions. 
Madsen  and  Sincovec  (Ref.  25)  have  also  solved  elliptic  problems  by 
leaving  one  spatial  coordinate  "continuous";  a  disadvantage  is  that  the 
resulting  equations  are  "stiff"  (even  though  fully  discretized  equations 
for  the  same  problem  are  not)  and,  therefore,  are  demanding  on  the  o.d.e 
solver  used.  (However,  such  "stiff  equation  solvers"  are  indeed  avail¬ 
able;  probably  the  most  well-known  is  the  "Gear  package").  Oberkampf  and 
Goh  (Ref.  26)  have  used  the  method  of  lines  to  solve  time-dependent  prob¬ 
lems  by  leaving  the  time  coordinate  "continuous"  and  using  Runge-Kutta 
solvers  in  time.  This  procedure  does  not  introduce  stiffness  into  the 
equations.  They  found  the  4-th  order  Runge-Kutta  time  integration  to  be 
more  stable  than  2-nd  order.  They  treated  irregular  boundaries  by  a 
simple  mapping,  and  transformed  infinity  conditions  by  a  tanh  transforma¬ 
tion,  neither  of  which  adversely  affected  the  method  of  lines. 

5.  Vortex  Filament  Methods 

Vortex  filament  methods  (Refs.  27-37)  are  an  interesting  departure 
from  classical  finite-difference  and  finite-element  methods.  The  basic 
idea  is  that  the  grid-free  (Lagrangian)  positions  of  a  finite  number  of 
vortex  filaments  are  calculated,  with  their  subsequent  motions  being 
determined  by  free-stream  advection  and  the  mutual  induction  of  the 
various  vortex  filaments.  Some  authors  (Refs.  30,  31,  33)  have  included 
viscosity  in  an  approximate  way,  but  the  primary  development  has  been  for 
inviscid  vortical  flows.  Some  applications  to  date  include  aircraft 
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trailing  vortexes  and  other  vortex  ring  interactions  (Ref.  33),  finite- 
amplitude  Kelvin-Helmholtz  instability  (Ref.  36),  and  (of  particular 
interest  for  this  conference)  free-surface  flows  (Refs.  34,  35,  37). 

For  free-surface  calculations,  the  method  is  particularly  powerful 
when  the  only  vorticity  present  is  that  generated  at  the  free  surface. 

Since  the  free-surface  contains  the  only  active  elements  in  the  calcula¬ 
tion,  the  vortex  filament  formulation  of  the  problem  effectively  collapses 
a  computational  dimension  out  of  the  problem,  as  pointed  out  by  Thompson 
and  Meng  (Ref.  35).  That  is,  a  planar  flow  problem  which  ordinarily  would 
be  expressed  in  two  spatial  coordinates  (x,y)  becomes  a  one-d*mensional 
problem  with  vortex  filament  segments  spaced  along  the  free-surface  coor¬ 
dinate,  s. 

The  mutual  inductions  of  discrete  vortex  segments  are  essentially  cal¬ 
culated  by  the  Biot-Savart  Law,  or  Green's  integral.  When  the  non-zero 
vorticity  is  more  distributed,  as  in  viscous  flow  problems,  this  proce¬ 
dure  is  extremely  inefficient  (see  our  evaluation  of  the  efficiency  of  the 
Integro-Differential  system  for  viscous  flows  in  Ref.  2,  pp.  212-214). 

In  the  "vortex-in-cell"  method  of  Thomson  and  Meng  (Ref.  35)  flexibility 
in  this  formulation  is  allowed.  For  a  small  number  of  vortex  segments, 
a  Biot-Savart  evaluation  is  used.  ("Small"  is  here  judged  in  relation  to 
the  number  of  mesh  points  required  for  a  two-dimensional  discretization 
of  the  same  problem  by  more  conventional  methods.)  For  a  large  number  of 
vortex  segments,  a  Poisson  equation  for  stream  function  (with  the  vorti¬ 
city  of  the  distributed  vortex  segments  as  source  terms)  is  solved  effi¬ 
ciently  by  Fast  Fourier  Transform  techniques. 

6.  Higher  Order  Methods 

Some  papers  presented  at  this  conference  have  used  conventional 
higher-order  equations;  see  the  papers  in  these  Proceedings  by  Haussling 
and  Van  Eseltine  and  by  Ohring.  We  would  like  to  bring  attention  to 
certain  fourth-order  difference  schemes  called  "compact  schemes"  which 
have  recently  been  used  in  viscous  flow  calculations. 

Orszag  and  Israeli  (Ref.  5)  and  Hirsh  (Ref.  38)  have  credited  this 
scheme  to  Kreiss  and  refer  to  it  as  "compact  differencing,"  a  term  which 
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we  will  use  here.  But  according  to  Rubin  and  Khosla  (Ref.  39)  the  fol¬ 
lowing  methods  are  equivalent,  i.e.,  any  one  can  be  derived  from  any  other: 
Kreiss  compact,  Hermitian,  Pade' approximation,  Mehrstelleng,  and  Rubin 
and  Khosla's  own  4th-order  spline-on-spline.  We  will  follow  the  notation 
used  by  Hirsh  (Ref.  38). 

Consider  a  discrete  function  g^,  for  which  we  want  to  evaluate  an 
approximation  Fi  to  the  first  partial  derivative,  and  an  approximation  S- 
to  the  second  partial  derivative.  To  evaluate  F^,  we  first  evaluate  the 
usual  second-order  centered  difference  approximation  for  the  first  deri¬ 
vative  and  store  it  in  an  array  called  f^;  that  is, 

f  -  9i+l~9i-l 
Ti  '  2h 

where  h  is  the  mesh  spacing.  Then,  a  4-th  order  approximation  F.  is 
obtained  by  solving 


J(F,„*4F,  ■  f, 

Conventional  4-th  order  approximations  are  explicit  formulae  involving 
5  local  points  (i  and  its  neighbors  i ±1 ,  i±2).  The  compact  scheme  in¬ 
volves  only  three  points  (i  and  i±l)  in  the  formula,  but  the  formula  is 
implicit,  that  is,  non-local.  The  F^  are  solved  by  a  tridiagonal  solu¬ 
tion  of  the  above  equation,  so  that  values  of  F  at  all  i  are  dependent 
on  one  another,  and  thus  on  f^  and  g^,  globally  rather  than  locally.  (In 
this  global  dependence,  the  compact  scheme  is  like  spectral  and  pseudo- 
spectral  methods.  See  Refs.  4  and  5,  for  example.)  Also,  the  compact 
scheme  has  a  lower  coefficient  of  the  truncation  error  term  of  0(hH) 
than  does  the  conventional  4-th  order  method. 

In  a  similar  way,  the  second-order  approximation  to  the  second  deri¬ 
vative  is  calculated  explicitly  and  stored  in  s^;  that  is. 


Vr^Vgi-i 


Then  a  4-th  order  is  obtained  from  the  tri diagonal  solution  of 
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By  itself,  the  equation  for  the  's  would  require  a  boundary  condi¬ 
tion  on  the  first  derivative,  and  similarly  for  S^'s.  This  is  a  common 
difficulty  with  higher-order  methods.  However,  Hirsh  (Ref.  38)  has  shown 
that  the  boundary  values  for  the  coupled  system  can  be  obtained  to  4-th 
order  accuracy  by  using  the  second  diagonal  Pade  approxlmant, 

9i  '  gi+l  +  I  (Fi+F1+1*  +  T2  (Si'Si+l>  =  0 

This  equation  allows  the  coupled  system  for  F.  and  to  retain  both  its 
4-th  order  accuracy  and  Its  tri diagonal  form  right  up  to  the  boundary. 
This  form  is  thus  simpler  than  conventional  5-point  expressions,  as  well 
as  more  accurate. 

Hirsh  has  solved  two-dimensional  lew  Reynolds  number  viscous  steady 
flows  using  this  compact  scheme  applied  in  an  ADI  manner  (see  Ref.  1). 

For  roughly  the  same  accuracy,  the  compact  scheme  showed  a  savings  over  a 
second-order  scheme  of  a  factor  of  20  in  computer  time  and  a  factor  of 
3  in  storage.  The  boundary  conditions  on  vorticity  were  lagged,  as  is 
commonly  done  when  only  the  steady-state  solution  is  of  interest,  so  that 
temporal  accuracy  is  lost. 

The  spline-on-spline  formulation  of  Rubin  and  Khosla  (Ref.  39)  in¬ 
cludes  variable  mesh  spacing  h,  in  which  case  the  accuracy  of  F^  remains 
0(h4)  but  the  accuracy  of  deteriorates  to  0(hJ). 

7.  Coordinate  Transformations 

There  are  basically  three  approaches  of  general  applicability  which 
one  could  try  on  the  problem  of  treating  Irregular  boundaries  with  finite 
difference  methods,  rather  than  finite  element  methods.  The  first 
approach,  mentioned  in  all  older  books  on  numerical  methods,  is  to  use 
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partial-cell  equations  (non-centered  finite  differences)  at  nodes  adja¬ 
cent  to  boundaries.  These  equations  are  complicated,  and  become  very 
inaccurate  when  the  irregular  boundary  conies  too  close  to  a  grid  point. 
However,  this  approach  has  been  made  to  work  in  some  cases;  see  the  appli¬ 
cation  by  Carlson  to  transonic  flow  (Ref.  40)  and  the  paper  on  free  sur¬ 
face  waves  by  Salveson  and  von  Kerczek  in  these  Proceedings.  (It  appears 
that  this  approach  is  more  likely  to  succeed  for  inviscid  flows,  with 
which  these  papers  deal.) 

The  second  approach  of  general  applicability  is  to  write  finite  dif¬ 
ference  equations  over  an  irregular  mesh.  These  superficially  look  like 
finite  element  methods,  but  are  not;  see  Girault  (Ref.  41)  and  Section  11 
of  Ref.  2.  This  approach  is  used  in  the  YAQUI  code,  developed  at 
Los  Alamos  (Ref.  42),  which  has  the  powerful  capability  of  moving  the 
irregular  grid  in  a  self-adaptive  manner  to  follow  the  gradients  of  the 
developing  flow  solution.  In  fact,  this  flexible  code  allows  for  Eulerian 
or  Lagrangian  description  or  anything  in  between  -  that  is,  the  mesh 
points  can  be  given  an  arbitrary  velocity  relative  to  the  fluid.  It  has 
been  used  with  an  Eulerian  description  in  one  direction  and  a  Lagrangian 
description  in  another  direction.  A  3D  version  also  exists  (Ref.  43). 

In  another  paper  at  this  conference,  Boris  has  presented  his  work  with  a' 
self-adaptive  triangular  mesh  for  Lagrangian  calculations. 

The  third  approach  of  general  applicability,  which  appears  to  us  to 
be  the  most  accurate  approach,  is  to  transform  the  original  coordinates 
to  a  new  coordinate  system  in  which  the  problem  boundaries  align  conven¬ 
iently  with  the  transformed  coordinates.  Thi;>  subject  of  coordinate 
transformations  is  extremely  important,  because  it  provides  generality  to 
finite  difference  methods,  semi-analytic  methods,  and  spectral  and  pseudo- 
spectral  methods. 

When  only  one  coordinate  has  to  be  transformed,  the  approach  is  very 
easy.  The  transformation  can  be  determined  before  the  flow  calculation  by 
some  analytical  expression,  or  can  be  solved  numerically.  The  numerical 
transformation  Is  more  general,  and  can  be  made  self-adaptive  to  fit  the 
developing  solution.  One-dimensional  numerical  coordinate  transforma¬ 
tions  are  used  in  Refs.  44-46. 


617 


In  multidimensional  problems,  the  coordinate  transformation  can  be 
either  analytical  or  numerical,  and  either  orthogonal  or  non-orthogonal . 
Mehta  and  Lavan  (Ref.  47)  used  an  analytical  and  orthogonal  Joukowski 
transformation.  They  calculated  viscous  stall  and  transients  of  airfoils, 
using  Arakawa's  method  for  advection  terms  and  the  DuFort-Frankel  method 
for  viscous  terms.  (Examples  of  their  calculations  and  their  grid  can 
also  be  found  in  Ref.  2.) 

Non-orthogonal  transformations  complicate  the  form  of  the  flow  equa¬ 
tions,  Introducing  cross-derivatives,  but  they  do  not  affect  the  band¬ 
width  of  the  equation  matrix  nor  do  they  change  the  character  of  the 
equations.  Some  non-orthogonal  transformations  appropriate  for  particu¬ 
lar  problems  are  discussed  in  Section  VI-B  of  Ref.  1  and  Sections  3B,  3C, 
3D  of  Ref.  2. 

Thompson  et  al .  (Ref.  48)  have  developed  a  very  general  technique 
for  numerically  solving  a  non-orthogonal  transformation.  Unlike  orthogon¬ 
al  transformations  (defined  either  analytically  or  numerically)  this  non- 
orthogonal  transformation  allows  an  arbitrary  spacing  of  the  body-fitted 
coordinate  lines  around  the  body.  The  (x,y)  coordinates  are  transformed 
to  (5,n)  as  shown  in  Figure  1.  The  entire  body  contour  C3  transforms  to 
C'  at  a  constant  value  of  n.  Likewise,  the  entire  outer  flow  boundary 

i 

C3  transforms  to  at  n=0.  The  cutting  line  between  Ci  and  C3  trans¬ 
forms  to  C'  and  C'  at  constant  5  values.  Periodic  boundary  conditions 

2  4 

apply  on  C'  and  C',  while  the  flow  boundary  conditions  (transformed)  apply 

2  4 

along  CJ  and  C'.  (For  further  flexibility,  the  corners  of  the  transformed 
coordinate  plane  can  be  arbitrarily  positioned  in  the  physical  plane,  in 
which  case  the  periodic  boundary  conditions  might  apply  only  on  portions 
of  Cj  and  C^.)  All  calculations,  including  the  transformation  solution, 
are  done  on  the  regular  rectangular  mesh  in  (£»n)*  The  transformation 
£(x,y),  n(x,y)  is  determined  by  solving  the  following  non-linear  equations 
by  iterative  methods. 
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axrr  -  28x.  +  yx  =  0 
££  £n  nn 


(xy_.  -  28y^  +  yy  =  0 
^££  J£n  ,Jnn 


where 


a  =  xn  +  yn 


6  =  Vn  +  y£yn 


Y  *  *1*  y\ 


Figure  1.  Field  Transformation  for  a 
Single  Body,  using  the  Numerical 
Nonorthogonal  Coordinate  Transformation 
of  Thompson  et  al.  (1974). 


The  information  on  the  boundary  location  gets  into  the  (£,n)  coordinates 
as  boundary  values  of  x(£,n)  and  y(£,n).  We  repeat:  all  calculations 
are  performed  in  the  regular  (£,n)  mesh;  partial-cell  differencing  is 
never  required.  The  transformation  also  allows  the  boundary  position  to 
be  time-dependent. 

Thompson  et  al.  (Ref.  48)  present  •their  calculation  of  potential 
flow  around  an  airfoil  which  agrees  very  closely  with  the  analytical  solu¬ 
tion.  To  demonstrate  the  generality,  they  also  calculate  a  coordinate 
system  for  a  (two-dimensional)  rock,  and  potential  flow  over  the  rock. 

(Some  of  these  results  are  also  presented  In  Ref.  2.)  Finally,  they  pre¬ 
sent  examples  of  multiple  body  calculations,  and  state  that  the  concept 
can  be  extended  to  30.  Other  methods  of  numerically  generating  both 
orthogonal  and  nonorthogonal  coordinate  systems  have  been  published,  and 
all  are  useful,  but  the  method  of  Thompson  et  al.  is  an  improvement  in 
that  no  folding  of  the  transformed  coordinates  can  occur.  They  also  pre¬ 
sent  some  initial  attempts  at  a  self-adaptive  2D  coordinate  transformation. 
Of  course,  such  coordinate  transformations  alone  will  not  remove  the 
multi-valued  vorticity  singularities  at  sharp  corners  on  the  body;  if 


\ 


\ 


t 

l 

l 


I 


i 


( 


< 


619 


locally  accurate  solutions  are  required,  local  treatment  of  the  singulari¬ 
ties  is  still  required. 

In  Ref.  49,  Thompson  et  al.  have  presented  their  initial  applications 
of  this  body-fitted  coordinate  system  to  the  problem  of  a  viscous  non¬ 
linear  water  wave  generated  by  a  submerged  hydrofoil. 

A  fourth  method  for  treating  a  specific  irregular  boundary  occuring 
in  a  steady  free-surface  problem  is  to  transform  the  dependent  variable 
(see  next  section  of  this  paper).  Although  not  as  generally  applicable 
as  the  first  three  approaches  noted  here,  this  is  also  a  viable  approach 
for  an  important  class  of  problems. 

Still  another  approach  is,  of  course,  the  finite  element  method  (or 
perhaps  "methodology").  This  approach  is  well  represented  by  other  papers 
in  these  Proceedings.  I  will  not  repeat  here  my  criticisms  of  previous 
publications  of  finite  element  solutions  of  problems  in  fluid  dynamics 
(see  Ref.  2,  pp.  230-236).  Suffice  it  to  say  that  my  remarks  therein  were 
not  so  much  criticisms  of  finite  element  methods  per  se  as  they  were  cri¬ 
ticisms  of  the  papers,  with  (what  seemed  to  me)  their  often  exaggerated 
and  often  unfounded  claims  of  superiority. 

I  am  not  competent  to  claim  some  sweeping  advantage  of  one  approach 
over  the  other,  especially  since  eminent  mathematicians  disagree  on  the 
very  definition  of  a  finite  element  method.  Leaving  the  final  comparison 
of  the  finite-difference  and  finite-element  methods  to  braver  souls,  I 
will  point  out  that  the  above  examples,  of  four  distinct  and  successful 
methods  of  treating  irregular  boundaries  by  finite  difference  methods, 
do  indicate  that  statements  on  the  necessity  of  the  finite  element  ap¬ 
proach  for  such  problems  are  clearly  in  error. 

8.  Semi -Direct  Methods 

When  only  a  steady-state  solution  (possibly  In  a  moving  coordinate 
system)  is  of  interest,  the  time  derivatives  can  be  set  to  zero  in  the 
flow  equations.  However,  when  conventional  Iterative  methods  are  then 
used  to  solve  these  steady-state  equations,  comparatively  little  gain  is 
realized  over  using  the  actual  time  dependent  equations,  as  noted  in 
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Ref.  1.  However,  semi-direct  methods  which  make  use  of  fast  direct  sol¬ 
vers  for  linear  equations  can  offer  a  very  considerable  advantage  over 
time-like  methods  for  steady-state  problems. 

In  Refs.  50-53,  we  have  presented  four  semi -direct  methods  for 
solving  the  steady-state  Navier-Stokes  equations  In  finite-difference 
forms.  (The  descriptive  term  "semi -direct"  has  been  coined  by  Martin  and 
Lomax  and  we  adopt  it  here  in  preference  to  the  term  "steady-state  methods" 
which  we  have  used  previously.)  These  methods  are  nonconventional,  being 
neither  time-dependent  nor  even  time-like  in  their  iterations.  They  are 
based  on  recent  advances  in  solving  linear  equations  by  direct  (non¬ 
iterative)  methods. 

The  NOS  method*  for  th«;  vorticlty  transport  equation  is  defined  as 
V2ek  -  Rev  •  (^"V)  =  0 

The  usual  second-order  centered  differences  are  used  throughout.  The  non¬ 
linear  velocities  are  lagged  in  the  iteration,  and  the  boundary  values  of 
?  are  under-relaxed  by  a  factor  r,  in  the  usual  way.  This  method  requires 
a  direct  method  for  second-order  linear  equations  which  is  general,  i.e., 
it  allows  first-order  terms.  (See  the  EVP  method,*  pp.  124-131  of  Ref.  1.) 
The  LAD  method*  is  defined  by 

V2ck  =  Rev  '  (7k'1ck_1) 

This  method  requires  only  the  more  generally  available  fast  Poisson  sol¬ 
vers.  The  NOS  method  converges  much  faster  than  LAD  for  flow-through 
problems  typified  by  the  developing  channel-flow  problem,  but  it  unfor¬ 
tunately  requires  the  reinitialization  of  the  linear  solver  at  each 
iteration,  which  is  time-consuming. 

The  Split  NOS  method  combines  some  virtues  of  both  the  LAD  and  NOS 
methods.  Defining  the  initial  guess  at  the  velocity  field  as  we  write 
the  total  velocity  V  as  $  =  V®  +  V' .  Then  the  Split  NOS  method  is 


*N0S  refers  to  the  numerical  Oseen  method,  EVP  to  the  error  vector 
propagation  method,  and  LAD  to  the  Laplacian  driver  method. 
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V2ek  -  ReV  -  (tf°ek)  =  Rev  *  (7,k_1ck‘1) 

The  linear  operator  need  not  be  reinitialized  at  each  iterative  step,  yet 
it  has  some  of  the  advection  information.  The  performance  is  equal  to 
the  NOS  method  at  low  Re,  and  is  actually  an  improvement  at  high  Re.  The 
problem  of  developing  channel  flow  was  computed  in  as  few  as  11  iterations, 
each  of  which  requires  computer  time  comparable  to  a  single  time-step 
using  an  explicit  method. 

For  this  Split  NOS  method,  the  linear  solver  must  be  reinitialized 
only  when  Re  is  changed.  It  is  also  possible  to  improve  the  guess  on 
by  reinitializing  the  linear  solver,  once  or  periodically;  if  done  at 
each  iteration,  the  Split  NOS  reverts  to  the  simple  NOS. 

For  recirculating  flows  as  typified  by  the  driven  cavity  problem,  the 
convergence  rates  of  the  LAD,  NOS  and  Split  NOS  are  approximately  the 
same;  they  are  better  than  representative  time-dependent  methods,  but  are 
not  as  good  as  anticipated.  Numerical  experiments  have  demonstrated  that 
the  lagging  boundary  values  of  vorticity  were  responsible  for  this  less- 
than-anticlpated  performance. 

This  difficulty  is  overcome  by  the  bi harmonic-driver  method,  or  BID 
method.  Combining  the  vorticity  transport  and  Poisson  equations  gives 

^  (V2<|/)  =  -ReV  •  +  V2(VZ<|>) 

The  BID  method  is  then  defined  as 

V4i|>k  =  ReV  ■  (7k_1V24)k_1) 

This  method  uses  a  second-order  13-point  bi harmonic  operator  at  interior 
points.  Near  the  moving  "lid”  of  the  cavity,  an  additional  term  con¬ 
taining  the  lid  speed  appears  only  in  the  right  member  of  the  above  equa¬ 
tion. 
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Since  the  steady-state  boundary  conditions  on  i|i  are  known  and  need 
not  be  Iterated  (or  under- relaxed),  the  BID  method  converges  rapidly. 
Unequivocal  convergence  Is  obtained  In  8  Iterations  at  Re  =  20,  and  6 
Iterations  at  Re  =  10,  for  mesh  sizes  from  A  =  1/10  to  1/100.  The  steady- 
state  solution  for  Re  =  0  is  attained  at  the  first  iteration  (although 
a  second  iteration  is  required  to  mechanically  verify  the  convergence 
criterion),  demonstrating  clearly  that  the  method  is  not  at  all  time-like. 

The  fourth-order  method  analogous  to  the  (simple)  NOS  method  would 
be  the  F0D  (fourth-order  driver)  method 

vV‘+1  -  Re7  •  (7kvV+1)  *  o 

Similarly,  a  method  analogous  to  Split  NOS  would  be  the  Split  F0D  method 

V‘>k+1  -  ReV  •  (tf°vV+1 )  *  ReV  *  (^'  kv2<pk) 

By  analogy  with  the  results  for  the  LAD  and  NOS  methods,  we  infer  that 
these  methods  would  probably  converge  in  fewer  iterations  than  BID,  and 
would  probably  accomplish  the  high  Re  iterative  convergence  for  flow¬ 
through  problems.  We  hope  to  test  these  methods  in  the  future. 

The  Split  NOS  approach  appears  to  be  adaptable  to  3D,  to  the  primi¬ 
tive  (u-v-P)  equations,  to  higher-order  finite  difference  expressions, 
and  also  to  compressible  subsonic  flows. 

Morihara  and  Cheng  (Ref.  54)  have  presented  another  semi -direct 
method  for  solving  the  steady-state  Navler-Stokes  equations.  They  use  a 
form  of  the  Navler-Stokes  equations  in  which  pressure  has  been  eliminated 
and  the  velocity  terms  appear  up  to  third-order  partial  derivatives.  The 
iterative  convergence  is  aided  by  a  quasilinearization  treatment  of  the 
advective  terms.  A  discussion  of  this  method  is  given  in  Ref.  2,  pp  209- 
210,  and  some  suggestions  are  given  for  combining  the  best  features  of 
their  method  and  the  Split  NOS  method.  Also,  Martin  and  Lomax  (Ref.  55) 
have  used  the  same  concept  for  the  solution  of  nonlinear  inviscid 
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aerodynamics  problems.  Additional  references  to  their  work  can  be  found 
in  Refs.  2  and  6. 


A  possible  application  to  an  Invlscld  problem  of  naval  Interest  is 
the  steady  (translating)  water  wave  problem  with  a  nonlinear  free  surface 
boundary  condition.  Dalrymple  (Ref.  56)  has  used  the  Dubreil-Jacotin 
transformation  to  change  the  independent  variables,  going  from  stream 
function  \i/(x,y )  to  y(i(>,x).  The  transformed  interior  equation  is 

y^xx  -  2Wx*  +  (1  +  yx)yw  =  -y*  f<*> 

Although  this  transformed  equation  is  nonlinear  and  contains  cross¬ 
derivatives,  the  boundary  position  in  (ty.x)  is  known  and  is  even  rectan¬ 
gular.  This  problem,  including  the  nonlinear  boundary  condition,  would 
be  amenable  to  a  semi-direct  solution  using  the  EVP  linear  equation 
solver  previously  mentioned. 

In  the  near  future,  we  hope  to  apply  semi-direct  methods  to  a  vis¬ 
cous  problem  of  naval  interest,  that  of  the  rapid  design  calculation  of 
3D  turbulent  flows  in  flush  inlets,  with  possible  strong  separation. 

9.  Pseudo-Spectral  Methods  for  Nonperiodic  Problems 

Spectral  and  pseudo-spectral  methods  for  fluid  dynamics  have  been 
pioneered  by  S.  A.  Orszag.  The  article  by  Orszag  and  Israeli  (Ref.  5) 
provides  references  and  an  introduction  to  the  subject.  For  periodic 
problems,  the  spatial  derivatives  are  evaluated  from  the  Discrete  Fourier 
Transform  using  the  well-known  FFT  (Fast  Fourier  Transform)  algorithm. 

The  pseudo-spectral  methods  are  more  general  and  simpler  than  the  spec¬ 
tral  methods  for  the  variable  coefficient  problems  of  interest  here. 

The  use  of  FFT  over  N  node  points  corresponds  to  using  N-th  order 
trigonometric  Interpolation  to  evaluate  derivatives.  This  procedure  is 
of  "infinite  order"  (Ref.  5)  in  the  sense  that  it  may  be  shown  to  con¬ 
verge  (ultimately)  faster  than  any  finite-order  finite  difference  expres¬ 
sion  when  all  derivatives  are  continuous.  However,  the  FFT  is  limited 
to  periodic  (and  similar)  boundary  conditions.  For  viscous  problems 
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with  no-slip  walls,  the  boundary  conditions  are  not  so  simple.  Orszag 
uses  Tchebychef  polynomials  (instead  of  the  trigonometric  polynomials  of 
FFT)  and  fast  transform  techniques  similar  to  FFT  as  the  basis  of  the 
orthogonal  expansion  for  these  problems.  Different  problems  in  different 
coordinate  systems  require  that  new  orthogonal  expansions  be  found,  and 
this  is  not  a  trivial  task  in  general. 

In  order  to  use  only  the  simpler  FFT  and  still  use  pseudo-spectral 
methods  for  nonperiodic  problems,  some  computational  artifice  must  be  used. 
For  the  computation  of  a  pulse  propagation  in  Burger's  equation,  with  the 
pulse  extending  over  0<x<Di,  Gazdag  (Ref.  57)  added  an  artificial  data 
set  over  -D^x^O.  This  data  set  over  DQ  is  chosen  so  as  to  give  contin¬ 
uous  functions  and  derivatives  when  the  total  function  is  extended 
periodically  with  period  D  =  DQ  +  D-| .  Then  the  FFT  is  applied  over  D, 
but  the  results  for  spatial  derivatives  are  computed  only  over  D,.  Addi¬ 
tional  computational  time  is  required  for  the  FFT  to  apply  over  D„  +  D1 , 
and  the  form  of  the  data  added  in  0Q  is  appropriate  only  for  the  particu¬ 
lar  problem. 

As  a  more  general  artifice  that  involves  no  penalty  of  additional 
FFT  time,  we  have  developed  the  following  technique  which  we  call  "reduc¬ 
tion  to  periodicity.”  Consider  an  arbitrary  distribution  of  the  indepen¬ 
dent  variable  fi  at  some  time.  The  fj  -distribution  is  decomposed,  in 
one  direction  at  a  time,  into  the  sum  of  a  polynomial  g  and  a  residual 
function  f2.  The  n-th  order  polynomial  is  chosen  so  that  the  residual 
function,  when  extended  as  a  periodic  function  of  period  Dj,  is  continuous 
In  the  n-th  derivatives  at  the  boundaries.  The  FFT  is  applied  only  to 
the  residual  function  f2  to  obtain  its  derivatives,  while  the  derivatives 
of  the  polynomial  function  g  are  obtained  analytically. 

For  example,  the  derivatives  of  the  original  (total) function  f-|  (x) 
at  the  boundaries  can  be  evaluated  by  one-sided  difference  formulas, 
applied  successively  for  higher-order  derivatives.  Then  the  reducing 
polynomial  g(x)  Is  solved  so  as  to  match  these  derivatives  in  the  residual 
function  f 2 (x)  at  the  left  and  right  boundaries  (x«0  and  x*l)  as  follows. 
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fa(x)  =  f ! (x>  -  g(x) 
g{x)  =  ax  +  bx2  +  cx3  +  ...  +  fi(o) 
Let  D°  =  f(l)  -  f(o) 

O1  =  r(l)  -  f'(o), 

02  =  f"(l)  -  f"(o), 
etc. 

Then,  for  g  a  quintic. 


a  =  0°-b-c-d-e 


The  value  of  the  derivatives  Dn  at  the  boundaries  must  either  be  given  o'- 
must  be  evaluated  by  one-sided  finite  difference  methods.  F^en  when  fin¬ 
ite  differences  are  used  to  evaluate  derivatives  at  the  boundaries,  we 
have  Introduced  no  discretization  error  at  this  point.  The  decomposition 
Is  exact,  even  for  arbitrary  values  of  a,  b,  c,  etc.,  since  these  only 
serve  to  define  g(x).  But  If  values  are  good,  then  f2(x)  will  appear  to 
the  discrete  FFT  to  be  continuous  with  continuous  n-th  derivatives  at  the 
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quasi-periodic  boundaries.  Even  with  g(x)  =  0,  the  process  is  convergent, 
but  the  discontinuities  in  fi(x)  and  its  derivatives,  when  extended  per¬ 
iodically,  give  rise  to  a  "ringing"  or  Gibbs  phenomena  in  the  FFT  repre¬ 
sentation  which  slows  the  convergence.  The  only  purpose  of  the  polynomial 
evaluation  is  to  reduce  the  "ringing"  in  the  FFT  representation  of  f2(x). 
Although  the  convergence  rate  may  ultimately  (i.e.,  as  Ax->o)  be  limited 
by  the  truncation  order  of  the  finite  difference  method  used  to  evaluate 
g(x),  for  a  practical  range  (up  to  Ax=l/128)  it  is  not.  The  order  of  the 
reducing  polynomial  is  important,  however. 

From  tests  on  nonperiodic  trigonometric  and  algebraic  test  functions 
and  on  the  solution  for  Burgers  equation,  we  have  found  that  n=3  (i.e., 
g  a  cubic  polynomial)  is  required  to  give  acceptable  results  in  the  eval¬ 
uation  of  f | (x )  and  n=5  is  required  for  f','(x).  Using  only  0(Ax2)  methods 
for  Dn  and  n=5,  the  maximum  error  (which  occurs  near  boundaries)  in  the 
evaluation  of  fj(x)  is  between  those  of  conventional  0(Ax4)  and  0(Axs) 
finite  difference  methods,  and  the  maximum  error  for  f"(x)  is  between 
those  of  0(Ax2)  and  0(Ax1*)  methods.  (This  ranking  applies  for  Ax=l/128; 
for  larger  Ax,  the  present  technique  gives  more  favorable  comparisons.) 
However,  when  the  exact  values  of  Dn  are  used,  this  reduction-to- 
periodicity  technique  gives  a  maximum  error  better  than  that  of  0(Ax6) 
methods  for  f|(x),  and  a  maximum  error  between  those  of  0(Ax4)  and  0(Ax6) 
methods  for  f"(x).  Thus,  it  appears  that  it  will  be  advantageous  to  use 
higher  truncation-order  methods  for  Dn,  and  also  perhaps  higher  order 
polynomials  for  g,  although  it  is  expected  that  machine  round-off  error 
will  soon  limit  these. 

We  have  solved  time-dependent  problems  in  Burgers  equation  for  var¬ 
ious  Reynolds  numbers  using  this  technique.  We  used  the  3-level,  0(At2) 
Adams -Bashf or th  method  (Ref.  1)  as  suggested  by  Orszag  (Ref.  5)  and 
started  it  with  a  two-level,  0(At2)  iterative  approximation  to  a  Crank- 
Nicholson  method.  The  spatial  and  temporal  accuracies  were  roughly  equi¬ 
valent  to  Gazdag's  results  (Ref.  57).  The  present  technique  appears  to 
be  more  generally  applicable  and  to  have  a  substantially  lower  operation 
count  compared  to  Gazdag's  artifice  and  time  differencing.  However,  we 
gladly  acknowledge  that  Gazdag's  work  was  the  first  to  demonstrate  that 
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pseudo-spectral  FFT  methods  could  be  adapted  to  non-periodic  problems, 
and  in  fact  provided  the  motivation  for  this  present  work. 


High  Reynolds  Nunber  Calculations 


The  problem  of  obtaining  accurate  computations  of  the  Navier-Stokes 
equations  at  high  Re  is  a  perplexing  computational  problem.  The  diffi¬ 
culties  which  we  will  discuss  (in  only  a  cursory  manner)  are  purely 
computational,  having  nothing  to  do  with  turbulence  modeling  or  transition 
physics. 


Consider  the  one-dimensional  model  equation. 


=  -u  Re  Ik  +  ili  (*) 

3t  3x  3x*  v  ' 

The  first  problem  that  arises  for  Re»l  is  that  second-order  differences 
do  not  yield  a  "balanced"  method.  If  second-order  difference  methods  are 
used  for  both  first  and  second  derivatives  in  Eqn.  (*),  then  the  trunca¬ 
tion  error  from  the  advection  term  is  0(uReAx2),  while  the  truncation 
error  from  the  diffusion  term  is  0(Ax2).  For  Re  sufficiently  large,  for 
u=0(l),  and  for  achievable  Ax,  the  truncation  error  of  0(uReAx2)  will  be 
greater  than  the  entire  diffusion  term,  so  that  the  actual  contribution 
of  the  (viscous)  diffusion  term  is  lost  in  the  truncation  error  of  the 
advection  term.  In  multidimensional  flow  problems,  accurate  solutions 
can  still  be  obtained  in  certain  cases,  for  example,  boundary  layer  flows. 
In  the  streamwise  direction,  the  diffusion  term  does  not  appreciably 
affect  the  solution;  in  the  transverse  direction,  diffusion  is  important 
but  the  transverse  velocity,  corresponding  to  u  in  the  one-dimensional 
model  equation,  is  small  so  that  the  truncation  error  of  the  advection 
term  can  still  be  acceptable,  i.e.,  uReAx2  <  0(1).  In  some  instances, 
even  more  complicated  flow  fields  can  be  calculated  with  sufficient  accu¬ 
racy,  as  further  discussed  in  Ref.  1,  pp.  64-73,  161-165,  364-365,  but 
generally,  we  cannot  a  priori  have  confidence  in  the  solutions  for  high 
Re.  One  plausible  criterion  to  use  is  that  the  method  be  "balanced"  in 
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truncation  error,  with  the  size  of  the  truncation  error  from  the  advec- 
tion  term  being  approximately  equal  to  that  from  the  diffusion  term.  To 
achieve  this,  one  can  use  high-order  methods  for  the  advection  term.  For 
Ax  =  1/100,  it  may  readily  be  verified  that  an  OfAx1*)  method  indicates 
balance  up  to  Re  =  104,  and  an  0(Ax6)  method  indicates  balance  up  to  Re  * 
10®.  Practically,  the  Re  may  even  go  higher,  since  the  u-coefficients 
will  be  <1  near  the  separation  and  reattachment  points  where  the  full 
Navier-Stokes  equations  are  important.  Similar  considerations  should  be 
given  to  the  evaluation  of  the  nonlinear  advection  coefficients  and  the 
boundary  conditions. 

The  second  problem  that  arises  for  Re»l  is  that  the  discretized 
solution  using  centered  differences  can  be  oscillatory.  Figure  2  is  a 
reproduction  of  Figure  3-27,  pg.  164  of  Ref.  1.  Part  (a)  shows  continuous 
steady-state  solutions  to  Eqn.  (*)  for  various  constant  values  of  u  and 
a  =  1/Re.  Part  (b)  shows  discrete  solutions  using  0(Ax2)  centered  dif¬ 
ferences  for  parameters  up  to  the  condition  Rc  =  2,  where  Rc  is  the  cell 
Re,  defined  as  Rc  =  uReAx.  It  is  the  local  Reynolds  number  based  on  ax 
as  a  characteristic  length.  For  Rc  <^2,  the  discrete  solutions  are  at 
least  qualitatively  similar  to  the  continuum  solutions  of  part  (a). 

Part  (c)  shows  the  solutions  for  Rc  >  2.  Unlike  the  continuum  solutions, 
these  discrete  solutions  are  oscillatory  and  even  violate  the  boundedness 
restriction,  i.e.,  ?(10)  <  0. 

These  oscillatory  solutions  are  not  the  result  of  any  temporal  insta¬ 
bility  (they  are  obtained  by  a  non-iterative  tridiagonal  solution) 
although  they  can  manifest  themselves  as  temporal  oscillations  in  a  multi¬ 
dimensional  problem.  Neither  are  they  the  result  of  nonlinearities. 

They  simply  are  the  exact,  steady-state,  0(Ax2)  finite  difference  solu¬ 
tion  to  Eqn.  (*)  with  linear,  constant  coefficients. 

For  a  discussion  of  this  phenomenon,  and  how  it  may  be  alleviated  by 
outflow  boundary  conditions  and/or  the  use  of  upwind  differences,  see 
Ref.  1,  pp.  161-165.  Suffice  it  to  say  at  this  point  that  the  oscilla¬ 
tions  can  be  cured  by  the  use  of  0(Ax)  upwind  differences,  but  at  the 
expense  of  the  aggravation  of  the  first  problem  of  high  Re  flows,  i.e.. 


(a)  continuum  solutions 


(b)  finite  difference  solutions  for  Rc  <,  2 


(c)  finite  difference  solutions  for  lt  >  ! 


Figure  2.  Continuum  and  Finite  Difference  Solutions 
to  the  Steady-State  Linear  Model  Advectlon- 
Dlffuslon  Equation:  0  =  -u(3c/3x)  + 
a(32£/3x2),  e(0)  *  0,  ?(1)  '  I,  Constant  u. 
Centered  Differences,  ax  =  1/10.  The  cell 
Reynolds  number  R  =  uAx/a.(Ref.  1,  pg.  164) 
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obtaining  a  "balanced"  method.  The  utility  of  the  upwind  difference 
method  here  might  be  interpreted  as  due  to  its  directionality,  which 
models  the  directionality  of  the  continuum  advection  term,  in  contrast  to 
the  0(Ax2)  centered  differences  which  do  not  preserve  the  unidirectional 
flow  of  information  (see  Ref.  1,  pp.  64-74).  It  might  also  be  interpreted 
simply  as  a  manifestation  of  the  artificial  viscosity  of  the  upwind  dif¬ 
ference  method,  which  artificially  thickens  the  boundary  region  near  the 
right  boundary  so  that  the  last  interior  node  is  inside  the  boundary  re¬ 
gion.  However,  for  this  simple  model  problem,  a  second-order  accurate 
upwind  difference  scheme  (Ref.  58)  will  eliminate  the  wiggles.  It  is  not 
clear  that  it  will  eliminate  them  for  more  general  problems;  Atias  et  al . 
(Ref.  59)  have  recently  applied  it  to  2D  viscous  problems  and  have  pointed 
out  that  it  is  non-conservative.  Other  devices  are  available  to  achieve 
monotonicity;  see  the  paper  by  Rubin  and  Khosla  (Ref.  60)  and  the  FCT 
algorithm  of  Boris  (Ref.  61).  Although  the  development  of  the  FCT  algori¬ 
thm  was  motivated  primarily  by  the  quest  for  monotonicity  in  shock-smear¬ 
ing  methods,  it  is  also  applicable  to  viscous  problems. 

The  most  fundamental  aspect  of  the  high  Re  problem  is  the  Nyquist 
frequency  limitation.  It  is  fundamental  to  information  theory  that 
the  highest-frequency  component  which  can  be  represented  by  discrete 
sampling  is  that  with  wavelength  \  =  2Ax.  When  a  traveling  wave  in 
the  Burgers  equations  is  solved  numerically,  the  following  becomes 
evident.  At  a  cell  Reynolds  number  Rc  =  2,  the  numerical  solution  (if  it 
is  free  of  artificial  viscosity)  becomes  a  three-point  ramp  function. 

That  is,  the  width  of  the  wave  becomes  equal  to  2Ax,  with  one  node  point 
precisely  in  the  middle  of  the  wave.  The  continuum  wave  structure  (a 
tanh  function)  is  then  minimally  represented  by  a  single  Fourier  com¬ 
ponent  at  the  Nyquist  frequency.  If  the  Re  is  further  increased,  the 
continuum  wave  width  further  decreases,  requiring  a  higher-frequency 
Fourier  component  even  for  a  minimal  qualitative  representation.  Since 
this  frequency  is  not  available  within  the  mesh  spacing  Ax,  oscillations 
develop  from  the  resulting  aliasing  error. 

If  we  use  a  flux-limiter  like  FCT,  or  some  other  device,  to  achieve 
monotonicity,  we  of  course  are  not  solving  for  the  wave  structure  itself. 
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In  shock  problems,  it  is  usually  the  case  that  the  global  solution  is 
not  sensitive  to  this  fine  structure  solution,  provided  that  conservation 
laws  prevail  in  the  discrete  representation  (see,  e.g..  Ref.  1,  pp.  28-33, 
Ch.  V,  and  pp.  230-232).  In  viscous  problems,  this  insensitivity  may  or 
may  not  be  the  case. 

Note  that  very  high  Re  solutions  are  attainable  for  certain  flows, 

notably  for  boundary- layer  flows,  even  though  these  may  be  solved  by  the 

full  Navier-Stokes  equations.  The  reason  is  that  the  viscous  shearing 

stress  is  not  the  term  that  causes  the  difficulties  discussed  here;  rather 

it  is  the  viscous  normal  stress.  Ordinarily  this  is  regarded  as  a  shock 

problem  (indeed  the  traveling  wave  solution  to  Burgers  equation  is  used 

as  a  prototype  of  shock  problems)  but  it  also  arises  in  purely  subsonic 

viscous  flows.  Thus,  for  a  boundary- layer  flow,  the  troublesome  cell 

Reynolds  numbers  is  not  Rc  =  uReAx,  but  rather  Rc  =  vReAy.  In  fact,  it 

x  y 

can  readily  be  seen  from  the  Blaslus  solution  that  this  computational 
difficulty  for  a  flat  plate  boundary  layer  is  no  problem,  provided,  of 
course,  that  Ay  is  scaled  with  the  boundary  layer  thickness  6 .  Even  one 
mesh  point  in  the  boundary  layer  will  assure  that  the  local  cell  Re  at 
that  point  gives  Rcy  <  2.  However,  a  blowing  wall  boundary  layer  can 
develop  Rey  >  2,  and  the  computational  difficulties  described  above  then 
occur  even  for  the  boundary  layer  equations. 

The  scaling  of  the  fine  structure  with  Re  is  not  always  linear,  as 
it  is  for  the  Burgers  equation.  It  is  problem-dependent,  and  different 
regions  of  the  flow  may  scale  differently  (see  the  paper  in  this  proceed¬ 
ings  by  Davis).  The  elementary  estimate  of  dissipation  rate  for  the 
Navier-Stokes  equations  indicates  E  =  0(1 /Re)  (Ref.  62,  pg.  239)  which 
would  imply  a  length  scaling  =1/Re  as  in  the  Burgers  equation.  Usually, 
the  scaling  for  Navier-Stokes  solutions  (see  Ref.  63,  Ch.  5)  is  not  as 
severe  as  this  1/Re  linear  scaling,  but  it  has  been  experimentally  ob¬ 
served  by  many  authors  that  the  condition  Rc  <  2  is  very  often  the  cor¬ 
rect  practical  limitation,  in  the  absence  of  artificial  viscosity.  On 
the  slightly  more  optimistic  side,  we  note  that  the  calculation  of  turbu¬ 
lent  flows  using  eddy  viscosity  methods  or  similar  concepts  has  an  easier 
computational  restriction  than  laminar  flows,  since  the  eddy  viscosity  is 
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always  much  greater  than  the  molecular  viscosity  and  the  corresponding 
turbulence  cell  Re  is  lower.  (This,  of  course,  says  nothing  about  the 
accuracy  of  these  models.)  Furthermore,  estimates  of  the  scaling  for  homo¬ 
genous  isotropic  turbulence  indicate  (Ref.  62,  pg.  240)  that  the  size  of 
viscous  regions  6  «  Re"3/4,  which  is  less  troublesome  than  the  linear 
scaling  used  here. 

The  question  is,  how  important  is  this  irresolvable  fine  structure 
to  the  global  solution?  The  answer  cannot  be  given  confidently,  and  con¬ 
siderable  disagreement  exists  over  the  practical  Reynolds  number  limita¬ 
tions  for  Navier-Stokes  solutions.  It  is  clear  that  the  answer  is  highly 
problem-dependent.  Certainly  for  attached  well-behaved  boundary  layers, 
it  is  not  a  big  problem,  as  we  have  already  seen.  Also,  flows  which 
approach  Re- independence  (e.g.,  flows  near  to  Couette  flow  or  Poiseuille 
flow)  will  obviously  not  be  a  problem.  Flows  with  massive  separation 
clearly  require  the  full  Navier-Stokes  equations  and  are  therefore  candi¬ 
dates  for  trouble;  yet  if  the  separation  point  is  strongly  determined  by 
the  geometry  (e.g.,  a  sharp-corner  backstep)  it  is  known  that  overall 
flow  properties  can  often  be  characterized  to  an  accuracy  sufficient  for 
some  engineering  applications.  The  structure  of  turbulence  becomes  finer 
as  Re  increases,  yet  Orszag  (e.g..  Ref.  5)  has  shown  that  the  tendency  for 
homogeneous  isotropic  turbulence  to  become  Re-independent  may  make  possi¬ 
ble  high  Re  calculations  for  this  case;  more  general  non-homogeneous 
turbulence  can  be  treated  with  sub-grid  modeling  (which  essentially 
builds  in  a  fine  structure  below  the  X  =  2Ax  component).  On  the  other 
hand,  if  the  fine  structure  is  globally  significant,  the  limit  of  Rc  =  2 
may  not  be  adequate  for  accuracy  using  second-order  methods;  it  may  suf¬ 
fice  for  spectral  methods  (since  the  X  =  2Ax  component  is  still  repre¬ 
sented  exactly)  but  the  rule-of-thumb  given  in  Ref.  5  states  that  about 
20  grid  points  per  wavelength  are  required  for  a  5 %  accuracy.  This  would 
indicate  a  very  restrictive  condition,  like  Rc  <  0.2,  to  accurately  re¬ 
solve  fine  structure  viscous  normal  stresses  with  0(ax2)  methods,  if  the 
size  of  the  viscous  regions  6  scales  as  1/Re  as  does  the  Burgers  solution. 
In  addition  to  the  effect  of  the  physical  problem  on  this  question,  com¬ 
putational  boundary  conditions  (particularly  at  outflow  boundaries)  are 
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also  known  to  have  a  strong  influence  (see  Ref.  1,  pp.  154-165,  364-365). 
Most  importantly,  the  coordinate  system  can  be  the  major  factor  in  suc¬ 
cess  or  failure  -  see  the  discussion  of  “optimal  coordinates"  given  by 
R.  T.  Davis  in  his  paper  in  these  Proceedings,  and  his  references  therein. 

Since  this  question  of  Re  limitations  on  accuracy  is  so  problem- 
dependent,  little  can  be  said  with  certainty.  I  tend  (now)  to  be  morn 
cautious  and  pessimistic  than  some  other  workers  in  this  area  when  ap¬ 
proaching  a  high  Re  problem,  yet  I  generally  feel  that  such  a  computation 
(even  using  first-order  methods,  if  necessary)  can  be  of  value  in  an 
engineering  problem,  provided  that  the  results  ar*  viewed  with  suspicion. 
(This  is  not  a  bad  attitude  to  have  with  experimental  or  analytical  re¬ 
sults,  either.) 

However,  this  discussion  does  lead  me  to  some  conclusions  about  com¬ 
puters.  For  a  particular  family  of  flow  problems,  assuming  conservatively 
that  6*1/Re,  we  may  require  from  experience  that  Rc  <  0(1)  for  qualitative 
representation  of  the  fine  structure,  or  perhaps  Rc  <  0.2  for  a  5%  accur¬ 
acy  of  the  fine  structure,  or  perhaps  Rc  <_  10  for  a  benign  problem  that 
is  not  globally  sensitive  to  the  fine  structure.  In  any  case,  we  have  a 
requirement  that  Rc  <  K,  which  implies  an  Re  limitation  that  is  linear 
with  1/Ax.  Suppose  that  we  have  an  adequately  accurate  solution  to  some 
flow  problem  at  Rej.  We  presume  that  the  mesh  spacing  in  all  directions 

is  just  fine  enough  to  give  our  desired  accuracy,  without  unnecessarily 

\ 

fine  resolution  in  any  direction.  Suppose  now  that  we  wish  to  raise  our 
Re  to  2Rei.  If  the  viscous  effects  are  confined  to  small  regions,  we  may 
accomplish  this  by  local  mesh  refinement,  but  if  not,  we  must  uniformly 
halve  the  mesh  spacing  in  each  direction  to  consistently  maintain  the 
same  limitation  on  Rc  <_  K.  To  maintain  consistent  accuracy  In  a  time- 
dependent  calculation,  we  must  also  halve  At  in  accordance  with  the  Cour- 
ant  number  restriction.  (We  are  not  concerned  here  with  stability,  but 
accuracy,  and  we  are  presuming  an  Intelligent  treatment  of  viscous  terms 
by  implicit  or  other  methods  which  remove  the  diffusion  stability  limi¬ 
tation  on  At.  Otherwise,  we  would  have  At* Ax 2 ,  which  would  add  another 
factor  of  2  to  the  table  below.)  Thus,  regardless  of  the  value  of  K  in 
the  limitation  Rc  <_  K,  we  can  calculate  the  Increase  in  computing  time 
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required  to  double  our  maximum  Re.  The  computer  time  per  time  step  is 
proportional  to  the  number  of  mesh  points,  which  has  doubled  in  each  dir¬ 
ection,  and  the  number  of  required  time  steps  to  reach  the  same  problem 
time  (either  a  transient  time  of  interest  or  the  approximation  of  a 
steady-state)  has  also  doubled.  For  semi-direct  methods,  the  number  of 
Iterations  required  to  reach  steady-state  does  not  change  with  Ax,  but 
may  change  with  Re;  this  possible  effect  is  not  included.  The  results 
are  presented  in  Table  1. 

Table  1 

Increase  In  Computing  Time  to  Double  (p=2)  Max 
Re  for  a  Cell  Reynolds  Nunber  Limitation  of  the  Form  RC<K 


Factor  of 
Computing  Time 

P2  = 

P3  = 

P3  = 

p*  = 

4 

8 

8 

16 

20, 

20, 

30, 

3D, 

semi -direct 

time-like 

semi -direct 

time-like 

Clearly,  the  computing  time  required  to  maintain  accuracy  is  a  strong 
function  of  Re.  Turning  it  around,  this  indicates  that  the  maximum  Re 
attainable  with  any  fixed  limitations  on  computer  time  is  only  weakly 
improved  by  gains  in  computing  efficiency.  For  example,  an  imaginary 
machine  with  101*  times  the  speed  and  103  times  the  storage  of  the  ILLIAC 
IV  would  give  only  a  factor  of  10  Increase  in  maximum  Re  for  3D  problems 
using  time-like  methods. 

This  estimate  is  pessimistic  because  (1)  many  flow  problems  of  prac¬ 
tical  interest  are  not  viscous -dominated  in  all  directions,  and  (2)  because 
scaling  of  6<*1/Re  has  been  assumed.  If  5=l/</Re  as  in  boundary  layer 
and  other  problems  (see  Ch.  5  of  Ref.  63)  then  p  In  Table  1  is  replaced 
by-v/F*  Of  the  estimates  of  computing  time  Increase  now  apply  to  a  four- 
folded  Increase  of  Re,  .  Orszag's  estimates  (Ref.  62,  pp.  234-242)  for 
turbulence  simulation  Indicate  computing  time  <*Re3,  or  a  factor  of  8 
Increase  In  computer  time  to  double  Re,.  Even  thouqh  the  estimates  in 
Table  1  may  be  conservative,  my  principal  conclusion  from  this  exercise 
Is  that  improvements  in  computational  algorithms  (Including  coordinate 
transformations  and  results  from  singular  perturbation  analyses)  offer 
more  hope  for  the  high  Re  problem  than  do  Improvements  In  computers. 
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ABSTRACT 

A  feist  direct  method  for  the  numerical  solution  of  the  Laplace 
equation  in  three  dimensions  is  described  for  application  in  constructing 
solutions  to  water  wave  problems.  The  method  directly  solves  the  system  of 
linear  algebraic  equations  that  arises  from  the  27 -point,  fourth-order, 
finite  difference  approximation  to  the  Laplace  equation  used  at  each  point 
on  a  box  grid.  The  method  is  a  modified  diagonal  decomposition  technique 
which  relies  heavily  on  the  fast  Fourier  transform  and  computes  values  of  the 
solution  for  only  small  regions  of  the  total  domain.  Applications  of  the 
method  to  three-dimensional  thin-snip  and  moving-pressure-distribution 
problems  are  described.  In  addition,  suggestions  are  offered  for  applying 
the  method  to  nonlinear  water  wave  problems.  Results  are  presented. 

1.  Introduction 

This  paper  describes  a  numerical  method  which  greatly  facilitates 
velocity  potential  formulations  for  use  in  numerical  water  wave  problems. 
Such  formulations  ordinarily  depend  upon  the  use  of  finite  difference  or 
finite  element  techniques  in  the  solution  of  Laplace's  equation  as  part  of 
the  overall  numerical  scheme- -a  very  time  consuming  process,  particularly 
when  three  dimensions  are  involved.  The  practice  of  solving  the  Laplace 
equation  over  the  entire  region,  usually  with  an  iterative  method,  accounts 
for  the  extensive  amount  of  computer  time  required.  However,  for  calcula¬ 
tions  of  the  vertical  velocity  of  the  free  surface  or  the  wave  resistance  of 
a  thin  ship,  for  instance,  it  is  sufficient  to  solve  the  Laplace  equation 
directly  over  only  part  of  the  total  region  defined.  This  paper  describes  a 
powerful,  direct  method  known  as  diagonal  decomposition  [1,2]  which  is 
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extended  to  three  dimensions  and  fourth -order  accuracy  and  modified  to 
numerically  integrate  the  Laplace  equation  over  such  partial  domains,  the 
solution  obtained  being  part  of  the  solution  over  the  entire  region.  The 
method  described  can  be  used  effectively  both  in  numerical  schemes  for  three- 
dimensional  linear,  transient  or  steady-state  water  wave  problems  involving 
box  regions  and  in  numerical  perturbation  schemes.  Test  results  from  the 
application  of  this  efficient  and  accurate  method  to  three-dimensional, 
linear,  transient,  thin-ship  and  moving-pressure-distribution  problems  are 
presented.  Suggestions  based  on  a  Taylor  series  approach  described  by 
Chan  [3]  are  offered  for  applying  this  method  to  nonlinear  problems.  Pre¬ 
liminary  test  results  are  given.  A  brief  review  of  direct  methods  for 
nunerically  solving  elliptic  partial  differential  equations  is  provided  in 
the  following  paragraph. 

The  past  decade  has  seen  the  emergence  of  so-called  direct  methods  for 
numerically  solving  certain  elliptic  partial  differential  equations.  These 
direct  methods  are  noniterative  in  that  they  directly  solve  large  systems  of 
linear  algebraic  equations  which  when  expressed  in  coefficient  matrix 
notation  have  sparse  tridiagonal  block  matrix  structure,  each  block  being 
tridiagonal.  Such  sparse  regular  block  structures  of  the  coefficient  matrix 
occur  from  finite  differencing  certain  separable  elliptic  partial  differen¬ 
tial  equations  over  a  rectangular  region  with  Dirichlet,  Neumann,  or  periodic 
boundary  conditions.  Several  direct  methods  for  solving  the  Poisson  equation 
are  described  in  Buzbee  [1].  These  direct  methods  are  much  more  efficient 
and  accurate  than  iterative  methods  since  in  theory  they  yield  the  exact 
solution  to  the  difference  equation.  A  comparison  between  several  direct 
and  iterative  methods  with  regard  to  efficiency  and  accuracy  is  given  in 
Buzbee  [4].  Extensions  of  direct  methods  to  nonrectangular  regions  are 
described  in  Buzbee  [5]  and  George  [6] .  Most  direct  methods  require  that 
the  number  of  grid  points  in  either  coordinate  direction  be  a  power  of  two 
for  greatest  efficiency  since  they  usually  employ  cyclic  reduction  on 
blocks  [1]  or  scalars  and/or  the  fast  Fourier  transform  [7].  Recently 
cyclic  block  reduction  has  been  generalized,  with  less  efficiency,  to 
numbers  other  than  a  power  of  two  [8].  Also,  a  semidirect  method,  which  uses 
a  direct  method  as  its  basic  component,  has  been  developed  for  solving 
nonseparable  elliptic  equations  [9] .  Direct  methods  have  been  successfully 
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applied  to  viscous  fluid-flow  problems  [10],  [11],  [12]. 

2.  The  Numerical  Method 

In  a  Cartesian  coordinate  reference  frame  moving  with  a  thin  ship,  the 
boundary  conditions  for  Region  D  for  the  Laplace  equation 


<b  ♦  d)  +6  =  0 

yxx  yy  yzz 

(1) 

4>  =  0 

at  x  =  O.Lj 

(2) 

♦y  =  0 

at  y  =  -h 

(3) 

=  0 

at  z  =  L2 

(4) 

*z  =  hx 

at  z  =  0  on  the  thin  ship 

(5) 

♦z  =  0 

at  z  =  0  off  the  thin  ship 

(6) 

<t>  ~  S 

at  y  =  0 

(7) 

where  <t>  is  the  disturbance  velocity  potential,  h  =  h(x,y)  is  the  hull  shape 
of  the  thin  ship,  g  is  the  numerical  velocity  potential  at  y  =  0,  and  D 
is  the  numerical  computational  region  (Figure  1) .  If  h  =  0  in  Equation 
(5),  the  model  represented  by  Equations  (l)-(7)  could  be  interpreted  as  that 
for  the  moving  pressure  distribution  problem  [13],  for  example. 


Figure  1.  The  Numerical  Computational  Region  D 

The  goal  of  the  numerical  method  is  to  calculate  in  a  most  efficient 
and  accurate  manner  the  fourth-order  numerical  derivative  for  <ty(y=0),  using 
the  Equations  (1)  through  (7) ,  and  to  insert  the  result  in  the  linear  free 
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surface  equations.  Higher  derivatives  such  as  4yy(y=0),  (y=0) , 

*yyyy(y=0)  wi  1 1  also  be  calculated  numerically  by  this  method,  their  use  in 
a  nonlinear  scheme  described  in  a  later  section  of  this  report. 

The  following  numerical  grid  is  introduced  into  the  region  D  subject 
to  the  restriction 

ax  =  Ay  *  Az  =  6  (8) 

[Xj  =  j Ax,  yt  =  i(-Ay) ,  z k  =  kAz]  with  j=0,l, . . . ,1 -1;  i=0,l . m=l; 

k=0,l, . . .  ,n-l  where  (£-1)ax  =  L. ,  (m-l)(-Ay)  =  -h,  (n-l)Az  =  Then 

*j,i,k  = 

Pp  pm  Pn 

Let  £-1  =  2  ,  m-1  =  2  ,  n-1  =  2  ,  where  P£>Pm>Pn  are  integers.  The 

27 -point  operator  represented  schematically  by  the  stencil  shown  in 
Figure  2a  is  introduced  to  approximate  the  Laplacian  at  an  interior  grid 
point  of  .  The  stencil  can  be  interpreted  as  a  sum  of  27  pro¬ 

ducts,  each  product  being  a  velocity  potential  value  at  a  grid  point  multi¬ 
plied  by  the  corresponding  constant  of  the  stencil.  This  stencil  approxi¬ 
mates  the  Laplacian  to  fourth -order  accuracy  subject  to  the  restriction  of 
Equation  (8)  and  with  the  Laplacian  equal  to  zero;  thus 

27-point  stencil  =  *xx  +  •t'yy  +  +  °C«4)  (9) 

This  27-point  stencil  is  compared  with  the  standard  second-order  stencil 
(Figure  2b) . 


Figure  2a.  27-Point  Stencil  Figure  2b.  Standard  Second-Order 

Stencil 

Figure  2.  Comparison  of  Finite  Difference  Operators 
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The  27-point  approximation  for  Equation  (1),  taken  at  each  point  of 
yields  a  linear  equation,  the  system  of  linear  equations  being  expressed 
the  following  tridiagonal  block  matrix  system: 


Each  vector  is  given  by 


•f 

Each  vector  is  correspondingly  given  by 
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81  s*3 


For  purposes  of  explanation  assume  that  the  thin  ship  occupies  an  entire 
face  of  at  z=0  (Figure  1) .  Significant  additional  conputational  economy 
is  gained  when  the  thin  ship  is  represented  as  shown  in  Figure  1,  as  will  be 
obvious  from  the  numerical  procedure.  We  have 

Sik  =  0  ^or  i=2»* * • >m*1;  k*l,...,n-l  (11) 

and 

sj,i,o =  485  <t’z(xj,yi,V  £or  w . ■-!;  j“0 . t'1  (12) 

-►  -¥ 
where  Sj  i  Q  are  the  elements  of  the  vector  SiQ,  i»2 . m-1.  The  vector  Sj^ 

primarily  results  from  the  shifting  of  the  remainder  of  the  27 -point 
operator  to  the  right-hand  side  of  the  linear  system  of  Equations  (10)  due 
to  the  condition  expressed  in  Equation  (7).  For  instance 

Sj,l,k  =  '[12*j,0,k+2(*j+l,0,k+Vl,0,k+*j,0fk-l+*j,0,k+P 

+*3+l,0,k-l+*j+l>0,k*l+*j-l,0,k-l+4j-l,0,k+l1  (13) 


for  j=l, . . . ,1-2;  k=l,...,n-2 
-► 

The  remaining  elements  of  result  from  truncations  of  the  27-point 
operator  at  boundary  points  of  and  the  boundary  conditions  expressed  in 
Equation  (2)  and  Equations  (4)  through  (7).  For  example,  the  elements  of 
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Sj,l,0  =  ■(12*j,0,044*j,0,l+2(*j-l,0,0+*j-lf0fl+*j+l,0,0 
+*j+l,0,l)i+486  *z(xj/l’V  £or  j=1 . l'2 


(15) 


^.£-1  1  0  ” ^^£-1  0  o+^^£-2  0  0+<**£-2  0  1^^£-1  0  1^ 

+48«  ♦z(x£.1»y1»z0) 

The  block  matrices  A,T,E  conmute,  and  thus  have  the  same  set  of 
linearly  independent  eigenvectors  which  are  the  column  vectors  of  R^. 


(16) 


i  i  i 

f  2* 

1  °“m  “*7? 

2r  2>2» 

1  “Ti  “TT 


1  co*»  co*2*  .  .  . 


cot2* 


co*(M)* 


u  V  X  if 


(17) 


The  inverse  of  is 


"  (2^K7T 


1  2 
2  4  cot 

2  4  cot 


FT 

2* 


2  4  cot 


2  4  cot 


[V-2)ir 


1  2  oos* 


.  <«-2)* 


2(t-2)w 

1 


1 

2  cot* 

2  c o*2* 


,  4  cot  |8-3>t.t-2|w  2eot(l-3):r 


TT 

.  l*-2)(t-2)» 

n — 


2  cot  (e-2>» 


2  cot(e  2)» 


cot  («•!)» 


(18) 


The  eigenvalues  of  A,T,E  are  given  by  A^,  ,  rij  respectively, 

where 


■  x.-.  _  «ha':  m.  .  , . 
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Aj  =  -104  ♦  24  cos 

Wj  *  12  +  4  COS  3*0,1, ...  ,-€“1 

nj  2  +  2  cos 

Each  block  line  of  the  system  given  in  Equation  (10)  (which  involves  A,T,E) 
can  then  be  multiplied  on  the  left  by  R^1,  resulting  in 


Note  that  S^,  Si2> . . .  ,5^  ^  are  zero  vectors  for  >2,3 . m-1.  From  this 

diagonalized  block  system  represented  by  Equation  (19)  select  the  j^1 
equation  from  each  block  line  (involving  A,  n,  H)  and  regroup  to  form  the 
following  two-dimensional  problem  with  x  held  fixed  at  subscript  j 


648 


where 


N  2“i 

1 

wj  2tJj 

“i-  .V  .“i. 

S'" 

JK  • 

i 

•v 

7J|,  Wj.  TJj. 

'll 

*“»  \ 

n  x  n 

2i)j  Uj 

with 


*1.1.0 

8,.  i.o 

\,0 

♦u.1 

0 

•5,,- 

0 

The  elements  ♦j  i  ^  k  are  elements  of  the  vectors  S^, 

respectively,  ordered  in  the  same  way  as  elements  of  4^,  S^.  The  matrices 

Pj.Qj  commute  and  thus  have  the  same  eigenvectors  which  are  given  by  the 
colum  vectors  of  (Equation  (17))  with  i  replaced  by  n.  Also  the  eigen¬ 
values  of  P. ,Q.  are  given  by  A,  v,  5.  ,  ,  respectively: 

J  J  J  J 


I 


Each  block  line  of  Equation  (20)  can  then  be  railtiplied  on  the  left  by  fT 
This  results  in 


-1 


jy 

■>i  jy 

/  -jy 

_ i 

K 

•  •  •  ’  ^  J"**1 

WHERE  Aj- 

xi.o 

A- 

"i.0 

1 

jy.' 

&  >r 

{ jx  jy 

K,, 

9 

Lu 

Xi.n-1 

n  x  n 

(22) 


with 


(i-1 . m-1) 


* ' 

O 

_ 1 

Su0 

1 

2 

%  — 1  - 

,  S  -  R„  S  - 

v. 

•V  *lt0 

2 

(i«1 . m-1) 

SU"-1 

(i“2 . m-1) 

2 

2 

1 

(23) 


with  j  fixed.  From  this  diagonalized  block  system  given  in  Equation  (22) ,  the 
kth  equation  from  each  block  line  is  selected  and  regrouped  to  form  the 
following  one-dimensional  problem  with  z  fixed  at  subscript  k  and  x  fixed  at 
subscript  j,  (j -0,1, . . . ,1-1;  k=0,l, . . . ,n-l) 


“iK 

“i,K  \k  “iK 

♦ii.K 

Sux 

SiiK 

wik  \k  “iK 
2“LK  *iK 

Slm-2.K 

StmlX 

(24) 


Note  that  if  Equation  (5)  holds  in  D.  for  1-i^M,  (M^m-1),  then  S.  .  .  »  0 

n  J 

in  Equation  (24)  for  i>M.  To  calculate  the  numerical  derivative  <ty(y“0)  to 
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fourth-order  accuracy  for  all  x^,^,  only  ij>1>k,  ^>2,k’  *j,3,k’  ^j,4,k  (al1 

j,k)  need  be  solved.  To  accomplish  this,  scalar  cyclic  reduction  [7]  is 

used,  as  will  be  described  shortly.  Finally,  the  velocity  potential  .  . 

J  »x 

(for  i»*l,2,3,4;  j-0,l,...,£-l;  k*0,l . n-1)  is  calculated  in  a  reverse 

process  via  the  following  transforms: 


R„x„  -  x,  —4  %  - 

Rj’*,i 

^i-1  A3.4\  (i-1  -  4) 

ALLj  j 

Rj'Vi 

(25) 


R,  IR#’ VI  -  ** 

(i_1  "  "  ^ 

\  k-0.1 . n-1  / 


X,  (THE  SOLUTION) 
(i-1  -  4) 


(26) 


To  briefly  illustrate  scalar  cyclic  reduction,  rewrite  Equation  (24) 
dropping  all  superscripts  and  subscripts,  and  replace  J's  with  v's  and 
S's  with  r's,  so  that  the  foilwing  system  of  equations  is  obtained: 


X  u> 

r1 

u)  X  fa> 

»2 

r2 

u  Xu 

rJ 

uX  u 

*« 

r« 

u  X  u 

*S 

“ 

r* 

u  X  u 

»m-2 

rm-2 

2cj  X 

rm-l 

(27) 


The  first  equation  in  System  (27)  is  multiplied  by  u,  the  second  by  -A,  and 
the  third  by  <u,  and  then  the  three  equations  are  added.  The  third,  fourth, 
and  fifth  equations,  and  then  the  fifth,  sixth,  and  seventh  equations,  and  so 
on,  are  then  operated  on  in  a  similar  manner,  as  indicated  by  the  left 
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multipliers  in  System  (27) .  This  process  produces  a  first  reduced  system  for 
the  even-nunbered  unknowns,  in  the  same  form  as  that  used  in  System  (27). 

This  reduction  process  is  repeated  until  pm  reduced  systems  have  been  obtained. 
Note  that  only  the  first  equation  of  each  reduced  system  is  considered  in  a 
back-solving  process,  first  for  v  p^,  then  for  v  f^-1»‘ • '  ,v2,vi‘  set 

of  equations  (with  m-1  ■  2  m)  is 


X^v 


Pm 


(p_-l) 

>  V"*1  *  “ 


(Pm*1). 


A^v 


XV, 


2P"> 


+  A 


2-2 


+  wv- 


(Pm) 

r2Pm 

(Pm1) 

,Pnfl 


r(t) 

2* 


(28) 


where 


t»l,. 

‘  •  ,pm-l 

<«  -  2{„<‘-»)2  - 

t*l,. 

**  ,pm 

2  2l-211  2Z*2ZI  2^ 

CJ.  ,  (Vll  'Vl'  ,<W  GWi’ 

jPm  U  r2P.-l  '  *  r2% 

t-1.. 

•  *  ’pm-l 

(29) 


with 


t*>(°)  ■  w,  x(°)  -  X,  r^p)  ■  r^  (i— 1 . m-1) 
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The  following  algorithm  sunmarizes  all  the  computational  steps  of  the 
numerical  method: 

1)  Precompute  the  coefficients  of  cyclic  reduction  (x^,  in 
Equation  (28)). 

2)  Compute  source  vector  of  the  block  matrix  system  represented 
in  Equation  (10)  from  Equations  (13)  through  (16)  and  similar 
relations . 

3)  Compute  (i=l, . . . ,m-l)  of  the  diagonalized  block  system 

represented  by  Equation  (19)  via  the  fast  Fourier  transform 

•?  -t  -t 

[14],  [15]  while  observing  that  S^,  Sj2’ ’ ' '  ,Sin-l  are  zero 
vectors  for  i=2 , 3 , . . . ,m- 1 . 

■f 

4)  Compute  S. .  in  Equation  (23)  for  all  j  by  the  fast  Fourier 

* 

transform;  compute  3^  (i=2,. . .  ,m-l;  all  j)  by  the  relation  of 
Equation  (23) . 


5)  Solve  Equation  (24)  for  ♦j.Z.k’  *j,3,k’  *j,4,k  (a11 

j ,k)  using  the  scalar  cyclic  reduction  procedure  described  in 
Equations  (27)  ,  (28) ,  and  (29) . 

6)  Compute  vectors  of  Equation  (25)  for  i=l,2,3,4  via  the  fast 
Fourier  transform. 


-► 

7)  Confute  the  solution  vectors  X^  of  Equation  (26)  for  i*l,2,3,4 
via  the  fast  Fourier  transform. 


8)  Calculate  numerically  <ty(y=0) ,  $yy(y=0),  $yyy(y=0),  ♦yyyy(y=0) 

from  the  solution  $.  .  ,  (i=l,2,3,4;  all  j  ,k) . 

J  J1 


If  4z  *  0  in  Equation  (5) ,  as  occurs  in  the  case  of  a  moving  pressure  distri 
bution  model,  then  S.  7  S.  .  .  will  be  zero  in  Equation  (24)  and 

significant  additional  confutation  efficiency  in  steps  3,  4,  and  5  of  the 
computational  algorithm  will  result. 


3.  Numerical  Results 

The  numerical  method  was  used  to  perform  calculations  for  thin-ship 
boundary  conditions  satisfied  by  the  test  analytic  solution  given  for 
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Table  1,  and  for  moving-pressure-distribution  boundary  conditions  satisfied 
by  the  test  analytic  solution  given  for  Table  2.  Results  of  the  calculations 
are  given  in  Tables  1  and  2.  In  the  three  test  cases  of  Table  1,  the  hull 
condition  (4z(0)/0)  occupies  an  entire  face  of  and  is  "wavy"  in  x, 
providing  a  difficult  test  of  the  numerical  method.  In  both  tables,  higher 
numerical  derivatives  have  been  considered,  since  little  additional  computa¬ 
tion  time  was  required  and  they  have  possible  application  in  nonlinear  numeri¬ 
cal  schemes  mentioned  briefly  at  the  end  of  this  section.  The  notation  "% 
error”  refers  to  the  following: 


^y^ analytic 


[♦„ 


'numerical 


^y^  analytic 


=  $y(y=0)  %  error 
y=0 


The  notation  "four-point  derivatives"  denotes  numerical  derivatives  that 
were  computed  from  <f>.  .  .  (i=0,l, . . .  ,4;  all  j,k)  where  4.  h  ,  represents  the 
Dirichlet  condition;  "five-point  derivatives"  denotes  derivatives  that  were 
computed  from  <j> .  .  .  (i=0,l, ...  ,5;  all  j  ,k)  necessitating  that  i  have  a  range 

J 

of  5  in  steps  5,6,  and  7  of  the  computational  algorithm.  Parameters  for 
both  tables  were: 


h  =  n/4 


Ax  =  fly  =  a z  =  6  =  w/64 

£( no.  of  x  pts.)  =  n(no.  of  z  pts.)  =  65 

m(no.  of  y  pts.)  =  17 


As  a  further  test,  the  fourth-order  Laplace  solver  was  used  in  an 
implicit  numerical  scheme  for  the  linear  three-dimensional  moving-pressure - 
distribution  problem  described  by  Haussling  and  VanEseltine  [13] .  Figure  3 
shows  the  impulsively  started  pressure  distribution  (the  square)  having 
traveled  2.16  of  its  length  upstream  to  the  left  (i.e.,  t=2.16),  with 
Froude  number  =  Fr  =  (2ir) =  0.4  based  on  length  and  6  =  0.01  repre¬ 
senting  the  strength  of  the  pressure  distribution  [13] .  The  pressure 

2  2 

distribution  is  set  equal  to  (sin  x)(sin  z)  in  a  small  domain  (the  square), 
chosen  such  that  the  pressure  and  its  first  derivatives  are  continuous 
everywhere.  Surface  elevation  contours  represented  by  the  constant  values 


> 


i 
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TABLE  1  -  FOURTH-ORDER  LAPLACE  SOLVER  CALCULATION  RESULTS 
FOR  THIN-SHIP  BOUNDARY  CONDITIONS 


CASE  I  CASE  n  case  m 


A 

3 

5 

7 

GRIDPTS/WAVE  LENGTH  (X-DIR) 

43 

26 

18 

GRID  PTS/WAVE  LENGTH  (Z-DIR) 

85 

51 

37 

FOUR  POINT  DERIVATIVES 

0y  (y=0)  %  ERROR 

0.011 

0.073 

0.237 

0vy  (y=0)  %  ERROR 

0.284 

1.129 

2.637 

0yyy  (y=0)%  ERROR 

3.759 

9.039 

15.370 

0yyyy  (y=0)  %  ERROR 

27.390 

41.490 

52.470 

TIME  (SECONDS)  CDC-6400 

9.43 

SAME 

SAME 

FIVE  POINT  DERIVATIVES 

0y  (y=0)  %  ERROR 

0.001 

0.015 

0.065 

0yy  (y=0)  %  ERROR 

0.249 

0.773 

0 wv  fv-O)  %  ERROR 

0.619 

2.301 

5.175 

^  0vvvv  (v=0)  %  ERROR 

5.813 

22.150 

10.84 

SAME 

SAME 

The  test  analytic  solution 

<t>(x,y,z)  =  cosh( (h+y) a/5/4)  (cos  Ax)  (cos[A(z+u)/2]) 
satisfies  the  boundary  conditions  for  Table  1: 

v2<#>  =  0  in  D 
♦x(°)  =  =  0 

♦2(0)  =  -(A/2)cosh((h+y)A/5/4)cos  Ax  sin  Att/2 
♦z(L2)  =  0 

♦  y(-h)  =  0 
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TABLE  2  -  FOURTH-ORDER  LAPLACE  SOLVER  CALCULATION  RESULTS 
FOR  MOV INC -PRESSURE -DISTRIBUTION  BOUNDARY  CONDITIONS 


CASE  I  CASEH  CASEHL 


X 

3 

4 

6 

GRID  PTS/WAVE  LENGTH 

43 

32 

21 

FOUR  POINT  DERIVATIVES 

0y  (y=0)  %  ERROR 

0.027 

0.076 

0.312 

0VV  (y=0>  %  ERROR 

0.543 

1.165 

3.210 

0yyy  (V=0)  %  ERROR 

5.681 

9.217 

17.340 

0yyyy  ( V=  0 )  %  ERROR 

33.480 

41.860 

55.260 

TIME  (SECONDS)  CDC-6400 

4.80 

SAME 

SAME 

FIVE  POINT  DERIVATIVES 

0 y  (y=0)  %  ERROR 

0.004 

0.016 

0.092 

0yy  (v=0)  %  ERROR 

0.094 

0.260 

1.006 

0yyy  (y=0)  %  ERROR 

1.141 

2.371 

6.231 

0yyyy  (y=0)%  ERROR 

8.629 

13.690 

24.780 

TIME  (SECONDS)  CDC-6400 

5.51 

SAME 

SAME 

The  test  analytic  solution 

<p(x,y,z )  =  cosh((h+y)x/2)(cos  Ax) (cos  \z ) 
satisifes  the  boundary  conditions  for  Table  2: 

V2<p  =  0  in  D 

♦x(0)  =  ^(Lj)  =  0 

¥z(0)  =  *z(l2)  =  0 
♦y(-h)  =  o 
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±0.02,  ±0.015,  ±0.01,  ±0.0075,  ±0.005,  and  ±0.0025  have  been  plotted  by 
computer ,  with  solid  line  contours  indicating  wave  crests  and  dotted  line 
contours  indicating  wave  troughs.  The  grid  used  contained  65x65x17  points, 
11  of  them  used  for  the  length  of  the  pressure  distribution.  The  numerical 
scheme  conserved  energy.  Only  110  seconds  of  CDC  6600  computing  time  was 
needed  to  calculate  half  of  the  solution  shown  in  Figure  3  from  an  impulsive 
start.  Because  of  symmetry,  only  half  the  solution  need  be  calculated. 


Figure  3.  Surface  Elevation  Contours  Generated  by  an  Abruptly 

-1/2 

Started  Moving  Pressure  Distribution  for  Fr=(27r)  ,  5=0.01,  at  t=2.16. 

The  fourth-order  method  was  also  tested  in  a  numerical,  linear,  tran¬ 
sient,  thin-ship  model,  with  £=n=65  grid  points  and  m=17  grid  points.  This 
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grid  system  was  chosen  for  convenience,  although  a  grid  system  consisting  of 
£=129  grid  points,  n=33  grid  points,  and  m=17  grid  points,  for  example, 
would  be  more  appropriate  and  would  require  the  same  computational  time. 

The  model  is  represented  by  the  Laplace  Equation  (1)  and  the  boundary 
conditions  expressed  by  Equations  (2)  through  (7)  and  the  free  surface 
equations 

nt  =  -nx  +  4  (30) 

a  =  -a  -  — n  (31) 

t  x  prz 

where  n  is  the  free  surface  elevation,  lengths  are  scaled  by  Ls  (the  ship 
length),  and  velocities  are  scaled  by  the  free  stream  velocity  U.  The  Froude 
nunber  is  U//gLs  where  g  is  the  gravitational  acceleration  constant  and  t 
is  nondimens ional  time.  An  impulsive  start  is  chosen  so  that  n=«<>=0  at  t=0. 

The  hull  condition  (Equation  (5))  was  approximated  in  a  test  case  by 
=  tan  15°  for  x^  ,yi  (with  j=18  -*  25,  i=l  +  4);  =  -tan  15°  for  x^,yi 

(with  j =34  -*■  41,  i=l  4) ;  hx  =  0  elsewhere.  For  this  test  case,  Fr  =  0.2. 

The  ship  occupied  a  length  of  24  grid  points  in  the  relatively  small 
numerical  region.  Fourth-order  line  inversions  of  the  Equations  (30)  and 
(31)  were  used,  in  conjunction  with  the  fourth-order  Laplace  solver,  in  an 
implicit  numerical  scheme  to  advance  the  solution  in  time.  Figure  4  shows 
contours  of  surface  elevation  plotted  by  computer  for  waves  generated  when 
the  ship  has  moved  0.32  of  its  length  upstream  to  the  left  (i.e.,  t=0.32). 

Solid  line  contours  represented  by  the  constants  0.013,  0.011 . 0.003 

indicate  wave  crests  and  dotted  line  contours  represented  by  constants  -0.013, 
-0.011, ... ,-0.003  indicate  wave  troughs.  Approximately  2.5  minutes  of  CDC 
6600  computing  time  were  used  to  calculate  the  solution  in  Figure  4  from  the 
impulsive  start. 

A  Taylor  series  approach  was  suggested  in  Chan  [3]  for  numerically 
solving  nonlinear  problems.  Thus,  in  a  two-dimensional,  transient,  non¬ 
linear  problem,  for  exanple,  the  velocity  potential  $  would  be  expressed  as 
a  truncated  Taylor  series  about  the  undisturbed  mean  level  y=0,  as  shown  in 
Figure  5. 
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Figure  4.  Surface  Elevation  Contours  Generated  by  an  Abruptly 
Started  Thin  Ship  for  Fr  =  0.2  at  t  *  0.32. 


X 


Figure  5.  The  Region  D. 


For  example, 

v2  v3 

*(X,y,t)  =  <t>(x,0,tj  ♦  y$y(x,0,t)  +  Y  *yyCx»0,t)  +  Y  ♦  (x,0,t) 

+  hT"  *yyyy^x,0,t^ 

In  particular,  if  n  =  n(x,t)  is  the  free  surface  elevation,  then 

2  3 

4(x,n,t)  =  ♦(x.O.t)  +  n4>y(x,0,t)  +  \  ♦^(x.O.t)  +  *yyy(x,0,t) 


4 

+  3T  *yyyy(x’0,t) 


(32) 


(33) 
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It  can  be  seen  from  the  following  typical  nonlinear  free  surface  equations 
(Stoker  [16]), 


^Xnx  '  +  nt  =  ®  at  y=n 

gn  +  ♦t  +  \  +  +  ^  =  0  at  y=n 


(34) 


where  g,  p,  p  are  gravitational  acceleration,  surface  pressure,  and  fluid 
density,  respectively,  that  numerical  schemes  can  be  constructed  using  Taylor 
expansions  such  as  those  of  Equation  (33)  in  Equation  (34).  Such  a  scheme 
assumes  <j>  is  harmonic  in  the  rectangular  region  D. 

A  numerical  scheme  has  been  constructed  which  uses  an  analogous  fourth- 

order  Laplace  solver  in  two  dimensions,  involving  a  nine-point  finite- 

difference  operator.  This  scheme  computes  <jy,  ^ ,  $yyy>  ^yyyy  at  y=0> 

quickly  and  accurately.  Derivatives  of  the  Taylor  coefficients  with  respect 

to  x  are  necessary.  A  preliminary  test  was  made  on  the  transient,  two- 

dimensional  moving-pressure-distribution  model  described  by  Haussling  and 

VanEseltine  [13]  for  Fr  =  (2it)  ^ ,  6  =  0.01.  Again  Fr  is  based  on  length, 

and  i  is  a  measure  of  the  strength  of  the  pressure  distribution.  The 

2 

pressure  is  set  equal  to  sin  x  in  a  small  domain  (the  bracketed  area  in 
Figure  6) ,  chosen  so  that  the  pressure  and  its  first  derivatives  are  contin¬ 
uous  everywhere.  Figure  6  shows  the  surface  elevation  computed  from  this 
Taylor  series  scheme  (including  terms  up  to  n  only)  at  an  early  nondimen- 
sional  time  t  =  2.16,  using  a  time  step  At  *  0.03;  that  is,  the  impulsively 
started  pressure  distribution  has  moved  2.16  of  its  length  upstream  to  the 
left.  Nonlinear  effects  are  evident  in  the  sharp  peak  and  the  broad  trough. 
In  this  scheme,  129  points  were  used  in  x,  16  per  wavelength  of  the  pressure 
distribution.  The  scheme  conserves  energy,  and  the  surface  elevation  and 
wave  resistance  calculations  agree  well  with  results  reported  by  Haussling 
and  VanEseltine  [13]  through  t  =  2,16. 

Taylor  series  schemes  which  use  the  fast  fourth-order  Laplace  solver 
described  appear  promising,  especially  for  three-dimensional  water  wave 
problems . 
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Figure  6.  Nonlinear  Surface  Elevation  Confuted  from  the  Taylor  Series 
Method  for  an  Abruptly  Started  Waving  Pressure  Distribution 
with  Fr  =  0.4,  6  =  0.01  at  t  =  2.16. 


4.  Conclusions 

The  fast  fourth-order  Laplace  solver  described  in  this  paper  can  be 
beneficially  applied  to  linear  three-dimensional  numerical  water  wave 
problems,  both  transient  and  steady  state,  that  involve  box  regions.  It  can 
also  be  beneficially  applied  in  numerical  perturbation  schemes.  Its  use  in 
nonlinear  problems,  especially  in  three  dimensions,  appears  promising. 
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ACCURATE  PARAMETRIC  REPRESENTATION  OF  SHIP  SECTIONS 
BY  CONFORMAL  MAPPING 


L.  Landweber  and  M.  Macagno 

Iowa  Institute  of  Hydraulic  Research 
Iowa  City,  Iowa  52242  U.S.A. 


Introduction 

When  problems  of  ship  vibration  or  ship  motions  are  treated  by 
means  of  "strip"  theory,  it  may  be  convenient  to  solve  the  associated 
two-dimensional  formulation  by  means  of  complex  variables  and  the  trans¬ 
formation  of  each  double  ship  section  into  a  circle.  Such  an  application 
has  been  presented  by  the  present  authors  for  a  ship-vibration  problem 
[1],  but  for  reasons  discussed  in  a  subsequent  paper  [2],  the  Bieberbach 
method  used  in  [1]  could  not  be  expected  to  be  applicable  to  all  ship 
sections . 

An  alternative  conformal-mapping  procedure  of  wider  applicability  is 
that  employing  the  Gershgorin  integral  equation,  which  has  been  thorough¬ 
ly  treated  by  Gaier  [31.  Numerical  experience  with  the  method  [2,4,5,61 
has  indicated  that,  for  roughly  circular  sections  (for  which  the  ratio  of 
the  maximum  to  minimum  distances  from  an  interior  origin  does  not  exceed 
an  order  of  2) ,  the  integral  equation  yields  accurate  solutions  after  a 
few  iterations.  For  elongated  or  odd-shaped  sections,  however,  results 
have  been  less  accurate,  even  after  many  more  iterations.  Consequently, 
preliminary  mappings,  to  eliminate  corner  points  (common  in  double  ship 
sections  with  flat  bottoms  and  oblique  intersections  at  the  free  surface) 
and  to  transform  the  section  into  a  more  nearly  circular  one,  were  intro¬ 
duced  in  ref.  [2]. 

A  principal  cause  of  the  slow  convergence  of  the  iterations  for 
solving  the  Gershgorin  integral  equation  is  that  the  usual  first  approxi¬ 
mation,  which  yields  the  Neumann  series  solution  for  a  Fredholm  integral 
equation  of  the  second  kind,  is  a  poor  one  for  an  elongated  body.  Fur¬ 
thermore,  by  modifying  the  integrand  of  the  integral  equation  so  that  it 
becomes  cyclic,  one  can  then  apply  the  "best  possible"  quadrature  formula, 
as  defined  and  applied  in  [4],  to  reduce  numerical  errors.  Thirdly,  the 


pkecsduu  BAG* 


numerical  accuracy  can  be  improved  by  eliminating  the  need  to  compute  the 
curvatures  of  the  profile,  which  occur  in  the  expressions  for  the  diagonal 
elements  of  the  matrix  of  the  discretized  kernel,  a  significant  source  of 
error  when  a  profile  is  defined  either  numerically  or  graphically.  An 
important  by-product  of  this  last  modification  of  the  integral  equation 
is  that  the  resulting  form  is  valid  at  both  smooth  and  corner  points  of  a 
profile,  so  that  a  preliminary  transformation  to  eliminate  corner  points, 
as  was  used  in  [2],  becomes  unnecessary. 

A  procedure  for  solving  the  Gershgorin  integral  equation,  which 
incorporates  the  aforementioned  improvements,  is  described  in  the  present 
work.  It  will  be  shown  that  the  parametric  mathematical  representation 
of  a  ship  section,  derived  by  this  method,  accurately  reproduces  the 
given  profile. 


Statement  of  Problem 


Let  us  suppose  that  a  simple  closed  curve  C,  such  as  a  double  ship 
section,  is  defined  in  the  complex  plane  z  =  x  +  iy  by 

z  =  r^Je1*  (1) 

where  (r,$)  are  polar  coordinates  in  the  z-plane  relative  to  an  origin 

centrally  located  within  the  profile.  Let  z  «  f(£)  be  a  function  of  the 

complex  variable  5  =  pe  which  maps  the  exterior  of  the  given  curve  (1) 

one-to-one  into  the  exterior  of  the  unit  circle  about  the  origin  in  the 

Q -plane,  such  that  a  point  C($)  of  the  curve  corresponds  to  the  point 
10 

C  »  e  of  the  unit  circle.  See  Fig.  1. 

The  mapping  function  may  be  expressed  as  the  Laurent  series 


(2) 


where,  in  general,  the  coefficients  are  complex  numbers.  For  a  double 
ship  section  with  two  planes  of  symmetry,  the  a.  are  also  real  and  a^  = 
a^  »  ...  »  0.  For  the  latter  case,  when  C  =  e1  ,  the  real  and  imaginary 
parts  of  (2)  yield 

x  «  (A  +  a^  cos  6  +  a3  cos  36  +  a5  cos  50  +  . . .  (3) 


y  ”  (A-a^)  sin  0  -  a3  sin  30  -  a,.  sin  50  -  . . .  (4) 
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Once  the  coefficients  A,  a^,  a^,  ...  have  been  determined,  equations  (3) 
and  (4)  may  be  interpreted  as  parametric  equations  of  the  given  curve,  a 
point  of  view  employed  by  von  Kerczek  and  Tuck  [7]  to  obtain  a  mathemati 
cal  representation  of  an  entire  ship  form. 

The  solution  of  the  conformal  mapping  problem  will  give  a  relation 
0  *  8  (<p)  between  the  polar  angles  in  the  z-  and  £ -planes.  This  relation 
together  with  equations  (1)  and  (2),  immediately  yields  the  expressions 
for  the  Fourier  coefficients 


A  =  ±  f  r($)e1<4’~0)de  (5) 

'0 

an  =  —  [  r(<f.)el(l,’+n9)de,  n  =  1,2,3,.  ..  (6) 

'  o 

The  required  function  9(<p)  will  be  derived  from  the  Gershgorin 
integral  equation  [3] 

0  (<j»)  =  -  “  (  +  2*<0,*>  (7) 

o  ? 

where,  as  indicated  in  Fig.  2,  ifi  ($,<('' )  denotes  the  polar  angle  of  the 
position  vector  z(<j>')  -  z  (<(>), 


^  ( ♦ , $ ' )  =  arctan 


'(♦')  ~  y(4>) 


x(<j|t)  _  x(^) 

When  if'  approaches  $ ,  this  vector  approaches  the  tangent  to  the  given 
curve,  and  we  have 


*(♦.♦')  =  ^  Y  (<♦>)  .  $'•'$+ 


♦  )  Y (♦)  | 

where  y($)  denotes  the  azimuthal  angle  of  the  tangent  vector  in  the 
sense  of  increasing  values  of  <p.  Thus  !(/($,$’)  varies  continuously  from 
y(4)  to  if(t)  +  1  as  f  increases  from  $  to  $  +  2rr.  In  the  range  0  <  $  < 
2u,  however,  is  a  discontinuous  function,  as  indicated  by  (9). 

It  will  be  convenient  to  define  the  associated  continuous  function 


tp  ( <j> ,  4l  '  )  -  IT,  0  <  <  $ 


,  4  <  4’  <  2ir 

We  note  that  3<i)/3$'  =  3<p/ 3<p  *  , 

♦  <♦' ,4)  -  *<♦,♦')  *».♦'<♦ 

and  that 
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d4'  =  1  (12) 

since,  by  (10) , 

2ir  2s 

f  ~j~y  d4 '  =  [  l^r  d4 1  =  oj  (<J> ,  2fi)  -  U)(4,o)  =  4>(4,o)  -  (<t>  ,o>  -  s]  =  s 

Jo3*  Jo  3* 


In  polar  coordinates,  the  kernel  becomes 

2 

L  341  C41 , <t» * )  _  1_  r*  -rr*  cos  ( d>— <<> ' )  +  rVdji'/sin 

s  3  4> '  _  s  2,  ,2  .  , .  . 

r  +  r  -  2rr*  cos  (41-1(1') 


sin  U-t’) 


where  r'  =  r  (4> ' ) ,  and  the  quantity  4>(o,4)  in  (7)  is  given  by 


41(0,4)  =  arctan 


r(4)  sin  4i 
r  (41)  cos  41  -  r(o) 


The  kernel  is  indeterminate  at  41  ’  =  4»  hut  one  can  readily  show  [3]  that 


it  is  given  by 

lim  341(41,41')  k  ds 
4>  * ">4>  34*  2  d<j> 

where  s  denotes  arc  length  and  k(4)  the  curvature. 


(15) 


Treatment  of  Corner  Points 

If  2  is  a  comer  point  of  the  curve  C  with  interior  angle  an,  the 
Gershgorin  integral  equation  becomes  (3] 

(2-a)  6  (4>)  =  -  -  [  ]  0  (4> ' )  d4'  +  24.(0,41)  (16) 

tt  Jq  34 

At  this  point,  the  discontinuity  in  4  at  4  =  4'  becomes 

it  +  y_<4)  -  Y+<4)  =  tta 

instead  of  that  given  by  (9);  and,  instead  of  (12),  we  obtain 

d4 '  =  a  (17) 

Elimination  of  a  between  (16)  and  (17)  then  yields  the  alternative  form 
of  the  integral  equation, 

f2TT  , 

8(4)  -  -  3*(^f  —  [6(4')  -  0(4)ld4’  +  4<o,4>  (18) 

This  latter  form  has  two  important  advantages  over  the  original  one 
(7) .  Since  a  does  not  appear  in  (17) ,  the  latter  equation  is  applicable 
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at  both  smooth  and  corner  points.  Secondly,  the  integrand  of  this  equa¬ 
tion  becomes  zero  at  $  =  1  -  With  the  original  form,  according  to  (15), 
it  would  be  necessary  to  calculate  the  curvature  at  various  points  of  C, 
with  a  consequent  loss  of  accuracy  if  C  is  defined  numerically  or  graphi¬ 
cally. 


Selection  of  a  First  Approximation 


For  solving  (7)  by  iteration,  the  usual  first  approximation  of  the 


theory  of  Fredholm  integral  equations  of  the  second  kind,  0  =  2\p(o,ip),  is 


a  poor  one,  as  is  seen  by  applying  it  to  the  simplest  case,  that  of  a  cir¬ 
cular  section.  Then  0  can  differ  from  <t>  by  only  a  constant, 

6  =  4>  +  C 

and  we  have 

||t  =  2\p  (o ,  4>)  =  <j>  +  it 


Then  (7)  gives 


+  C 


"*J 


2tt 


Odd  +  ^  +  tt  — 


Thus  the  approximation  6^  =  $  +  ir  is  inconsistent  with  the  exact  solution 


0  =  $.  If,  however,  (7)  is  written  in  the  form 

f  2it 


0 


t  -  i  [ 

’ 11  =  L 


3i| i 


3* 


-  (0*  -  n)d<fr'  +  2^(0,$)  -  2 ii 


in  which  the  unknown  function  is  0  -  it.  the  usual  first  approximation 
would  give 


0^  =  2i|)(o,$)  -  w 


(19) 


which  yields  the  exact  solution  0  =  $  for  the  sphere . 

A  family  of  possible  first  approximations  is  suggested  by  expressing 
the  integral  equation  (16)  in  the  form 


(2  -a)  (0  -  f  (<J>)  ] 


2w 


3ij) 


3$ 


-  (0'  -  f’W 


2ir 


||t  fa*’  +  2ip(o,$) 


-  (2  -  ot)  f  (<»>)  (20) 

where  f'  =  f  ( 0 1 )  and  0  -  f  ( 4> )  is  treated  as  the  unknown  function.  This 
suggests,  for  the  first  approximation  0  , 

r  2ir 


0, 


— - —  [-  - 
2  -  a  it 


||t  f’d$’  +  2ip  (o,4)  ] 


(21) 
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of  which  (19)  is  the  special  case  for  f($)  =  n  and  a  =  1.  Comparison  of 
(21)  with  (16)  indicates  that  0  may  also  be  considered  as  a  second  approxi¬ 
mation  derived  from  the  first  approximation,  f ($) . 

A  disadvantage  of  the  approximation  (19)  is  that,  for  a  doubly 
symmetric  form,  it  does  not  satisfy  the  relation 

e  (ir  -  «)  =  n  -  6  ($)  (22) 

Alternative  approximations  which  have  the  foregoing  property  are  0^  =  $ 
and  0^  =  y(<|i)  -  j.  These  are  good  first  approximations  for  nearly  circular 
sections,  but  are  very  poor  near  the  nose  and  tail  of  an  elongated  body. 

The  mean  of  these  two  approximations  gave  a  good  first  approximation  for 
an  elongated  ellipse,  but  was  discarded  because,  for  an  irregularly-shaped 
section,  the  slopes  may  vary  widely  and  may  not  be  monotonic. 

In  order  to  find  an  acceptable  first  approximation,  let  us  consider 
the  exact  solution  for  the  ellipse, 


0  =  arctan  (—  tan  <j> ) 
b 


where  2a  and  2b  are  the  length  and  thickness  of  the  ellipse 
x  =  a  cos  0,  y  =  b  sin  0 

Then  we  have 


r2  (<(>) 


2  2  2  2 
a  cos  9  +  b  sin  0 


and 


(23) 

(24) 

(25) 


This  suggests, 
approximation 


d0 


ab 


2  2  2 
a  +b  -  r  (<f>? 


(26) 


for  an  arbitrary  profile  of  length  1  and  thickness  d,  the 


0 


1 


I  (*  _ Si _  J.  =  JL  f2"  d<fr _ 

1  •'o  l2  +  d2  -  4r2{$)  2lT  ^o  l2  +  d2  -  4r 2 (<t>) 


(27) 


The  "Best  Possible"  Quadrature  Formula 

As  shown  in  (4] ,  for  a  continuous,  cyclic  integrand,  the  "best  possible" 
quadrature  formula  is  proportional  to  a  simple  sum  of  the  ordinates  for 
uniformly-spaced  abscissae.  For  profiles  without  corner  points,  this 
formula  can  be  applied  in  the  present  case  since  the  integrand  in  (18) 
can  be  made  cyclic  by  writing  the  integral  in  the  form 
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i|o  fjr  0,<^'  =  7  fjr  <0,  -20,^$*  +  i[u2 (4>,2ir)  -w2(<ji,o)] 
1  l2V  3if/ 

=  7  a^T  (0,  "  SojJd^1  +  it  +  2i|i  (o  ,$) 


(28) 


since  o> (<j> , 2tt )  =  it  +  u($,o)  =  it  +  <|> (o , 4> )  .  The  integral  equation  (18)  then 
becomes 

i  f2n  aii,  n 

(29) 


9(<0)=-~|  fjr  (S'  -  e-2iil  +  2Y)d^1  +■  Y(<fr)  -  J 

Here  the  integrand  has  again  been  adjusted  so  as  to  vanish  at  <)> '  =  (j>,  thus 
avoiding  the  necessity  of  calculating  the  curvature  of  the  profile.  Form 
(29),  however,  requires  the  calculation  of  an  additional  matrix,  the  values 
of  (!)($,$').  Only  numerical  experimentation  can  determine  whether  the 
increased  accuracy  of  the  quadrature  formula  justifies  the  greater  complexity. 


Solution  by  Iteration  and  Discretization 
a)  Smooth  Sections. 

For  sections  without  corner  points,  numerical  solutions  of  (29) 
can  be  obtained  from  the  iteration  formulae 


e2W  =-^T  J  Ir" 

J  O 


(9’  -  01  -2u>+  2Y)d4>'  +  y(4>)  -  y 


n+1 


i_  f2v 
~"2"  Jo 


62  =f<9l  +  e2> 


Hr  (6 '  -  6  -  2u>  +  2y)d$ '  +  r  -  n  =  2,3,... 
d<j>  n  n  /. 


(30) 


(31) 


(32) 


where  0^  is  given  by  (27).  The  slight  modification  (31)  of  the  iteration 
formula  after  the  second  approximation  is  a  consequence  of  the  fact  that 
the  first  eigenvalue  of  the  kernel  lies  on  the  circle  of  convergence  of 
the  Neumann  series  equivalent  to  the  unmodified  iteration  formula.  As  is 
shown  in  [7] ,  the  above  modification  assures  convergence  of  the  iteration 
formula,  and,  in  practice,  effectively  accelerates  its  convergence. 

With  the  integrals  in  (30)  and  (32)  represented  by  the  "best 
possible"  quadrature  formula,  these  become  iteration  formulae  for  solving 
the  set  of  linear  equations 
N-l 


0  „  •  =  E  ( (f^7>  •  •  (0  .  -  0  .  -  2(i).  .  +  2y.))  +  y  .  -  ?r 
n+l,i  N  3$'  i]  m  nr  ij  l  l  2 


(33) 


672 


with  a  similar  expression  for  (30).  Here  6  .  =  0  (4.),  w..  =  oj(4.»4)» 

ni  n  l  ij  i  ] 

etc.,  and  4.  ,  -  4.  =  A4,  a  constant  interval.  The  term  in  brackets  is 
i+l  l 

set  equal  to  zero  when  i  =  j .  Since  0  and  y  change  rapidly  with  4  near 
the  extremities  of  an  elongated  profile,  a  small  interval  A4,  such  as  one 
degree,  should  be  selected.  Here  j  =  0  corresponds  to  4  =  0  and  j  =  1 
to  4  *  A4. 

For  sections  symmetrical  about  the  x-axis,  it  suffices  to  calculate 

the  0^  corresponding  to  values  of  4^  in  the  range  0  <_  4  it;  for  double 

ship  sections  with  two  planes  of  symmetry,  only  the  values  of  4^  in  the 

range  0  ^  4  1  it/2  need  be  considered.  Thus  for  the  case  of  one  plane  of 

syimnetry,  with  N  an  even  integer,  N  =  2p,  we  have  0„  .  =  2ir  -  0 .  ,  and  (33) 

N— 1  1 

becomes 


P-1 


P'l 


9  •  =  -17  [  1  (K.  -  -  K.  „  .)0  .  +  2tt  Z  K.  „  . 

n+1,1  N  ^  1]  1,N-J  n]  ^  i,N-] 

N-l 

+  Z  K.  .  (2f  .  -  2uj.  0  .)  +  nK.  )  +  y.  -  - 
j=0  13  l  13  ni  ip  'l  2 


(34) 


where  K.  .  =  04/34')  .  . . 

13  13 

If  the  section  is  symmetrical  about  the  x-  and  y-axes,  we  take 

N  =  4q,  q  an  integer,  and  note  that 

6.  =  it  -  0_  .  =  0„  .  -  it  =  2it  -  0  . 

1  2q-i  2q+i  N-l 

Hence  (33)  becomes 

q— 1 

0  ..  •  =  -  Z  C..5  .  +  ^-  H.  +TTL.  +  (2y.  -0  .)M.  -N.)  +  y .  -  ^  (35) 

n+l,i  N  13  n]  2  i  1  1  ni  1  1  '1  2 


where 


C. .  =  K. .  -  K.  _  .  +  K.  .  -  K.  . 

13  13  l,2q-3  1 , 2q+3  l,N-3 


H.  =  K.  +  2K.  _  +  3K.  , 

1  lq  i,2q  i,3q 

q-1 

L.  =  Z  (K.  _  .  +  K,  _  .  +  2K.  „  . 

1  2l  l«2q-3  l,2q+3  l,N-3 


N-l 


N-l 


06) 


M.  =  Z  K.  .  ,  N.  =  2  Z  K.  ,u> ,  . 

1  j=0  *3  1  j=0  13 

In  computing  j ,  H^,  and  M^,  we  should  set  =  0  in  the  computer 
program,  since  this  element  occurs  with  a  zero  factor. 

Fc  starting  the  iteration,  the  first  approximation  (27)  will  be 


3 


assumed.  This  gives  the  discretized  forms 

6li  =  ~X~  "2  ~2  “  2'  R0  =  Ri  =  I'  ^  =  R2  =  •"  =  Ri-x  =  1  (37) 

3=0  1  +  d  -  4r . 

3 

1  N"1  1 

t  =  —  y  - - - 

N  .  _  ,  2  2  2 

3=0  1  +  d  -  4r . 

3 

b.  Sections  with  Corner  Points. 

When  corner  points  are  present,  the  "best  possible"  quadradure 
formula  cannot  be  used,  although  (18)  remains  applicable.  For  doubly 
symmetric  sections,  this  may  be  written  in  the  form 

1  f"/2 

ew  [K<*,*M9-+K<*,w1)(i.-e-)+K(*,i,  +  ,n(*  +  e') 

'  o 

-t-  K(4>,2w -<#*•)  (2tt  -  6’ )  “  0  |  K<0')d4>’  -  6  J  ^  d*  •  }  +  i|i(o, 

°  n/2 

1 

=  -^-{  ) e *  -  k(<j> , 4. * ) 0] <a<j> •  +  -iH<(),2ir)] 

'  O 

+  ir  [  2^f  ( 4> ,  2tt  )  +  1H0,*)  (38) 

where 

G(<M')  =  K(<p, <!>')-  K(<t>,n -$')  +  K(<^,7r  +  <#.’)  -  K  ( <}> ,  2n  -  <J>  ’ )  ) 

But 

i|i0>,2tt)  =  (<t>  ,0)  =  *  +  i|>(o,<(>) 

Also 

|K($ , 2ir  -  4 ' )  0  'd$ '  =  K(*,2tt  -  $')  (6'  -  6)d*’  +  9[t|i(*,2if)  -  i|i(<l>»^f)] 

•  o  '  o 

will  be  used  to  improve  the  accuracy  of  the  quadrature  formula  for  the 
left  member  when  K($,2iv-$)  is  large,  as  is  usually  the  case  near  the 
free  surface  (4  =  0)  of  a  double  ship  section.  Then  (38)  becomes 

3  r* 

0(4)  ='^T{  [G('M')e'  +  (k<4,2»-4’>  -  K(*,«}.')  )0]d<(.’  +  e[<i»(4,§) 

*  r\ 


+  1 |»(<f>, -y)  -  24  (<p,o)  J  -  7rC4<4,f)  +1 l>0P,~))}  -  v 


or,  discretized, 
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0  ,  .  =»  -■£-  {  ER.G..0  .  +  6  .(  £  R .  (K.  „  .  -  K.  .)  +  <t.  +*.  .  -  2ip.  } 

n+l,i  2 it  j=1  3  l]  n3  ni  x  3  1.N-]  13  lq  r,3q  io 

-  rr(ip.  +  ifi.  )  }  -  ir  (40) 

iq  l»3q 

Here  also  we  should  set  =  0  in  the  computer  program,  and  use  (27) 
as  the  first  approximation  for  starting  the  iteration. 

The  forms  of  the  integral  equation  in  (39)  and  (40)  are  suitable 
for  ship  sections  with  smooth  bottoms,  which  intersect  the  free  surface 
obliquely.  If  the  keel  is  V-shaped,  or  is  flat  for  a  small  interval 
about  the  centerline,  the  kernel  K($,tt-$)  will  become  large  near  ip  =  tt/2. 
In  order  to  improve  the  accuracy  of  the  quadrature  formula,  we  should 
then  also  put 

f  f 

j  K(<|> ,ir  -  $,)0'd<f>'  =  |  K(<f,Tr  -  $•)  (0*  -  0)d4> ‘  +  0[iM<M)  -<M*,j)l 
with  which  (39)  and  (40)  become 

,  a 


■-H 

c 


[G  ($,$')  6 '  +  (K{(j),2TT  -  K(<J>,TT  -  4)  • )  -  K(*  ,4>  • )  )  eid<<>  ■ 


+  0(2^(<(),y)  -  ($  ,ir)  +  iM4>,-y)  -  2<|>($,0)  J 

-  W[l(/  (l(l,j)  +'(l(<(',^)]  }  -  u 


1  q  q 

0  ,  ,  £  R.G.  ,0.+0.[£R.(K.  „.+K.  ,  .  -  K.  , ) 

n+l,i  2 it  \.=1  3  i]  n]  ni  _.=1  3  i,N~3  i,2q-3  13 

+  2i|i.  ->J).  +  ip.  -  2ij /.  ]  -  it  (ip.  +  ip .  ,  )  }  -  tt  (40a) 

iq  1, 2q  i,3q  10  iq  1 , 3q  ’ 

Finally,  after  the  0^  have  been  obtained,  the  coefficients  of  the 

parametric  equations  can  be  calculated  from  (5)  and  (6) ,  employing  the 

same  quadrature  formula  as  was  used  in  discretizing  the  integral  equation. 

For  this  purpose,  the  coefficients  are  rewritten  in  the  form 


=  -  ( 

2  u  I 

Jo 


2 it  i  (6  -  4>) 


>•  3n  =  ~2t<  j 


2 it  i  (4>  +  n0) 

r  (p)  e 


It  (41) 


For  a  double  ship  section,  these  yield 
,  (*/2 

A-f  j  r  (<J> )  cos  (0  -  <)>)  f^d*.  an  =  -j 


r* ( 4> )  cos  ( p  +  n0 )  —  dp 
dtp 


n  »  1,  3,  5,  _ ;  or  discretized. 
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q  q 

A  =  —  E  R.r .  cos  (8  .  -  $  , )  (§7)  .  ,  a  =  —  E  R.  r .  cos  (<(>.  +  n8 . )  (77)  •  (43 

it  Q  11  i  Ti  l  n  7 r  i=Q  i  i  'Yi  i'  d$  l 

If  the  section  has  no  corner  points,  (41),  evaluated  by  means  of  the  "best 
possible"  quadrature  formula,  yields 

„  4  r^1  /fl  .  .  ,de,  ,  ro  .dd,  ,  *a  ,d8.  ,  \ 

A  =  -  (  E  ^  cos  +  —  <^>0  +  f  <d*>q) 

}  (44 

a  <1_1  r  ..  n+1  ..  I 

*n  "  riC°S  ‘♦i  +  n#i)  (Sli  +  f  <|f*o  +  <gVj 


Applications 


Two  applications  will  be  presented,  one  for  an  ellipse  of  length- 
thickness  ratio  5,  the  other  for  a  Lewis  form  of  draft-beam  ratio  0.9  and 
section-area  coefficient  0.925.  The  shape  of  this  Lewis  form  is  shown  in 
Reference  [2] . 

For  the  ellipse,  eq.  (2)  is 

z  =  0.6?  +  (4 

and  the  parametric  equations  are 

x  =  cos  8,  y  =  0.2  sin  8  (4 

The  input  data  for  the  computer  program,  r(i(i)  and  dr/d<f> ,  are  then  given 
by 


8  =  arctaif 


(5  tan  <i>)  \ 


r  =  >4os2  8  +  0.2  sin2  ej  (47> 

*  37-  =  -  2. 4r  sin  28  ' 

d<p 

The  first  approximation  (27)  could  not  be  used  in  this  case  since  this 
gives,  immediately,  the  exact  solution.  Consequently,  the  value  d  =  0.5, 
instead  of  0.4,  was  used  in  (27).  In  Table  1,  the  values  of  8^,  8^, 

0_.  .  and  8  .,  are  compared  with  the  exact  solution  8..  The  coefficients 

fl  X 

A  and  a.,  derived  from  8.  ,  ,  are  conqpared  with  the  exact  values  from  (45) 

X  4X  /  X 

in  Table  2.  In  Table  3,  some  original  and  recovered  values  of  x  and  y 
sure  also  compared.  The  agreement  between  the  exact  and  computed  values 
is  seen  to  be  excellent. 

For  the  selected  Lewis  form,  eq.  (2)  is 


z  =  ?~inr 
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TABLE  1  Comparison  of  Successive  Approximations  with 
Exact  Solution  for  a  5:1  Ellipse 


♦  (deg.) 


9  (rad. ) 


0.7225755 

0.67032 

0.67858 

0.72242 

0.7225753 

1.0683405 

0.82904 

0.91112 

1.06820 

1.0683403 

1.2373232 

0.94840 

1.05746 

1.23722 

1.2373230 

1.3368114 

1.05759 

1.16850 

1.33673 

1.3368113 

1.4045258 

1.16271 

1.26173 

1.40447 

1.4045257 

1.4558354 

1.26585 

1.34512 

1.45580 

1.4558354 

1.4981305 

1.36796 

1.42289 

1.49811 

1.4981304 

1.5355455 

1.46950 

1.49755 

1.53553 

1.5355455 

ir/2 

tt/2 

w/2 

w/2 

w/2 

TABLE  2  Coefficients  of  Parametric  Equations 
for  a  5:1  Ellipse 


11  13  15  17  19 


P  (deg.) 


which  gives  the  parametric  equations 
x  =  ~  cos  8  -  jjr  cos  30 , 


y  =  j  sin  8  +  —  sin  36 


The  input  data  for  the  computer  program  are  then  given  by 


tan  $  = 


31  sin  8  +  sin  38 
9  cos  6  -  cos  30 


6  -  sin  8 

,  2  a 

3  -  cos  8 


f  2  2 

r  =  /x  +  y 

,  a, (1 +  a,) sin  28  +  2a,  sin  48 

dr  ,  1  3  3  _  . 

d<t  “  2r  2  2 

Y  1  -  a^  3a^  -  4a^a^  cos  26  -  2a^  cos  40 

Values  of  8  corresponding  to  given  values  of  if  can  be  obtained  by  solving 
eq.  (46)  by  means  of  the  iteration  formula 


tan  0^n+1'  =  tan 


3  -  cos2  8<n) 
6  -  sin2  8ln) 


with  8' 


when  <f  =  1°,  2°,  ...  15°,  and 


tan  ef1?  =  tan 
i+l 


3  -  cos  8 . 
k  _ L 

i+l  ,  .  2  .  ' 

6  -  sin  8. 

l 


16°  <  if  <  89° 


A  comparison  of  the  values  of  0, . <  8„.»  8,,  .  ,  and  8,,  derived  from 

li  2i  21, l  41, l' 

the  integral  equation,  with  the  exact  values  defined  by  (46) ,  is  shown  in 
Table  4.  The  coefficients  A  and  a^,  derived  from  0^  their  exact  values, 
and  some  original  and  -^covered  values  of  x  and  y,  are  shown  in  Tables  5  and 
6.  The  agreement  between  the  exact  and  computed  values  is  again  seen  to  be 
excellent. 


Discussion  and  Conslusions 

Double  ship  sections  without  corner  points  can  be  accurately  mapped 
into  a  unit  circle  by  a  procedure  which  employs  the  Gershgorin  integral 
equation,  with  various  refinements.  These  consist  of  the  selection  of  a 
good  first  approximation,  elimination  of  the  need  to  compute  the  curvatures 
of  the  given  section  at  the  diagonal  elements  of  the  equivalent  matrix,  and 
the  transformation  of  integrands  into  cyclic  form  so  that  the  "best  possible" 
quadrature  formula  may  be  used.  This  mapping  then  yields  an  accurate 
parametric  representation  of  the  ship  section. 

For  sections  with  corner  points,  it  has  been  shown  that  the  modified 
form  of  the  integral  equation  used  for  "smooth"  sections  remains  valid  at 


TABLE  5  Coefficients  of  Parametric  Equations 
for  a  Lewis  Form 

-5 

a  x  10 

_ n _ 

A  a^  a3  n=5  7  9  11  13 

Exact  1.00  -2/5  -1/15  0  000 

Computed  1.00002  -.39978  -.06648  17  12  10  5 


TABLE  6  Comparison  between  Exact  and  Recovered 
Coordinates  of  the  Lewis  Form 


<t>  (deg . ) 

X 

i 

y 

X41 

y41 

0 

1 

.5333 

.0 

.5341 

.0 

10 

.5333 

.0940 

.5342 

.0941 

20 

.5333 

.1941 

.5344 

.1940 

30 

.5331 

.3078 

.5340 

.3071 

40 

.5320 

.4464 

.5323 

.4457 

50 

.5277 

.6289 

.5277 

.6289 

60 

.5072 

.8785 

.5064 

.8782 

70 

.4184 

1.1497 

.4186 

1.1496 

80 

.2286 

1.2964 

.2286 

1.2964 

90 

.0 

1.3333 

.0 

1.3333 

the  corners.  The  pre  e  of  the  corners,  however,  introduces  additional 
errors  in  the  quadrature  formulas,  and  the  resulting  conformal  mapping  and 
parametric  representation,  derived  by  a  procedure  similar  to  that  for  the 
smooth  case,  was  not  considered  sufficiently .accurate .  The  difficulty  is 
due  to  the  very  rapid  variation  of  the  kernel  of  the  integral  equation  in 
the  neighborhood  of  a  corner  point.  The  present  procedures  are  being 
modified  to  take  this  effect  properly  into  account,  but,  because  of  time 
limitations,  results  for  ship  sections  cannot  be  included  in  this  contribution. 
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ABSTRACT 


This  paper  presents  and  discusses  algorithms  to  implement  a  Lagran- 
gian  treatment  of  incompressible  hydrodynamics  coupled  to  a  triangular 
representation  of  the  finite -difference  mesh.  The  added  complexity  of  a 
general  connectivity  triangular  mesh  pays  great  dividends  in  permitting 
longtime  solutions  of  complicated  flows  with  shear,  wave  breaking  in  free- 
surface  problems,  and  flow  along  and  around  complicated  structures.  Many 
of  the  techniques  discussed  here  have  '  sen  tested  but  many  are  new,  and 
the  optimum  algorithms  in  some  cases  have  yet  to  be  determined. 


1.  Introduction 

This  paper  describes  numerical  techniques  and  models  for  the  Lagran- 
gian  integration  of  transient  free-surface  problems  in  hydrodynamics. 

The  techniques  described  here  involve  the  use  of  a  Lagrangian,  finite- 
difference  mesh  of  connected  triangles  to  represent  the  fluid  motion  and 
the  various  interfaces  and  free  surfaces.  This  approach  is  a  fruition  of 
efforts  carried  out  at  NRL  and  elsewhere  during  the  past  few  years.  Many 
of  the  basic  concepts  were  developed  by  Crowley1  using  a  code  called 
FLAG.  Our  NRL  work  has  concentrated  on  the  free-surface  and  magneto- 
hydro dynamic  aspects  of  the  problem.  The  major  efforts  centered  on 
LINUS2  ,  a  2D  MHD  code  with  axial  symmetry.  Attention  recently  turned 
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toward  solving  free-surface  problems  in  naval  hydrodynamics,  problems 
which  are  now  soluble  numerically  using  these  new  methods  and  capitali¬ 
zing  on  recent  advances  in  computer  technology.  These  problems  include: 

•  the  generation  and  breaking  of  gravity  waves, 

•  the  nonlinear  interaction  of  large  amplitude  gravity  waves  and 

internal  waves, 

•  the  rise  and  bursting  of  bubbles, 

•  the  transient  and  steady- state  flows  past  immersed  structures,  and 

•  the  self-consistent  forces,  moments,  and  motions  induced  in 

immersed  bodies  and  surfaces. 

Clearly  a  general  free-surface  capability,  first  in  two  arid  later  in 
three  dimensions,  will  allow  an  almost  inexhaustible  list  of  important 
hydrodynamics  problems  to  be  solved. 

A  good  example  of  the  type  of  problem  in  which  we  need  improved 
numerical  techniques  is  the  problem  of  a  large  amplitude  breaking  wave. 
When  the  wave  top  separates  from  the  wave  due  to  bottom  shallowing, 
nonlinear  wave  interaction,  or  strong  surface  winds,  it  falls  back  into 
the  wave  trough  in  a  complicated  flow  which  the  usual  techniques  cannot 
handle .  It  is  the  goal  of  this  paper  to  define  Lagr  igian  triangular 
mesh  methods  in  which  the  crest  of  the  numerical  can  separate 

accurately  from  the  tody  of  the  wave,  can  fall  under  the  influence  of 
gravity  and  any  strong  winds  back  into  the  trough  of  the  wave,  and 
become  reabsorbed  smoothly  without  invalidating  the  numerical  represen¬ 
tation  of  the  fluid  at  the  surface.  Thus,  this  paper  proposes  methods 
in  which  the  topology  of  the  problem  can  change  self-consistently 
with  the  evolution  of  the  system.  Figure  1  illustrates  the  use  of  a 
Lagrangian  triangular  mesh  to  facilitate  the  solution  of  this  problem. 
Clearly,  any  representation  of  the  problem,  to  be  adequate,  must  be 
capable  of  drastic  local  changes  to  reflect  complicated  motions  such 

as  the  breaking  of  a  large  amplitude  wave. 

5  6 

Previous  Lagrangian  treatments  *  have  been  restricted  to  simple 
flows  or  small  amplitude  motions  because  of  the  use  of  a  topologically 
rectangular  finite-difference  mesh.  The  major  practical  problem  with 
these  methods  arises  out  of  the  inflexible  connectivity  of  the  various 
mesh  points.  In  complicated  and  strongly  sheared  flows,  where  one 
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element  of  fluid  may  become  widely  separated  in  space  from  a  nearby 
element,  uhe  usual  Lagrangian  treatments  break  down  because  the  advan¬ 
tages  of  a  simply  structured  rectangular  mesh  are  nullified  as  the 
mesh  becomes  too  severely  distorted  to  allow  adequate  accuracy  in  the 
representation  of  the  fluid  flow.  Another  main  drawback  of  such  approa¬ 
ches  is  a  difficulty  in  representing  complicated  boundaries  and  structures 
because  of  the  limited  topology  of  the  mesh.  Further,  when  the  mesh 
becomes  sufficiently  distorted  that  no  greater  Lagrangian  distortion  can 
be  permitted,  the  usually-applied  process  of  continually  rezoning  amounts 
to  a  form  of  numerical  diffusion.  Thus,  the  usual  Lagrangian  treatments 
are  capable  of  extending  linear  models  significantly  into  the  nonlinear 
regime  but  are  not  capable  of  providing  a  satisfactorily  accurate  long¬ 
time  representation  of  highly  complicated  flows  bordering  on  turbulent 
phenomena. 

Rectangular  mesh  approaches  also  appear  to  suffer  a  serious  "even- 
odd"  or  computational -mode  instability  which  must  be  overcome  by  some 
form  of  added  numerical  damping.  This  damping  destroys  the  reversibility 
of  the  algorithm  rnd  limits  its  usefulness  for  high  Reynolds-number  flows 
even  though  some  care  has  been  given  to  developing  damping  algorithms 
which  minimize  this  nonphysical  diffusion. 

Two-dimensional  Cartesian  geometry  is  fully  adequate  to  develop  the 
necessary  techniques  for  fluid  zones  to  disconnect  and  r  connect  freely  in 
following  complicated  motions.  Furthermore,  the  methods  given  here 
generalize  easily.  Regular  and  irregular  tessellations  of  the  x-y  plane 
are  possible  with  triangles.  Complicated  boundaries,  complicated  inter¬ 
faces,  and  complicated  structures  can  all  be  represented  smoothly  and 
uniformly  with  grids  composed  of  triangles.  Figure  2  shows  examples  of 
such  tessellations  in  the  hydrofoil/ free- surface  problem. 

A  triangular-element  mesh  has  several  advantages.  The  grid  can  be 
restructured.  The  number  of  triangles  meeting  at  a  vertex  is  variable, 
and  therefore,  increased  accuracy  in  one  region  of  the  flow  does  not 
force  unnecessary  resolution  in  other  areas  of  the  flow.  Individual 
triangles  and  sides  can  also  be  bisected  or  rearranged  to  give  new  grid 
structures  which  better  represent  changing  fluid  flows.  The  triangle 
is  a  much  less  ambiguous  structure  than  a  rectangle  or  higher-order 
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Figure  1.  The  use  of  a  Lagrangian  triangular  mesh  to 
facilitate  the  nonlinear  hydrodynamics  of  separating  free- 
surface  flows. 

polygon  and  hence  interpolations  and  integrals  are  usually  simpler  to 
perform.  Moreover,  the  even-odd  problems  of  rectangular  schemes  appear 
to  be  absent,  or  at  least  greatly  subdued,  in  the  triangular  represen¬ 
tation.  Because  of  the  three-sided  figures  (rather  than  four-sided), 
there  is  no  ambiguous  labelling  of  grid  points  as  even  and  odd.  A 
vertex,  which  is  one  point  removed  from  its  neighbor  along  a  particular 
path,  will  be  two  pointB  removed  by  another.  This  does  not  mean  that  an 
even-odd  problem  cannot  occur,  only  that  it  is  not  a  topologically 
natural  mode  of  instability  and  hence  should  be  considerably  slower 


Figure  2.  Use  of  a  triangular  mesh  to  represent  a 
submerged  body  near  the  free  surface. 

growing  than  its  rectangular-mesh  counterpart.  Experience  with  the 
SFLISH  and  SPLASH  codes  supports  this;  a  reversible  algorithm,  or  at 
least  a  very  weakly  damped  one,  is  feasible  using  the  Lagrangian  trian¬ 
gular  mesh  approach. 

Of  course  there  are  also  some  problems  with  the  triangles.  A 
general  connectivity  triangular  mesh  has  cumbersome  bookkeeping  problems 
associated  with  the  connections,  with  the  grid,  the  sides  of  the  triangles, 
and  the  basic  cells  of  the  fluid  dynamic  system.  Numerical  experience 
with  triangles  is  much  more  limited  than  experience  with  rectangular 
meshes  and  the  statement  of  the  hydrodynamic  equations  in  triangular 
systems  requires  that  especially  good  attention  be  paid  to  the  spatial 
derivative  terms  which  are  needed.  There  are,  as  well,  some  intrinsic 
numerical  complications  in  triangular  systems.  The  major  one,  discussed 
in  detail  in  Section  3,  is  the  counting  of  equations  and  free  unknowns. 

This  difficulty  can  be  argued  to  be  the  price  we  pay  for  the  relative 
suppression  of  the  "even-odd"  or  "computational"  modes  observed  in 
more  standard  rectangular  approaches. 

In  this  paper,  we  will  restrict  ourselves  to  the  study  of  systems  in 
which  the  fluid  is  inviscid  and  incompressible  but  has  variable  density. 
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We  also  restrict  consideration  to  problems  in  which  the  gravity  is 
constant  and  directed  in  the  negative  y  direction.  These  are  not 
necessary  restrictions  but  simplify  the  analysis  and  allow  the  full 
spectrum  of  problems  of  current  interest  to  be  solved.  The  basic 
equations  of  the  system  are: 


-  Pg£  and  (1) 

Z  *  V  -  0,  (2) 


where  the  fluid  density  p,  pressure  P,  and  velocity  V,  are  assumed  to 
vary  only  with  x  and  y.  Equation  (2),  incompressibility,  removes  the 
sound  waves.  We  will  assume  that  P  =  constant  along  free  surfaces  and 
hence  the  free- surface  boundary  condition  can  be  deduced  from  the  com¬ 
ponent  of  Eq.  (1)  resolved  parallel  to  the  free  surface.  If  we  use  f 
to  denote  the  unit  tangent  vector  to  the  free  surface,  the  free- surface 
condition  becomes 


d  V, 
“dt 


g  f  •  t  . 


(3) 


The  basic  discussion  of  triangular  grids  and  connection  of  grid 
vertices,  triangle  sides  and  triangle  volumes  is  found  in  Section  2. 
Tessellation  of  the  plane  is  considered  and  the  representation  of  compli¬ 
cated  surfaces  and  interfaces  by  a  triangular  mesh  is  described.  Concepts 
and  a  notation  for  this  triangular  mesh  representation  are  developed  and 
the  vector  aspects  which  can  be  utilized  numerically  are  given. 

Section  3  is  devoted  to  describing  methods  for  solving  the  equations 
of  incompressible  hydrodynamics.  A  counting  problem  encountered  in  some 
schemes  is  described  and  the  motion  of  the  mesh  is  discussed.  We  have 
found  several  approaches  to  overcome  this  counting  problem  where  it  occurs 
but,  as  in  other  treatments  of  incompressible  flow,  we  arrive  at  iterative 
algorithms  for  solving  the  equations.  We  also  discuss  briefly  questions 
of  mass,  momentum  and  energy  conservation. 

Section  4  is  devoted  to  the  numerical  aspects  of  integrating  the 
equations  of  motion.  Two  essentially  reversible  algorithms  are  possible, 
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leap-frog  and  centered  implicit.  Each  can  be  coupled  to  any  of  the 
several  possible  spatial  treatments.  Reversibility  is  desired  because 
it  reflects  a  property  of  the  inviscid  physical  equations.  Major  emphasis 
is  concentrated  on  the  choice  of  algorithms  actually  implemented  in  the 
Cartesian  SFLISH  code. 

Section  5  treats  the  important  aspects  of  adjusting  and  restructur¬ 
ing  the  mesh.  It  describes  methods  of  setting  up  the  grid  structure 
initially  and  the  various  techniques  which  can  be  used  to  modify  the 
grid  to  better  follow  the  Lagrangian  motion  of  the  fluid.  One  of  the 
most  important  aspects  of  this  restructuring  is  that  strong  shear  flows 
can  be  followed  for  long  times  with  minimal  numerical  diffusion. 

A  short  summary  with  examples  using  the  original  formalism  are 
contained  in  Section  6.  More  extensive  reports  are  planned  for  the  near 
future  including  the  details  of  test  calculations  and  alternate  algorithms 
which  have  not  yet  been  tested. 

2.  Triangular  Mesh  Logic 

In  this  section,  we  will  describe  and  illustrate  some  of  the 
features  of  triangular  meshes  and  the  representation  of  the  vertex  inter¬ 
connections.  The  techniques  for  adjusting  and  restructuring  the  mesh 
during  the  actual  course  of  a  calculation  will  be  attacked  later  in 
Section  5.  Figure  3  shows  a  section  of  a  triangular  mesh  representation 
with  an  interface  of  a  fluid  of  type  I  connected  to  a  fluid  of  type  II. 

The  basic  elements  involved  in  the  construction  of  a  triangular  mesh  are 
shown.  A  particular  triangle  J,  is  shown  in  heavy  lines  and  the  various 
elements  of  that  triangle  are  labelled.  Three  vertices,  V^,  Vg,  and  V^, 
are  connected  consecutively  by  sides  S^,  Sg,  and  S^.  Clearly,  triangle 
J  shares  these  vertices  and  sides  with  other  triangles.  The  direction 
of  labelling  around  each  triangle  is  taken  to  be  counter-clockwise  and 
the  z  direction  is  taken  to  be  out  of  the  page.  Since  the  mesh  can  be 
irregularly  connected,  an  arbitrary  number  of  triangles  can  meet  at  each 
vertex.  For  example,  five  triangles  and  sides  meet  at  vertex  1.  The 
number  of  triangles  and  sides  meeting  at  a  vertex  is  equal  except  near 
free-surfaces  where  there  may  be  no  grid  above  the  surface .  Each  side  is 
bounded  by  two  triangles  (in  general)  and  each  triangle  shares  sides  with 
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Figure  3.  A  section  of  &  triangular  mesh  including  an 
interface  and  showing  a  vertex  cell. 


three  other  triangles . 

Figure  3  also  illustrates  several  Important  features  of  triangles 
which  are  used  throughout  the  remainder  of  this  paper.  It  is  convenient 
to  define  a  cell  surrounding  a  vertex  as  shown  by  the  shaded  region 
surrounding  vertex  3*  The  borders  of  such  vertex- centered  cells  are 
determined  by  constructing  all  of  the  side  bisectors  for  each  triangle. 

Since  the  three  side  bisectors  all  intersect  at  a  point,  as  shown  for 
triangle  J,  there  is  no  ambiguity  in  constructing  the  vertex  cells  as 
indicated.  The  point  of  intersection  of  the  side  bisectors,  known  as 
the  centroid  of  the  triangle,  is  the  center  of  gravity  for  the  figure 
and  this  is  true  in  r-z  as  well  as  Cartesian  (x-y)  coordinates.  The 
three  side  bisectors  of  any  triangle  divide  the  triangle  into  Bix 
subtriangles. .  These  six  subtriangles  all  have  the  same  area  and,  there¬ 
fore,  the  quadrilaterals  associated  with  each  of  the  three  vertex  cells 
and  into  which  the  triangle  is  decomposed  all  have  the  same  area.  When 
the  density  is  constant  over  a  triangle,  the  mass  contributions  from  a 
triangle  to  each  of  the  three  vertex  cells  are  equal,  ftiese  features 
of  side  bisectors  make  the  calculation  of  cell  volumes  and  cell  areas 
particularly  simple. 

For  a  complete  tessellation  no  fewer  than  three  non-degenerate 
triangles  can  meet  at  any  one  vertex.  Since  a  structure  with  three 
triangles  meeting  at  an  interior  vertex  must  have  a  larger  triangle 
surrounding  the  three,  the  central  vertex  is  redundant  and  can  be 
eliminated.  Thus  we  can  assume  that  at  least  four  triangles  meet  at  a 
vertex.  Since  there  are  more  triangles  than  vertices,  care  must  be 
taken  when  solving  vertex  equations  using  triangle  constraints.  Only  when 
three  triangles  meet  at  each  vertex  do  we  have  as  many  vertices  as  triangles. 
In  a  hexagonal  tessellation  of  the  plane,  each  interior  vertex  has  six 
triangles  and  there  are,  therefore,  two  triangles  per  vertex.  One, 
therefore,  must  expect  to  fix  roughly  two  vertex  quantities  for  each 
triangle  constraint. 

Any  computational  representation  of  such  a  triangular  mesh  must 
record  all  important  aspects  of  the  mesh  interconnection.  Therefore, 
the  following  lists  are  essential: 
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1.  For  each  vertex  a  list  must  be  kept  of  the  following  items: 

(A)  the  vertices  to  which  the  given  vertex  is  connected;  (B) 
the  sides  to  which  it  is  connected;  and  (c)  the  triangles  which 
meet  at  that  vertex.  If  each  vertex  is  numbered,  each  side  is 
numbered  and  each  triangle  is  numbered ,  these  lists  could 
simply  take  the  form  of  an  ordered  series  of  integers  and 
could  be  stored  quite  compactly  in  a  computer. 

2.  For  each  side,  lists  must  be  kept  recording:  (A)  the  starting 
and  the  finishing  vertex  of  that  side,  and  (B)  the  triangle 

to  the  ’-ight  and  the  left  of  that  side  considered  as  a  directed 
vector  from  the  starting  vertex  to  the  finishing  vertex. 

3.  For  each  triangle  the  following  lists  must  be  recorded:  (a) 
the  three  vertices  of  the  triangle  ordered  in  a  counter¬ 
clockwise  direction,  (B)  the  three  sides  of  the  triangle  again 
ordered  in  a  counterclockwise  direction  between  the  listed 
corresponding  vertices. 

Since  these  lists  are  not  all  independent,  they  are  not  all  needed. 
Knowing  only  the  vertices  to  which  a  given  vertex  is  connected,  for 
example,  still  permits  all  of  the  other  quantities  to  be  determined.  If 

A 

vertex  2  is  connected  to  vertex  7,  a  search  of  the  side  liBts  can  be 
performed  ico  determine  which  side  connects  vertex  7  and  vertex  2  and, 
thus,  the  various  sides  connected  to  a  given  vertex  can  be  determined. 

Given  the  mesh  and  all  its  interconnections  it  is  appropriate  to 
assume  that  various  physical  quantities  of  interest  can  be  associated  with 
the  vertices,  the  sides,  or  the  triangles.  An  array  of  triangle  areas, 
for  example,  is  a  meaningful  quantity  to  store  and  an  array  of  side 
lengths  is  equally  useful.  Since  it  is  the  mesh  of  vertices  which 
determines  the  structure  of  the  grid,  it  is  natural  to  assume  that  an 
surray  of  positions  is  recorded  for  the  sequence  of  vertices  in  the  problem. 
To  update  these  positions,  it  is  necessary  to  know  the  Lagrangian 
velocity  of  tbs  vertices.  Therefore,  we  will  also  assume  that  the 
velocities  of  the  vertices  can  be  found  in  such  a  way  that  integration 
of  the  equations  of  motion  for  the  vertex  position  is  possible  using 
these  velocities.  Since  the  velocities  are  assumed  known  at  the  vertices, 
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a  velocity  field  can  be  constructed  by  linear  interpolation  within  a 
triangle  which  is  then  piecewise  linear  throughout  the  entire  mesh. 

This  velocity  field  is  continuous,  single -valued  and  easily  determined 
at  any  point  in  space.  Since  linear  interpolation  is  used,  the 
velocities  at  the  center  of  the  sides  are  simply  the  average  of  the 
velocities  at  the  starting  and  finishing  vertex  of  that  side. 

Unfortunately,  the  first  derivatives  of  this  representation  are 
discontinuous  and  the  linear  representation  ensures  that  the  incompress¬ 
ible  equations  of  motion  cannot  be  satisfied  identically  within  a  single 
triangle  except  for  a  few  simple  cases  such  as  solid  body  translation. 

In  fact,  a  real  fluid  element  which  is  initially  triangular  would  be 
very  shortly  transported  in  a  real  fluid  to  a  figure  with  non-straight 
sides.  These  deformations  of  the  triangle  sides  are  a  measure  of  the 
error  in  the  numerical  methods  we  sure  proposing  and  are  fully  equivalent 
to  the  errors  made  in  neglecting  the  deformation  of  rectangle  sides  in  a 
topologically  rectangular  representation. 

It  should  be  clear  that  the  arrays  of  quantities  used  to  define  the 
grid  and  its  motion  involve  the  storage  of  only  local  information  about  a 
vertex.  The  connection  path  between  two  vertices  can  be  determined  only 
by  searching  sequentially  through  neighboring  vertices  along  triangle  sides. 
There  is  no  global  representation  of  the  mesh  in  general,  although  for 
some  specific  geometries,  such  a  global  representation  may  be  possible. 

The  lack  of  a  global  representation  in  which  the  vertex  numbering  denotes 
a  corresponding  relative  spatial  position  greatly  complicates  any  implicit 
calculations.  Poisson's  Equation,  for  example,  has  to  be  solved  by 
Iteration  and  explicit  time  and  space  derivatives  are  the  best  that  one 
has  any  right  to  hope  for.  Nevertheless^ using  the  incompressible  formu¬ 
lation  ensures  that  time step  limitations  due  to  acoustic  transit  times  are 
not  a  problem. 

We  will  use  the  following  notations  and  conventions.  The  subscript  i 
will  generally  be  used  to  label  vertices  and  the  subscript  j  will 
generally  be  used  to  label  triangles.  Thus  ID  denotes  a  sum  over  all 
vertices  and  £  is  a  sum  over  triangles.  The  sum  over  all  three  vertices 
of  triangle  j  is  denoted  by  £  where  the  symbol  is  read  "the  sum  over 
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vertices  i  around  triangle  j" .  Similarly  a  sum  over  triangles  wound 
a  central  vertex  c  would  be  denoted  by  £ .  The  notation  £  is  the 


J© 

srtex 


sum  over  vertices  i  around  a  central  vertex  c.  In  such  siinfS  the 
sequence  of  vertices  is  assumed  to  be  counter-clockwise  around  the  central 
vertex.  Thus  the  quantity  can  be  used  to  represent  the  triangle 
area  of  the  triangle  with  vertices  (c,  i,  i+l).  Similarly  appearing 
in  ^£  would  be  the  length  of  the  side  radiating  from  vertex  c  and 
separating  triangle  j  from  triangle  j+1. 

In  Figure  3  the  area  of  triangle  j  is  given  by 


2Aj  =  (£3  -  Tq)  X  (rx  -  rj  •  z  00 

and  thus  h^,  the  height  of  vertex  1  above  the  opposite  side  (S^),  is 
simply 


=  Kl3  -  r^l/^).  (5) 

Notice  that  the  area  is  a  signed  quantity  and  will  be  positive  when  the 
vertices  are  sequenced  in  counterclockwise  order  around  the  triangle.  In 
fact,  it  is  often  convenient  to  use  the  sign  of  the  area  to  test  whether 
or  not  a  triangle  has  inverted  during  the  flow,  i.e.,  whether  vertex  1, 
for  instance,  has  passed  through  side  2. 

As  illustrations  of  these  formulae  and  notations,  the  area  of  the 
cell  centered  on  vertex  i  is 


A.  =  £  $A.  (6) 

1  J©  3 

and  the  area-weighted  average  cell  velocity  is  given  by 


4 


v;  v 


(7) 


Of  course  all  the  sums  have  to  be  modified  near  a  wall,  an  interface,  or  a 
free  surface  but  the  way  to  do  this  in  any  particular  case  is  usually 
obvious. 
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If  the  pressure  {P^}  is  specified  at  each  vertex  and  is  assumed  to 
be  piecewise  linear  everywhere  between  the  vertices,  the  vector  gradient 
of  P  (constant  throughout  the  triangle  and  discontinuous  at  the 
triangle  sides)  is  given  by 


=‘l  2A 


*x(£:»-£p)  zx(r  -r  )  zx(r_-r  ) 

■  v  ~  +  p_  — — ± — i-  +  p  — — £ — — 


d 


2  2A . 


3  2a  . 


(8) 


T  p 

i®  1  2AJ 


Similarly,  the  triangle  velocity  (constant  throughout  the  triangle  and 
discontinuous  at  the  triangle  sides)  is  given  by 


V  ■  (vx*)  =  S  ♦  (a) 

-d  -y;d  yi  2Aj  w 

where  is  the  vertex- defined  velocity  stream  function  (only  a  single  z 

component  in  2D)  and  the  notation  i-1  and  i+1  denote  clockwise  and  counter¬ 
clockwise  vertices  from  vertex  i  around  triangle  d • 

For  a  vector  field  [V^}  defined  at  all  the  vertices  the  s  component 
of  the  curl  and  the  divergence  of  the  vector  are  also  defined  for  the 
triangles. 


Vj  ’  I  <M£>;  •  «  -  *  (10> 

4,  <2  •»,  ■  J  •  v)j  «  -  i  $2WV  *  (£!«-£,)•  2  .  (11) 

V 

Equations  (8-ll)  define  various  physical  quantities  at  triangle 
centroids.  The  corresponding  quantities  can  usually  be  defined  at  the 
vertices  of  the  finite-difference  mesh  by  area  weighting  the  triangle 
quantities  as  in  Eq.  (7).  For  example,  the  pressure  gradient  at  vertex 
cell  c  is  dust 


(VP)  -  [  2  Tj  z  x  (r,  ,-r.  )"|  /a 

-  c  Ld©  i<2)  r  ^+1  J  c 


(12) 


where  the  factors  Aj  in  numerator  and  denominator  cancel.  Equation  (12) 
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is  a  linear  combination  of  all  the  nearest  neighbor  pressures  to  vertex  c 

which  gives  exactly  the  correct  value  when  the  pressure  is  constant  or 

linear.  It  is  important  to  note  that  the  coefficient  of  Pq  in  Eq.  (12) 

is  identically  zero  since  Tj  (r,  )  is  a  telescoping  sum  when 

i©  ~1_J-  ~1+1 

vertex  c  is  an  interior  vertex. 

The  representation  detailed  above  is  appropriately  unique  and  ortho¬ 
gonal.  By  orthogonal  we  mean  that  the  numerical  finite  difference 
operators  satisfy  the  continuum  orthogonality  conditions 

7  X  70  =  0,  7  •  (v  x  *2)  =  0.  (13) 

The  preceding  curl  and  divergence  operators  in  Eqs.  (13)  of  course 
act  on  triangle  quantities  since  0  and  \|?  are  assumed  to  be  vertex 
quantities  as  above  (but  are  otherwise  arbitrary  scalar  fields).  The 
second  of  Eqs.  (l3)>  for  example,  can  be  written  in  our  finite-difference 
notation  as 

Ac<V  {V  x  tz))c=  J  7  .  (V  X  >jr)dA  * 

cell  c  (14) 

x  [VvW  +  W^i-^  + 

This  Is  just  the  flux  of  7  x  ^  (constant  over  triangles)  out  of  cell  c. 
Clearly  the  coefficient  is  zero  term  by  term  because  of  the  cross 
product.  The  ^  and  berms  have  as  coefficients  +  §■  and  - 

respectively,  because  (r^-r^,)  x  (r^j-r^)  =  2A^|  |  .  Thus  Eq.  (lit)  is 
identically  zero  when  summed  around  an  interior  vertex.  By  a  virtually 
identical  argument  the  first  of  Eqs.  (13 )  can  be  demonstrated  to  be 
identically  zero. 

By  uniqueness  we  merely  mean  here  that  the  triangle  vector  equation 

v  =  70  +  7  X  (15) 

uniquely  relates  V  and  (0,  ^ )  (assuming  well  posed  conditions  on  0 

and  *  at  the  system  boundaries  where  the  derivatives  are  not  defined), 
z 

Given  0  and  y  on  vertices,  Eqs .  (8)  and  (9)  allow  an  unambiguous 
z 


determination  of  V  at  the  triangle  centroids.  Going  the  other  way 
we  use  orthogonality.  The  divergence  of  a  known  V  expunges  the  ^ 
term.  Thus 


A  <V  .  V>  =  S  V ;  ,  X 

c  c  i© 


(^+l'^) 


=  7 


y  .  70  = 


=  sk 

i©L  1 


2Aj  ,  l 


+  0 


^i^  +  0 


Sx(ri+1-r1)1 

^4  j 


(16) 

ki+1-£i) 

X  - S - .  2. 


The  second  line  of  Eq.  (l6)  is  the  finite-difference  form  of  the  v2 

operator  and  Eq.  (16)  is  a  triangular-grid  Poisson  Equation.  Notice 

that  the  coefficient  of  the  0  term  is  -  £  lr^+^-r^  |  /^A^i  and  is 

i  c 

always  negative.  The  matrix  is  diagonally  dominant  and  hence  normal 
iterative  procedures  for  finding  0  by  inverting  Eq.  (16)  work  well. 

An  equation  similar  to  (l6)  can  be  constructed,  except  for  sign,  by 
taking  the  curl  of  Eq.  (15).  Then 


AC<I  X  V)  =  7  x  (V  x  *z)  (17) 

allows  the  determination  of  ^  from  V. 

z  — 

3.  Finite-Difference  Approaches 

The  preceding  sections  prepared  the  ground  work  for  our  discussion 
of  alternate  algorithms  to  solve  the  equations  of  incompressible  hydro¬ 
dynamics.  The  incompressibility  inherent  in  Eq.  (2)  can  be  interpreted 
in  many  ways.  One  would  like,  for  example,  to  conserve  the  triangle  areas 
but  this  is  essentially  impossible  except  for  the  simplest  types  f  flows. 
There  are  roughly  twice  as  many  triangles  as  there  are  vertices.  When 
there  are  more  than  six  triangles  on  the  average  at  each  vertex,  the 
previously  mentioned  "counting  problem"  comes  into  play.  The  x  and  y 
values  of  the  vertex  positions,  the  variables  available  to  ensure  conser¬ 
vation  of  triangle  area,  are  fewer  in  number  than  the  constraints.  Even 
when  there  ere  fewer  than  six  triangles  per  vertex  on  the  average,  the 
number  of  variables  left  free  eifter  all  of  the  constraints  have  been 
satisfied  are  extremely  few  in  number  and  cannot  be  used  to  represent  the 
flow  vorticity  (or  lack  thereof)  with  acceptable  accuracy. 
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Once  the  idea  of  conserving  triangle  areas  has  been  abandoned,  the 
next  logical  attempt  is  to  conserve  vertex- centered  cell  areas.  This  is 
attractive  since  the  cell  area  (7  .  v)  and  the  cell  rotation  (7  x  V)  are 
both  known  for  each  vertex  and  there  are  correspondingly  two  variables 
for  each  vertex,  and  V  ,  which  are  free  to  satisfy  these  constraints. 

A  great  deal  of  effort  has  been  invested  in  this  approach  with  mixed 
results.  The  cell  area  must  at  all  times  have  the  value  it  started  with 
initially.  The  cell  vorticity  integral  is  likewise  known.  When  the  curl 
of  Eq.  (1)  is  integrated  over  a  cell  we  obtain 

St  j2xX-^=-Jz*(f)-dA  (18) 

cell  cell 

where  the  term  on  the  right  hand  side  can  be  evaluated  explicitly.  The 
left  hand  side,  the  time  derivative  of  the  average  vorticity  times  the 
cell  area,  can  thus  be  used  to  advance  the  cell  vorticity  in  time.  Know¬ 
ing  the  desired  cell  vorticity  and  cell  area,  the  new  vertex  velocities 
can  be  iterated  (ensuring  momentum  conservation  via  the  equations  of 
motion)  until  the  actual  cell  areas  and  vorticities  are  correct. 

Unfortunately  the  effective  Poisson-like  equations  which  result  are 
non-local  and  convergence  of  the  iterations  are  correspondingly  slow. 

While  there  is  no  counting  problem  with  this  approach,  an  allied  topolo¬ 
gical  constraint  crops  up  when  more  than  six  triangles  meet  at  a  vertex. 

We  have  been  able  to  show  that  a  purely  local  rotation  conserving  all 
cell  areas  is  not  generally  possible  when  seven  or  more  triangles 

meet  at  that  vertex.  In  other  words,  more  than  just  the  nearest  neighbor 
vertices  must  have  non-zero  velocities  to  conserve  all  cell  areas;  purely 
local  vortices  are  not  generally  possible  and  this  gets  reflected  in  the 
convergence  rate  of  the  iterated  solution.  Similarly,  a  purely  vorticity- 
free  local  expansion  is  not  generally  possible  when  more  than  six 
triangles  meet  at  a  vertex.  This  constraint  is  not  entirely  prohibitive, 
but  the  cost  of  exact  area  and  vorticity  conservation  with  momentum 
conservation  is  high  in  terms  of  computer  time  so  faster,  less  demanding 
algorithms  were  sought. 

There  is  no  strict  requirement  to  maintain  physically  conserved 
quantities  any  more  accurately  than  the  truncation  error  levels  implicit 
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in  the  finite-difference  algorithms — even  though  such  str^c-  conservation 
is  esthetieally  attractive.  With  this  in  mind  we  investigated  algorithms 
which  minimized  a  positive  definite  error  functional  over  the  whole  mesh. 
Since  the  desired  curl  |C^J  and  divergence  are  known,  and  since  Eqs. 

(7),  (10)  and  (ll)  allow  us  to  define  at  any  instant  the  actual  values 
£C  1  and  (D^),  we  chose  as  our  error  functional 

E  *  -  c*)2  +  W1(D1  -  D*)2]  .  (19) 


The  weights  (u^J  and  {w^ ]  are  free  to  emphasize  small  or  large  triangles, 
fast  or  slow  flow  regions,  etc.  Taking  the  partial  derivatives 
6E/6Vj  =  0  gives  as  many  equations  as  one  needs  to  advance  the  fluid 
velocities.  We  never  actually  coded  up  this  method,  however,  because 
the  programming  complication  is  prohibitive  and  the  application  of  boundary 
conditions  and  momentum  conservation  is  obscure. 

The  method  we  have  adopted  as  most  useful  and  esthetieally  pleasing 
is  to  rely  on  the  orthogonality  of  curl  and  gradient  operators  discussed 
in  the  previous  section.  We  force  the  velocity,  now  defined  on  the 
triangles,  to  arise  from  a  stream  function  according  to  Eq.  (9).  Such  a 
flow  is  divergence  free  by  construction  as  described  earlier;  the  flux 
into  or  out  of  each  vertex  cell  is  identically  zero.  In  fact,  such  a 
flow,  as  shown  in  Figure  4  for  one  vertex  and  its  nearest  neighbors,  is 
also  divergence  free  on  each  triangle.  Since  V,  is  constant  throughout 

tJ 

a  triangle  and  since  the  normal  component  of  V  is  continuous  across  all 
triangle  sides,  the  flow  field  described  by  V  =  V  x  allows  no  accumu¬ 
lation  of  fluid  in  a  triangle  or  loss  of  material  from  a  triangle. 

Figure  4  shows  how  this  can  be  by  displaying  actual  stream  lines  from 
such  a  flow.  These  stream  lines  are  closer  together  where  the  flow  is 
faster  and  are  continuous  crossing  triangle  sides  even  though  their 
direction  changes. 

A  flow  which  is  divergence  free  on  triangles  would  seem  to  contradict 
our  counting  problem  described  earlier.  Although  the  triangle  velocities 
are  divergence  free,  the  area-weighted  vertex  velocities  are  not.  Thus, 
when  the  appropriate  averages  are  taken  to  move  the  vertices,  the  triangle 
areas  change  necessarily  and  even  the  cell  areas  change  slightly.  If  an 
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streamlines 


vertex 


boundary 


Figure  4.  Streamlines  of  a  flow  field  calculated  from 
a  vertex-centered  stream  function.  V  is  constant 
throughout  each  triangle. 


array  of  marker  particles  is  followed  in  the  instantaneous  flow  field 
while  the  grid  is  held  fixed,  the  density  of  markers  is  locally  constant 
moving  with  the  fluid.  This  is  a  meaningful  expression  of  the  incompressi 
bility  we  wish  to  obtain.  The  current  SPLISH  (x-y)  and  SPLASH  (r-z)  codes 
incorporate  these  latter  algorithms  where  the  triangle  velocities  are  the 
basic  physical  quantities.  The  implementations  of  the  and  the  P-V 
formulations  of  this  approach  are  discussed  in  the  next  section. 


rr 


In  any  formulation  the  incompressibility  assumption  forces  a 

physically  nonlocal  character  on  the  flow  and  this  gets  reflected  in  the 

numerical  necessity  of  iterating  a  Poisson-like  equation  with  appropriate 

boundary  conditions.  In  ^-£  forms,  the  vorticity  £  is  advanced  at  each 

cell  during  each  timestep  and  then  v  %  (7  x  *  £  must  be  solved  for 

the  velocity  stream  function  The  velocity  divergence  is  zero  by 

construction.  In  the  primitive  P-V  formulations,  the  divergence  of 

velocity  is  forced  to  zero  by  choosing  P  to  satisfy  v  •  (V  •  7  V)  = 

_  v  .  ivp.  this  latter  case  the  vorticity  must  fend  for  itself  via 
“  P~ 

the  equations  of  motion  used  to  advance  V.  In  either  case  the  complicated 
grid  connections  virtually  preclude  a  fast  direct  solution  or  even  a 
globally  implicit  iteration.  In  solving  these  equations  we  have  been 
using  a  simple  point-relaxation  technique  with  a  home-grown  acceleration 
formula.  We  have  found,  however,  that  simple  extrapolation  using  the 
two  previous  values  of  the  quantity  being  iterated  (P  or  ijr)  makes  the 
biggest  impact.  Extrapolation  reduces  the  residual  by  one  to  two  orders 
of  magnitude  before  iteration  even  begins.  What  is  even  more  important, 
however,  is  the  fact  that  extrapolation  is  most  accurate  for  the  long 
wavelength  components  of  the  solution  desired.  This  is  extremely  helpful 
because  the  long  wavelength  components  of  the  residual  are  the  slowest  to 
converge  under  iteration.  Therefore,  using  extrapolation  not  only  reduces 
the  initial  residual  appreciably,  it  effectively  increases  the  rate  of 
convergence  of  the  iteration  itself. 

4.  The  Incompressible  Flow  Algorithms 

The  actual  temporal  integration  scheme  chosen  should  be  reversible, 

7 

because  the  physical  equations  being  solved  are  reversible.  In  addition, 
reversibility  usually  means  that  artificial  numerical  damping  is  absent 
and  that  higher  Reynold's  number  flows  can  be  treated  accurately.  Con¬ 
versely,  the  total  absence  of  numerical  damping  is  often  accompanied  by 
an  even-odd  or  computational  mode  of  numerical  instability  in  which  the 
total  lack  of  diffusive  interaction  allows  decoupling  of  the  finite- 
difference  mesh  or  variables  in  one  obnoxious  manner  or  another.  Previously 
we  have  argued  that  our  triangular  grid  algorithms  minimize  the  virulence 
of  this  problem  and  in  Section  6  we  will  show  several  completely  undamped 
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reversible  calculations .  For  now  we  concentrate  on  defining  reversible 
algorithms  since  damping  can  also  be  added  where  and  when  needed. 

There  are  two  easy  ways  to  achieve  the  desired  reversibility — 
using  a  leapfrog  x-v  integration  in  time  and  using  a  centered  implicit 
x-v  integration.  Either  approach  can  be  applied  with  either  the 
formulation  or  the  P-V  formulation  of  the  basic  equations.  The  choice 
appears  to  be  a  matter  of  convenience  although  we  have  not  tried  all 
combinations. 

Since  the  flow  is  Lagrangian,  we  can  use  the  following  time-inte¬ 
gration  template 


V^t+dt/2)  =  V^t-et/2)  +6ta1(t,  (X),  etc), 
X^t+fit)  =  Xt(t)  +  6t  V^t+St/2). 


(20) 


The  subscript  i  labels  the  vertices  (or  the  triangle  centroids). 

The  important  points  are  that  the  acceleration  terms  can  be  calcu¬ 

lated  at  time  t  using  positions  and  other  quantities  whose  values  are 
already  known  at  time  t  and  that  this  "leapfrog"  integration  is 
explicit  as  expressed  above.  Alternately  the  centered  implicit  formulation 
can  be  used. 


V^t+fit)  a  V^t)  +  6t  a^t+et/2), 
X^t+fit)  -  X^t)  +  &  [V±(t)  +  V^t+St)] 


(21) 


where  the  accelerations  a^(t+6t/2)  sure  calculated  either  as  the  outer 
average  Ksi('fc)  +  a^t+ftt)]  or  the  inner  average  a^t+St/2,  ^{Xj^t)  + 
X1(t+6t)),  etc.).  The  formulation  of  Eqs.  (21)  is  clearly  reversible 
and,  insofar  as  the  velocities  V^t+fit)  are  not  known  a  priori,  the 
formulation  is  implicit  and  must  be  iterated.  Since  we  are  iterating  the 
acoustic  waves  (incompressibility)  anyway,  this  extra  iteration  imposes 
no  great  hardship.  Furthermore,  the  implicit  nature  sometimes  means  that 
longer  timesteps  can  be  taken  stably. 
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The  easiest  algorithm  will  be  considered  first,  the  leapfrog 
formulation.  We  start  knowing  the  positions  of  the  vertices  X^  at 
time  t  and  the  vorticity  at  these  same  vertices  at  time  t-6t/2.  We 
also  know  the  parallel  velocity  of  any  free  surface  vertices  at 
time  t-6t/2.  Using  Eq.  (3)  the  free-surface  velocities  have  a  new 
parallel  component  which  is 

VTl(t+6t/2)  =  VTi(t-6t/2)  -  6tgy  •  ?(t).  (22) 

This  is  reversible  and  the  vorticity  can  likewise  be  advanced  to 
^(t+fit^)  reversibly  using  Eq.  (18).  Of  course  the  vorticity  is  con¬ 
served  in  the  Lagrangian  frame  unless  Tp  *0.  When  V  p  *  0,  the  pressure 
field  has  to  be  determined,  a  point  we  return  to  shortly. 

The  next  step  is  to  calculate  ^  from  the  usual  equation 
v  x  (vx^)  *  C*  Here  we  encounter  our  only  snag,  a  spatial  grid  at  time 
t+6t/2  is  required  if  i^(t+6t/2)  is  to  be  found.  We  do  this  in  SFLISH, 
our  Cartesian  code,  by  calculating  Xi(t+6t/2)  as  the  average  of  the  new 
and  the  old  grid  positions.  Of  course  this  is  reversible  provided  we 
iterate  exactly  as  in  the  implicit  formulation.  Once  }  has  been 
found, the  triangle  velocities  at  time  t+6t/2  can  be  calculated  using 
Eq.  (9)»  Forming  the  vertex  area-weighted  averages  of  from  Eq.  (7) 
gives  {Vj^t+dt^)}  which  can  be  used  to  advance  the  vertex  positions 
X.  from  t  to  t+6t. 

““I 

The  boundary  conditions  in  the  Poisson  Equation  are  simple  on  a 
solid  wall;  ^  =  constant.  On  the  bottom  of  a  fluid  layer  periodic  in  X, 
we  set  ^  =  0.  If  a  lid  were  placed  on  the  top  of  the  fluid,  the  constant 
value  of  ^  at  the  top  could  be  different  from  the  value  on  the  bottom. 

The  difference  in  the  two  constants  would  be  the  rate  of  flow  across  a 
vertical  surface  from  the  top  to  the  bottom.  This  rate  is  independent  of 
the  X  position  of  the  vertical  surface  because  the  fluid  is  incompressible. 

The  boundary  condition  at  the  free  surface  is  merely  that  the  com¬ 
ponent  of  velocity  of  a  free-surface  vertex  parallel  to  the  surface  is 
known.  The  normal  gradient  of  if,  area  weighted  to  the  free-surface 
vertices,  must  give  the  known  values.  Since  the  point  by  point  iteration 
of  the  interior  points  can  be  performed,  the  normal  gradient  can  be 
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adjusted  by  appropriately  choosing  the  free- surface  ^  values.  An 
explicit  evaluation  of  these  values  is  possible,  just  as  with  the 
interior  points,  but  we  have  chosen  an  implicit  formulation  of  this 
boundary  condition  which  couples  all  of  the  surface  ^  values  in  a 
tridiagonal  system.  In  addition  to  taking  the  interaction  with  neigh¬ 
boring  surface  vertices  into  account,  this  method  speeds  convergence 
over  the  whole  mesh  because  two  widely  separated  vertices  can  "conmuni- 
cate  numerically"  very  quickly  if  they  are  reasonably  close  to  the 
surface . 

When  an  internal  cavity  is  present  in  the  fluid  due  to  the  existence 
of  a  bubble  or  to  cavitation,  the  boundary  conditions  are  greatly 
complicated.  For  example,  the  formation  of  a  bubble  has  to  move  the  free 
surface  upward  to  conserve  area.  Since  b^/br  along  the  surface  is  the 
velocity  normal  to  the  surface,  the  net  upward  velocity,  J  d£,  must 
be  non-zero.  In  a  periodic  system  the  formation  of  a  bubble  or  cavity 
thus  requires  ^  to  be  non-periodic  even  though  the  derivative  must  be. 

In  other  words,  ^  must  have  a  branch  cut  whose  jump  varies  with  the  rate 
of  expansion  or  contraction  of  the  bubble.  While  this  nasty  complication 
is  not  insurmountable,  it  certainly  requires  the  calculation  of  a  self- 
consistent  pressure  field.  Since  the  fully  nonlinear  source  term  for 
internal  waves,  as  mentioned  earlier,  also  requires  this  pressure,  a 
primitive  solution  method  using  P  and  V  has  definite  advantages  over 
the  formulation,  even  though  it  is  intrinsically  a  little  more  compli¬ 
cated  in  2D.  A  further  argument  in  favor  of  the  P-V  formulation  arises 
when  we  consider  the  eventual  generalization  to  three  dimensions.  Then 
j  is  a  true  vector  having  three  components,  and  three  Poisson  equations 
must  be  solved.  In  the  P-V  fonnulation  P  would  still  be  a  scalar  so 
only  one  Poisson  equation  needs  to  be  solved. 

Our  P-V  formulation  has  P^,  Vj ,  and  X^,  all  specified  at  times 
t,  t+5t,  t+26t,  ••••.  Using  a  split  step  algorithm^  we  integrate  the 
velocities  forward  half  a  timestep,  advance  the  grid  one  full  timestep,  and 
then  advance  the  velocities  forward  the  other  half  timestep. 
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(23) 


V|  =  |(vj  +  vj). 


xj  =  2^  +  v|. 


(24) 

(25) 

-y 

(26) 

6t  - 
~2  gy . 

(27) 

The  velocity  appearing  in  Eq.  (24)  is  area  weighted  from  from 
Eq.  (27)  as  calculated  at  the  previous  iteration.  Eqs.  (23)  and  (27) 
contain  the  evolution  of  (V^]  according  to  the  Lagrangian  equation  of 
motion.  Eq.  (26)  is  the  numerical  reflection  of  the  fact  that  velocities 
must  rotate  and  stretch  as  the  grid  rotates  and  stretches.  The  transfor¬ 
mation  R  is  linear  and  given  hy  the  following  three  scalar  equations: 


4-  <s-s>-4  - <*-<>• 

*!  •  ■  4  ■  (s3  ■  £*•  (s8) 

4  •  Qg  -  a§>  •  4  •  -  *3>- 


This  transformation  ensures  that  the  vorticity  integral,  calculated  about 
any  interior  vertex,  is  invariant  during  the  displacement  of  the  grid. 
Clearly  Eqs.  (28),  and  hence  Eq.  (26),  are  fully  reversible.  It  is 
gratifying,  furthermore,  that  the  three  equations  are  not  linearly  inde¬ 
pendent  since  only  two  components  of  need  to  be  determined. 

As  has  been  established  previously  the  TP  and  gravity  terms  cannot 
alter  the  vorticity  either,  since  V  x  VP  ■  0  and  gravity  is  a  constant. 

Only  the  physically  correct  variations  of  can  cause  changes  in  vorticity, 
exactly  as  they  should.  Thus  the  entire  algorithm  advances  the  positions 
of  the  vertices  and  the  triangle  velocities  reversibly  while  evolving  the 
correct  vorticity  about  every  interior  vertex.  The  pressures  {P^}  at 
t+6t  are  derived  from  the  condition  that  the  new  velocities  should 
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be  divergence  free  at  time  t+6t.  Thus,  from  Eq.  (27)  we  derive  the 
pressure  Poisson  Equation  by  setting  (7  •  V =  0.  We  obtain 

^  e  =?>i  -  (’  •  (29) 

The  right  hand  side,  which  can  be  evaluated  at  each  iteration  explicitly, 
is  the  exact  numerical  analogue  of  the  7  •  (V  •  V  V)  term  which  arises 
when  the  divergence  of  Eq.  (l)  is  taken. 

Solving  Eq.  (29)  iteratively  for  (P^}  completes  the  calculation  of 
the  timestep.  The  boundary  conditions  on  P  for  Eq.  (29)  are  very 
similar  to  those  described  for  the  formulation  earlier.  At  a  free- 
surface  P  =  constant  (P  =  0  at  the  top  and  the  constant  value  within  a 
bubble  is  determined  by  the  bubble  volume,  surface  tension,  etc.).  At 
the  bottom  or  on  a  wall  CP/Cn  must  be  chosen  so  that  the  velocity  normal 
to  the  wall  is  zero.  Thus  an  implicit  tridiagonal  system  can  be  developed 
linking  all  pressures  on  the  wall  (or  bottom)  to  the  nearest  neighbor 
interior  values. 

5.  Adjusting  and  Restructuring  the  Mesh 

The  major  advantage  of  using  a  general  connectivity  triangular  mesh 
is  the  flexibility  which  it  permits  to  follow  complicated  flows  with  a 
Isgrangian  grid  over  long  times.  To  make  full  use  of  this  flexibility 
requires  that  we  provide  for  several  types  of  adjustment  and  local  mesh 
restructuring  to  maintain  the  uniformity  and  accuracy  qf  the  discrete 
mesh  representation.  A  mesh  adjustment  is  a  nonphysical  movement  or 
adjustment  of  the  position  of  one  or  more  vertices  which  is  accomplished 
without  changing  the  connectivity  of  the  mesh  vertices.  These  adjustments 
are  designed  to  simplify  and  regularize  the  mesh  and  result  in  the  effec¬ 
tive  transfer  of  fluid  across  triangle  boundaries. 

A  restructuring  of  the  mesh,  on  the  other  hand,  does  not  generally 
involve  movement  of  any  of  the  vertices  but  does  include  many  sorts  of 
triangle  and  side  additions,  reconnections,  and  subtractions.  In  a  sense, 
adjustment  and  restructuring  are  orthogonal  procedures — one  leaving  the 
vertex  positions  unchanged,  the  other  leaving  the  mesh  connectivity  or 
topology  unchanged.  Since  restructuring  involves  the  changed  position 


of  a  side,  it  also  can  involve  the  nonphysical  flow  of  fluid  across 
triangle  boundaries. 

Both  adjustment  and  restructuring  represent  departures  from  a 
purely  Lagrangian  description  and  hence  threaten  the  reintroduction  of 
unwanted  numerical  diffusion  back  into  the  system.  To  minimize  the 
diffusive  and  other  errors,  it  is  necessary  to  pay  strict  attention  to 
mass  and  momentum  conservation  and  to  leave  undisturbed  the  vertices 
and  triangle  sides  lying  along  boundaries,  surfaces,  and  interfaces. 

There  are  a  number  of  different  types  of  mesh  adjustment  and  restruc¬ 
turing  which  are  possible,  too  many  to  cover  in  depth  here.  Therefore 
we  will  merely  list  the  simplest  techniques  which  have  been  considered 
with  a  brief  description  of  each  technique. 

A.  Mesh  Adjustment  -  Local  Relocation 

In  some  situations  it  is  quite  likely  that  several  very  small  or 
narrow  triangles  will  border  on  much  larger  ones.  This  disparity  in 
size  could  cause  errors  or  problems  of  several  types  including: 

1.  Derivatives  become  more  and  more  difficult  to  evaluate  accurately. 

2.  Timestep  limitations  become  severe,  because  of  short  sides. 

3.  Triangle  inversion  becomes  increasingly  likely. 

4.  Resolution  can  become  uncomfortably  nonuniform. 

Clearly  this  disparity  cannot  be  allowed  to  increase  indefinitely 
although,  in  principle,  the  Lagrangian  motion  of  the  vertices  could 
bring  the  situation  about  naturally.  In  practice  it  may  become  necessary 
to  move  one  or  more  vertices  nonphysically.  In  the  course  of  such  a  local 
relocation  in  the  fluid  the  total  mass  and  momentum  of  the  triangles 

or  cells  affected  should  of  course  be  conserved.  Many  possible  formulae 
for  the  new  position  have  been  tried  in  LINUS2.  One  of  the  simplest  has 
also  proven  to  be  one  of  the  most  useful--the  new  vertex  position  is  taken 
to  be  the  average  of  the  surrounding  positions. 

B.  Mesh  Adjustment  -  Side  Equalization 

Sometimes  along  a  surface  in  the  fluid  the  vertices  may  accumulate  in 
some  areas  and  separate  in  others.  This  would  happen  if  an  incompressible 
upwelling  at  a  free  surface  were  occurring.  This  accumulation  and 
stretching  of  vertices  at  separatrices  can  be  easily  handled  by  the 
various  restructuring  techniques  discussed  later  in  this  section  or  it 


could  be  handled  by  letting  the  flow  slip  through  the  grid  locally. 

This  local  Eulerian  behavior  is  similar  to  the  rezone  procedure 
employed  by  Chan  in  a  topologically  rectangular  mesh  code.  Of  course 
one  would  like  to  eliminate  these  numerically  diffusive  Eulerian  adjust¬ 
ments  within  the  fluid  region  so  the  numerical  model  of  the  fluid  mirrors 
the  usual  reversibility  characteristic  of  an  inviscid  fluid  as  nearly  as 
possible.  To  this  end  the  various  restructuring  operations  described  in 
the  remainder  of  this  section  are  useful.  When  Eulerian  slippage  is 
necessary,  however,  the  recently  developed  Flux-Corrected  Transport 

O 

algorithms  °  can  be  adapted  to  minimize  the  diffusion  and  dispersive 
phase  errors  associated  with  the  flow  across  the  cell  boundaries. 

C.  Mesh  Restructuring  -  Reconnect! on 

When  a  triangle  becomes  too  small  or  narrow,  as  has  triangle  o-a-c 
in  Figure  5,  the  diagonal  of  the  quadrilateral  (a-b-o-c)  which  extends 
from  a  to  o  can  be  removed  and  the  other  diagonal  (b-c)  can  be  constructed 
in  its  place  as  indicated  by  the  solid  line. 


a 


Figure  5.  Mesh  restructuring  by  reconnection  of 
vertices  across  the  quadrilateral  diagonal. 
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Clearly  this  procedure  does  not  involve  the  nonphysical  motion  of  any 
of  the  vertices  so  non- reversible  change s  of  the  vertex  positions  are 
not  required.  Care  should  be  taken  to  ensure  that  momentum  and  mass  are 
conserved  when  the  reconnection  is  performed  in  fluids  and  no  reconnec¬ 
tions  can  be  performed  which  involve  the  erasure  of  a  side  which  is  a 
material  interface.  The  reconnection  can  be  triggered  in  two  ways: 
when  the  area  disparity  becomes  too  large  or  when  the  difference  in  the 
two  diagonal  lengths  becomes  appreciable.  In  general  nearly  equal  areas 
and  short  diagonals  are  to  be  preferred.  Sometimes  these  two  desirables 
are  mutually  exclusive.  In  all  cases  triangle  inversion  cannot  be 
permitted.  This  means  that  a  diagonal  passing  outside  the  quadrilateral 
cannot  be  formed. 

This  reconnection  procedure  allows  one  row  of  triangles  to  slip 
smoothly  by  another  row  without  having  to  adjust  the  Lagrangian  vertex 
positions  or  velocities.  In  the  corresponding  fixed  grid  system,  the 
triangles  or  rectangles  bordering  either  side  of  the  shear  interface 
would  soon  become  stretched  unacceptably  and  a  diffusive  rezone  procedure 
would  have  to  be  applied.  The  mesh  reconnection  described  here  is  a 
much  less  drastic  change  since  the  vertex  positions  and  momenta  can 
be  left  alone. 

D.  Mesh  Restructuring  -  Adding  Vertices 

The  adjustments  considered  above  all  kept  the  number  of  vertices 
and  the  number  of  triangles  and  the  number  of  sides  fixed.  Often,  however, 
it  may  be  necessary  to  increase  resolution  in  some  region  where  the  flow 
is  not  naturally  accumulating  vertices.  Such  a  situation  occurs  in 
cylindrical  coordinates  when  the  fluid  flow  is  converging  on  the  axis 
somewhere .  Then  the  triangular  zones  become  larger  and  larger  in  cross- 
sectional  area,  but  the  radius  of  curvature  becomes  smaller  and  smaller. 
Better  resolution  is  clearly  required. 

A  similar  situation  occurs  near  the  leading  edge  of  a  foil  travel¬ 
ling  into  relatively  undisturbed  water  (or  air).  The  resolution 
required  to  represent  accurately  the  flow  separation  of  a  fluid  element 
at  the  leading  edge  is  intrinsically  much  finer  than  the  resolution 
needed  in  the  same  undisturbed  fluid  element  just  a  short  time  earlier. 

There  are  at  least  two  ways  of  adding  triangles  to  improve  the 

709 


w*rr. 


resolution,  triangle  trisection  and  side  bisection.  In  side  bisection  a 
new  vertex  is  inserted  somewhere  on  side  (b-c)  of  Fig.  5  (for  want  of 
another  position  we  can  assume  the  side  is  bisected).  The  lines  from 
vertex  o  and  a  to  the  new  vertex  are  added,  resulting  finally  in  two 
new  triangles,  three  new  sides,  and  a  new  vertex.  The  bisection  of  side 
(b-c)  results  in  two  pairs  of  triangles  of  equal  area. 

The  values  of  physical  variables  at  the  new  vertex  must  be  determined 
by  interpolation,  and  hence  some  numerical  smoothing  is  implied.  The 
improvement  in  resolution  arises  because  the  bisected  side  becomes  two 
sides  and  is  no  longer  required  to  be  straight.  Thus  decreasing  radius 
of  curvature  can  be  met  by  increased  resolution.  Furthermore,  there  is  no 
restriction  implied  by  material  interfaces.  If  any  of  the  sides  is  an 
interface,  the  bisection  can  still  be  performed. 

A  new  vertex  can  also  be  added  within  a  triangle — not  on  any  triangle 
side— in  a  restructuring  we  call  trisection.  Trisection  alone  is  irrele¬ 
vant  because  the  three  new  smaller  triangles  are  surrounded  by  a  single 
large  triangle  whose  behavior  is  constrained  just  as  if  the  new  rertex 
were  not  there.  To  be  effective,  trisection  must  be  followed  immediately 
by  at  least  a  single  side  reconnection.  The  result  then  is  two  new 
triangles,  three  new  sides,  and  a  new  vertex  which  does  not  lie  on  the 
original  quadrilateral  diagonal.  Physical  variables  at  the  new  vertex 
are  determined  by  interpolation  just  as  in  the  case  of  side  bisection. 

E.  Mesh  Restructuring  -  Subtracting  Vertices 

After  a  fluid  element  has  moved  out  of  a  region  where  high  reso¬ 
lution  is  required,  it  is  efficient  to  remove  vertices  and  hence  reduce 
the  computational  cost  in  that  fluid  region.  Subtracting  vertices  can 
be  done  simply  as  the  inverse  of  the  two  processes,  triangle  trisection 
sind  side  bisection,  described  above.  For  triangle  "untrisection"  a  side 
is  reconnected  so  that  the  resulting  configuration  has  a  single  triangle 
which  surrounds  a  vertex  and  three  subtriangles.  The  interior  vertex  is 
then  erased  and  two  triangles  and  three  sides  disappear. 

Similarly,  a  vertex  can  be  relocated  until  two  of  the  sides 
emanating  from  it  form  a  straight  line.  If  these  two  sides  belong  to 
triangles  which  share  common  sides,  the  two  interior  sides  which  do  not 
form  a  straight  line  can  be  erased  and  the  two  straight  lines  combined 
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into  a  single  line.  Here  again  the  starting  configuration  for  side 
"unbisection"  must  be  a  quadrilateral  with  four  triangles  inside.  If 
such  a  configuration  does  not  exist,  it  can  be  forced  by  local  reconnec¬ 
tions. 

In  subtracting  triangles  care  should  again  be  taken  to  ensure  con¬ 
servation  of  the  appropriate  quantities  on  the  new  reduced  mesh;  this 
means  careful  monitoring  of  the  interpolation  formulae . 

F.  Initialization 

We  conclude  this  section  with  a  brief  description  of  a  generalized 
mesh  initialization  procedure.  Clearly  one  could  specify  by  hand  all  the 
vertex  positions,  all  the  sides,  all  the  triangles,  etc.  This  is  both 
laborious  and  apt  to  be  repeated  time  and  again  as  the  physical  problem 
is  changed.  The  process  can  be  automated  provided  that  several  general 
utility  routines  are  written  to  connect  vertices  (and  store  the  appro¬ 
priate  information  in  the  mesh  index  lists),  to  set  up  a  triangle  given 
three  ordered  vertices,  to  bisect  sides,  to  reconnect  quadrilateral 
diagonals,  and  to  adjust  interior  vertex  locations. 

The  programmer  specifies  an  ordered  set  of  boundary  points  sur¬ 
rounding  a  region  as  in  Figure  6a  and  specifies  how  many  interior 
vertices  in  the  region  he  would  like.  The  initialization  program  can 
then  proceed  around  the  c? rcumf erence  of  the  region  as  in  Figure  6b , 
forming  triangles  until  the  region  is  completely  tessellated.  To  add 
the  interior  vertices  the  longest  remaining  interior  side  is  bisected 
repeatedly  until  all  the  required  vertices  have  been  injected  as  in 
Figure  6c.  The  reconnection  and  vertex  adjustment  routines  are  then 
used  iteratively  in  conjunction  until  the  final  relaxed  mesh  is 
determined  as  in  Figure  6d. 

Clearly  the  procedure  can  be  repeated  until  each  separate  region 
has  been  filled  with  the  desired  number  of  vertices  and  the  grid 
smoothed.  Equally  obvious  should  be  the  fact  that  a  great  deal  of 
careful  programming  will  be  required  to  implement  this  rather  simple 
procedure . 
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Figure  7.  A  gravity  wave  of  large  amplitude  in  shallow 
water  without  density  stratification. 

6.  Summary  and  Examples 

In  this  paper  we  have  described  an  entire  series  of  techniques  and 
algorithms  for  using  a  Lagrangian  2D  mesh  of  triangles  to  represent  and 
solve  free  surface  problems  in  incompressible  hydrodynamics.  The  results 
of  our  research  in  this  area  are  two  free-surface  hydrodynamics  codes, 
SPLISH  (x-y)  and  SPLASH  (r-z),  an  r-z  MHD  code  called  LINUS2  for  electro- 
magnetically  imploded  liquid  metal  rings,  and  T0RUS2,  an  r-z  quasi-static 
MHD  code  for  calculating  the  evolution  of  Tokamak  cross-sections.  Our 
experience  with  these  codes  is  by  no  means  extensive,  however,  and  much 
work  remains  in  all  these  areas  before  the  understanding  of  hydrodynamics 
using  Lagrangian  triangular  meshes  is  complete. 


713 


Figure  8.  Gravity  wave  over  an  undersea  obstacle 
with  weak  density  stratification  to  generate  internal 
waves. 


Following  are  results  from  several  test  calculations  performed  with 
the  recently  constructed  x-y  code.  Figure  7  shows  several  time  steps 
from  a  run  with  a  flat  bottom  and  zero  density  stratification.  The 

p 

finite  depth  dispersion  relation  for  these  gravity  waves  is  id  =  gk  . 

2  i 

tanh  kh  where  g  =  980  cm/sec  ,  h  =  1  cm  and  k  =  2tt/2.5  cm-  .  The  period 
is  theoretically  0.1274  sec  for  small  amplitude  waves.  The  initial  wave 
amplitude,  0.2  cm,  is  small  but  not  totally  negligible,  so  some  nonlinear 
effects  are  clearly  taking  place.  The  numerical  period  measured  is 
between  .112  sec  and  .128  sec  (nearer  to  the  latter  probably)  and  appears 
to  be  slightly  shorter  than  the  linear  0.1274  sec  predicted.  Since 


Figure  9.  A  larger  amplitude  bottom  obstacle  (0.5  cm) 
and  an  antisymmetric  perturbation  with  a  1.0  -  1.2  gm/ 
density  stratification. 


gravity  waves  run  faster  in  shallow  water  when  kh  >  1,  the  nonlinear 
change  in  depth  should  cause  a  net  reduction  in  the  period  as  observed. 

Figure  8  shows  several  frames  from  a  run  which  was  initialized 
symmetrically  to  test  the  program  coding.  Any  error  in  the  initialization 
the  physics,  or  the  boundary  conditions  would  lead  almost  Immediately  to 
an  asymmetry  in  the  computed  solutions  which  could  be  used  to  debug  the 
code.  The  test  showed  complete  symmetry  and  thus  precluded  a  large  class 
of  possible  coding  errors.  The  density  was  stratified  linearly  from 
1.0  gm/cc  at  the  top  to  1.2  gm/cc  at  the  bottom  (depth  1  cm).  The  height 
of  the  obstacle  was  0.3  cm.  The  surface  gravity  wave  has  a  period  of 
between  .120  and  .124  sec,  somewhat  shorter  than  the  .127  sec  predicted 
by  linear  theory  for  constant  density  and  a  depth  of  1  cm.  Because  of 
the  bottom  topology,  the  average  depth  is  less  than  1  cm  and  hence  the 
period  is  shortened  slightly. 

Figure  9  shows  an  asymmetric  calculation  with  an  even  larger  obstacle 
of  0.5  cm  height.  A  lot  of  grid  distortion  is  expected  and  seen.  Still 
the  calculation  gave  perfectly  well-behaved  waves. 
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ABSTRACT 


Time-dependent  potential  flows  with  free  surface  have 
been  treated  before  by  integral  equation  techniques  based  on 
time-dependent  kernels.  Because  these  kernels  are  rather 
complicated,  this  approach  led  to  inefficient  numerical 
implementations . 

In  the  present  approach  a  time-independent  kernel,  i.e. 
the  fundamental  solution  of  the  Laplacian  operator,  is  used, 
leading  to  a  very  efficient  numerical  method,  which  we  call 
TDIET  (Time-dependent  Differentio-Integral  Equation  Tech¬ 
nique).  TDIET  assumes  that  the  normal  derivative  of  the 
potential  is  a  given  function  of  time  along  the  boundary, 
except  on  that  part  of  the  boundary  which  is  the  free  surface 
there  the  normal  derivative  is  a  function  of  the  time  deriva¬ 
tives  of  the  potential. 

The  potential  on  the  boundary  is  given  by  the  appropriate 
Green's  integral  equation.  This  equation  is  discretized  by 
a  cubic  spline  approximation  of  the  potential,  resulting  in  a 
linear  system.  After  certain  algebraic  manipulations  and  the 
use  of  our  assumptions,  a  system  of  ordinary  differential 
equations  for  the  values  of  the  potential  at  the  nodal  points 
on  the  free  surface  obtains.  This  system  of  ordinary  dif¬ 
ferential  equations  represents  the  time  evolution  of  the 
potential  and  can  be  easily  solved  by  a  standard  method. 

Numerical  tests  demonstrate  the  accuracy  and  the 
efficiency  of  TDIET. 


1.  Introduction 

In  this  paper  we  consider  the  following  two-dimensional 
potential  flow  problem:  One  or  several  bodies  are  floating 
in  a  channel;  the  floating  bodies  and  the  channel  are  assumed 
to  be  infinitely  long  in  the  y-direction  and  to  have  a  uni¬ 
form  and  bounded  x-z  cross-section  Jl)  .  The  fluid  and  the 
floating  bodies  are  initially  at  rest  and  their  motion,  which 
we  assume  to  be  small,  is  generated  by  the  excitation  of  the 
confining  boundary  or  the  floating  bodies. 

The  motion  of  the  fluid  is  described  by  means  of  a  velocity 
potential  $(x,t)  ,  x  •  (x,z)  ,  satisfying  Laplace's  equation 

(1.1)  A*  "  *xx  +  *zz  "  0  x  6  ,  t  >  0 

and  the  linearized  free  surface  condition  on  the  undisturbed 
water  surface  rp  (see  Figure  1) 

(1.2)  *tt  +  g*z  *  0  X  6  rp,  t  >  0 

where  g  is  the  gravitation  acceleration.  If  the  free 

surface  is  described  by  z  •  n(x,t)  ,  then 

(1.3)  n(x,t)  -  -  ~  4>t(x,t)  x  e  rp,  t  >  o 

On  rR  -  r  -  Fp  ,  which  is  a  rigid  boundary,  we  require 
the  normal  velocity  of  the  fluid  to  coincide  with  the  normal 
velocity  of  the  boundary.  On  the  boundary  of  the  floating 
bodies  r0 

(1.4a)  ♦n(x,t)  -  -  nx£(t)  -  nz$(t)  +  [(x-xQ)nx  -  (z-zQ)nz]A(t) 

5  L  Mx)  V  (t)  X  €  rR,  t  >  o 

j»l  J  J  B 

Here  n  •  (rv.n)  is  the  unit  normal  pointing  int  >  the  domain 

_  A  Z 

P  ;  (Xg.Zg)  is  the  center  of  giration  of  the  body  and  (X,Z) 
is  its  displacement  from  the  rest  position;  A  is  the  angle 
of  the  floating  body  measured  from  a  vertical  line. 

The  confining  wall  rw  ■  rR  -  r0  is  excited  externally 

(1.4b)  *n(x,t)  -  an(x)  T(t )  x  e  rw,  t  >  0 

and  the  fluid  itself  is  initially  at  rest. 


(1.5) 


*(x,o)  -  4>t(x,o)  -  o  x  €  rp 

The  pressure  P(x,t)  is  determined  by  Euler's  integral 
(1.6)  P  +  p$t  +  pgz  -  0  x  e£)  +  r,  t  >  0 

with  the  term  p|V$|  suppressed  as  being  of  higher  order; 
p  is  the  density  of  the  fluid. 

The  problem  (1.1)  -  (1.6)  can  be  solved  directly  by  using 
a  finite-difference  approximation  to  the  Laplacian  operator 
and  the  boundary  conditions  (see  [1]).  However,  in  many 
engineering  problems  only  the  solution  on  the  boundary,  i.e. 
the  wave  height  (1.3)  and  the  pressure  on  the  floating  bodies 
and  the  confining  walls,  is  of  interest.  Hence  it  might  be 
advantageous  to  use  methods  based  on  Green's  Identity  in  order 
to  solve  only  for  the  boundary  potential.  One  usually  starts 
by  applying  the  Green's  identity  to  the  acceleration  potential 


♦  m  *t 

• 

(1.7a) 

X(x)\|»(x,t)  «  j[G(x,?;t' 

-T)^n(£,T)  -  Gn(x,£,t-T)M£,T)]ds5 

where 

r 

2ir 

X  e  Jj 

(1.7b) 

A  (x)  »  •  IT 

x  e  r,  r  smooth  at  x 

angle  between 

x  e  r,  r  has  discontinuous 

tangents 

first  derivatives  at  x 

and 

(1.7c) 

G(x, z;£,C;t)  =  G(x,£,t)  *  log  R  +  W(x,£,t) 

Here  R2  ■  (x-C)2  +  (z-c)2  and  W  is  an  arbitrary  function 
which  is  harmonic  in  jd  . 

One  can  choose  G(x*£»t)  which  satisfies  the  following 
condition  (see  [4]). 

(1.8a)  GOc,^, °>  -  0 

(1.8b)  0tt(*»£o»t>+  g0B(x,fio,t)  -  0 

for  Sq  e  Tp  •  In  addition  G  satisfies 

(1.9)  -  t)  -  o(x,£,t)  £  6  r  +0  ,  t  >  o 
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Typically  such  a  choice  of  a  time-dependent  Green's 
function  leads  to  the  following  integral  equation 

(1.10)  L  ♦  •  X(x)4»(x,t)  +  J  4>(£,t)Gn(x,I,o)dsc 

t  rR 

+  J  dt  |  *(I,t)Gnt(x,£,t-r)dsc  -  F(t) 
rR 

where  F(t)  is  a  function  of  known  quantities.  L  contains 
a  convolution  with  respect  to  time;  consequently  it  becomes 
increasingly  expensive  to  compute  as  t  increases. 

In  the  next  section  we  shall  describe  TDIET  which  is  an 
efficient  numerical  technique  based  on  a  choice  of  a  time- 
independent  Green's  function  (W  =  0  in  (1.7c)) 

2.  TDIET 

Let  G(x,£)  be  the  following  time-independent  Green's 
function 


(2.1)  G(x,£)  =  log  R  +  W(x,£) 

where  W  is  harmonic  in  X?.  Substituting  this  G  and  the 
boundary  conditions  (1.2)  and  (1.4)  in  (1.7)  results  in  the 
following  integro-differential  equation 


(2.2)  X(x)<Kx,t)  +  |  $(£,t)Gn(x,£)dsc  +  |  |  G(x,£>tt(£,t)ds? 

r  rF 

•  T(t )  J  <5<x,£)  «n(£)<ls{  ♦  f  0(x,£)b,(£)as?  !  F(t) 

JrW  JrB 

A  convenient  choice  for  a  Green's  function  is  one  which 
satisfies 


(2.3)  Gn(x,£)  -  0  1  e  rR 

In  this  case,  the  first  integral  on  the  left  hand  side  of  (2.2) 
is  taken  along  rp  only  and  a  discretization  leads. to  a 
linear  system  of  ordinary  differential  equations 

.2 

(2.4)  A  — j  !p(t)  +  B  £p(t>  -  o(t) 


( 


1 
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for  £p,  the  Np  discrete  values  of  the  potential  along  the 
free  surface  rp;  A  and  B  are  Np  x  Np  constant  matrices. 
First  we  solve  (2.^0  as  An  initial  value  problem,  thus  obtain¬ 
ing  an  approximation  $p(x,t)  to  the  free  surface  potential 
in  the  time  interval  of  interest.  Now  we  can  compute  $R, 
which  is  some  discrete  polynomial  approximation  to 

the  potential  on  fR,  by  solving  (2.2)  with  G(x,£)  *  log  R 

(2.5)  X(x)$R(x,t)  +  J  $R(£,t)  1^-  log  R  ds^  -  F(t) 

jj,r 

2 

-  J  C»p(£,t)  log  R  +  |  log  R-  — 2  $p(i,t)]dse 

F 

The  right  hand  side  of  (2,5)  is  known  in  the  time  interval  of 
interest  and  therefore  the  discretization  of  (2.5)  leads  to  a 
simple  system  of  linear  equations 

(2.6)  C  iR(t)  -  0(t) 

for  the  Nr  discrete  values  of  the  potential  along  TR;  the 
Nr  x  NR  matrix  C  is  independent  of  time. 

This  approach  cannot  be  implemented  directly  in  a 
numerical  code  since  an  explicit  expression  for  G(x,£)  such 
that  G  (x,£)  ■  0  for  £  e  rD,  is  not  always  available.  In 
the  following  we  3hall  present  a  technique  to  arrive  at  (2.*0 
and  (2.6)  without  using  an  explicit  form  of  such  a  Green's 
function.  The  main  idea  in  TDIET  is  to  first  discretize  (2.2) 
with  G  =  log  R  and  then  to  obtain  the  desired  decomposition 
by  an  ordered  elimination  procedure. 

(i)  Discretization:  Let  Xj  »  1  1  J  -  N»  be  a  partition  of 
the  boundary  T  ,  and  let  <)>j(t)  “  •  It  Is  convenient 

to  order  the  partition  points  so  that  x j »  1  £  J  —  nr  '  are 
points  along  rR  and  Xj  ,  NR  +  1  <  j  <  N  ,  are  the  partition 
points  along  the  free  surface  rpj  N  -  NR  +  Np  (see  Figure  1). 

The  integrands  in  (2.2)  are  products  of  a  smooth  function 
(<p  or  multiplied  by  a  singular  function  (  G  or  Gn)  . 
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Therefore  we  discretize  (2.2)  by  approximating  only  the 
potential,  using  an  accurate  enough  polynomial  approximation, 
e.g.  B  -  splines  or  cubic  splines.  In  the  following  we  shall 
use  cubic  spline  approximation.  The  integrals  of  the  products 
of  the  polynomials  multiplied  by  G  or  Gn  »  can  be  computed 
analytically  due  to  the  simplicity  of  the  Green's  function. 

This  should  be  done  at  least  in  the  vicinity  of  the  singularity 
at  x.  -  £  (see  [3]). 


denote  by  S j (x)  the  unit  cubic  spline  such  that 


(2.7) 


SJ(sl 1  "  ”1J  v”i 3  “  - - 

In  case  the  boundary  has  corner s,  we  construct  (x)  so 
that  it  will  be  continuous  up  to  the  second  derivative  in  a 
smooth  segment  which  contains  Xj  »  anc*  to  be  identically  zero 
in  all  other  segments.  This  way,  the  approximation 


is  the  Kronicker  <5) 


(2.8a) 


<t»(x,t)  %  n  s. (x)$  (t) 


TZ  sj 

j-i  J 


)?j(t) 


is  continuous  up  to  the  second  derivative,  except  at  corners 
where  it  Is  only  continuous.  Because  of  the  singular  nature 
of  the  corners,  the  partition  points  are  distributed  more 
densely  around  the  corners . 

Next,  equation  (2.2)  is  discretized  by  using  the  cubic 
spline  approximation  (2.8)  and  G  ■  log  R 

N 

(2.9)  X(x1)41(t)  +  YZ  *j(t)  f  SJ(i)Gn(x1,£)ds 

J  *1  ft 

N  1 

+  |  +  fj(t)J  SJ(£)G(x1,S.)ds  -  T(t)|  0(^,1.)  an(£)ds 

3  R+1  rF  rW 

+  2^  Vk(t)  |  0(x1,£)bk(|.)ds  1  <  i  <  N 
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The  N  equations  (2.9)  can  be  written  in  the  following  matrix 
form 


(2.10)  E-y(t)  =  x<t) 

where  y.(t)  is  an  N  +  Np  vector  whose  components  are 


(2.11) 


1  i  i  i  Nr 


3t 


2 


(Xj.t)  Nr  +  1  <  i  <  N 


i-Np,t  ^ 


N+l<i<N  +  N_ 


Y(t)  is 

an  N  vector 

(2.12a) 

X(t) 

where 

f 

(2.12b) 

«i  =  J  G(x^ 

rw 

(2.12c) 

6i,k=  |  q(x. 

)«  +  Vk(t)6k 


k=l 


1  <  i  <  N 


,5.)bk(§.)ds 


k  =  1,2,3  ;  1  <  i  <  N 


E  is  an  N  x  (N+Np)  matrix,  the  entries  of  which  are 
(2.13a)  E1J  =*  +  Jr  sj(£)Gn(2Li»I)ds  l<i<N,  1<J<NR 

(2.13b)  Eij  =  |  |  SJ(£)G(x1,£)ds  l<i<N,  NR+1<J<N 

I*  T1 

lrSJ-»F(i)(!n(ivi)  d5 

1<1<N  ,  N+l<j<N+Np 


(2.13c)  E 


ij 


A(*i)5i,j-Np  + 


We  observe  that  the  entries  E^j  as  well  as  the  coefficients 


and  B^  k  depend  only  on  the  geomevry  of  the  boundary  and 
do  not  depend  on  time. 


(ii)  Solution  of  the  discrete  problem 

In  order  to  obtain  an  aftalog  to  the  equations  (2.4)  and 
(2.6),  a  Gaussian  elimination  procedure  (with  row  pivoting) 
is  applied  to  the  matrix  equation  (2.10).  The  unknowns 
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u^,...,  Uj  ^  are  eliminated  from  the  j-th  equation,  2<J<N. 
The  resulting  matrix  equation  is  of  the  following  form 


(2.14) 


The  last  Np  equations 

(2.15)  Upip(t)  +  Mip(t)  =  T(t)  3p  +  Vk(t)B^k) 

constitutes  a  system  of  linear  ordinary  differential  equations 
similar  to  (2.4);  *Jp  is  a  constant  upper  triangular  matrix. 
This  sub-problem  for  the  free  surface  potential  is  now  solved 
independently  as  an  initial  value  problem  with  the  initial 
conditions  (1.5) 

(2.16)  ip(0)  =  £p(0)  =  0 

The  computation  of  the  initial  value  problem  (2.15)  -  (2.16) 
can  be  accomplished  by  any  standard  method;  our  computer  code 
uses  a  fourth  order  accurate  Runge-Kutta  method. 

Once  the  free  surface  potential  £p(t)  has  been  computed 
in  the  time  interval  of  interest,  ^(t)  can  be  computed  at 
the  desired  time-levels  by  solving  the  system  of  linear 
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equations  composed  of  the  first  NR  equations  In  (2.14). 

(2.17)  URiR(t)  =  T(t )aR  +  ^  V  (t)B^k)  -  «ip(t)  -  H± (t) 

k*l 

We  observe  that  UR  Is  an  upper  triangular  matrix.  Hence, 
once  the  right  hand  side  of  (2.17)  has  been  computed,  the 
solution  £R(t)  is  computed  Inexpensively  by  back  sub¬ 
stitution. 

3.  Discussion 

In  many  engineering  applications  It  is  the  acceleration 
potential  ifi  »  ,  rather  than  the  velocity  potential  <|>  , 

which  is  of  interest  since  the  acceleration  potential  Is 
proportional  to  the  hydrodynamic  pressure  and  the  linearized 
elevation  of  the  free  surface.  Equations  for  approximation  of 
the  acceleration  potential  are  obtained  simply  by  differ¬ 
entiating  (2.14)  with  respect  to  time.  The  initial  conditions 
are  obtained  from  (2.15)  and  (2.16) 

(3.1a)  ip(0)  =  0 

3 

(3.1b)  $-F(0)  =  U“1[T(0)ap  +  ZI  V0)B.F°] 

In  Section  2  we  have  considered  (V^.V^V^)  =  (X,Z,A) 
as  given  functions  of  time.  When  computing  the  motion  of 
freely  floating  bodies  these  quantities  are  unknowns,  and  the 
equations  (1.1)  -  (1.6)  for  the  fluid  motion  are  supplemented 
by  equations  for  the  body  motion  of  the  form 

(3.2)  X  =  f1(X,Z,A,^B) 

Z  =  f2(X,Z,A,K»B) 

A  =  f3(X,Z,A,4;B) 

(see  [4]).  One  can  solve  simultaneously  the  system  (2.15), 
(2.16)  and  (3-2)  in  a  strai' ht forward  manner  by  using  only 
the  information  at  time  t  to  compute  the  solution  at  the 
time  (t  +  At)  .  This  approach  leads  to  a  first  order 
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accurate  method.  Furthermore,  4<B  has  to  be  computed  at  each 
time  step,  even  if  not  needed  for  engineering  purposes.  It 
is  possible  to  eliminate  from  (3-2)  by  using  the  cor¬ 

responding  equations  in  (2.17)  and  to  arrive  at  a  system  of 
ordinary  differential  equation  involving  only  the  free  surface 
potential  and  the  displacement  of  the  floating  body.  The 
details  will  be  given  elsewhere. 

In  its  present  form,  TDIET  is  applicable  for  problems  in 
a  bounded  domain  where  only  the  boundary  potential  is  needed. 

In  case  the  potential  is  needed  in  the  domain  ^0  ,  but  only  at 
few  time  levels,  it  still  is  efficient  to  use  TDIET  to  compute 
the  boundary  potential  at  the  desired  time  levels  and  then  to 
solve  a  Dirichlet  problem. 

We  have  described  TDIET  for  two  dimensional  computations. 
For  the  formulation  in  three  dimensional  case  one  only  has  to 
change  the  Green's  function  and  the  notations;  unfortunately, 
computerwise ,  it  is  much  more  difficult. 

TDIET  Is  relatively  very  fast.  We  found  In  [2]  that  it  is 
about  600  times  faster  than  QUAKE,  which  is  a  Green's  function 
technique  of  the  type  (1.8)  -  (1.10).  The  test  case  considered 
corresponds  to  an  excitation  due  to  an  earthquake  with  a 
duration  of  50  seconds.  A  comparison  with  the  finite  difference 
method  of  [1]  shows  that  TDIET  is  about  70  times  faster. 
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